Chapter 3
Moving Front Instabilities: From Viscous
Fingers to Solution Pipes

Piotr Szymczak

Abstract This set of lectures is devoted to the moving boundary processes in which
a more mobile phase advances into a less mobile one. In such cases, the boundary
between the phases becomes unstable and breaks into fingers. We are discussing
two examples of such processes: viscous fingering, which is a classical example of
unstable growth, and reactive-infiltration instability, which occurs in the process of
dissolving fractures and porous rocks.

3.1 Moving Front Instabilities

The moving finger writes; and, having writ,
moves on: nor all thy piety nor wit

shall lure it back to cancel half a line,

nor all thy tears wash out a word of it.

—Omar Khayydm Rubdiydt

Many physical processes involving moving boundaries produce fingering patterns.
Well-known examples include viscous fingering (Hill, 1952; Saffman & Taylor, 1958;
Wooding, 1969; Paterson, 1981; Homsy, 1987), electrochemical deposition (Kuhn &
Argoul, 1994; Meakin, 1998), growth of bacterial colonies (Golding et al., 1998; Ben-
Jacob et al., 1992), crystallization in supercooled liquids (Couder et al., 1990, 2005),
or dissolution of porous medium (Daccord, 1987; Hoefner & Fogler, 1988). Some of
the ramified, intricate patterns which emerge in these processes are shown in Fig. 3.1.
In all of these processes, the advancing interface becomes unstable if the mobility of
the invading phase is larger than that of a displaced phase. Small perturbations of the
interface grow and transform into fingers, which compete for the fluxes which feed
them. A paradigm of these processes is a (two-phase) Laplacian growth problem
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Fig. 3.1 Fingering patterns arising as the result of moving-front instabilities: a bacterial growth
(Ben-Jacob et al., 1998), b combustion of a thin solid (Zik et al., 1998), ¢ electrodeposition: copper
aggregate formed from a copper sulfate solution in an electrodeposition cell (photo by Kevin R.
Johnson, distributed under CC BY 2.5 license) d viscous fingering in a TiO; sol-gel thin film (photo
by Claire Trease, Kingston University, distributed under CC BY-SA 4.0). e fracture dissolution
(Szymczak & Ladd, 2006), f ice star formation (Grodzki & Szymczak, 2019) (photo courtesy of
Martin Mecnarowski; www.photomecan.eu)

(Howison, 2000), known also as the Muskat problem (Muskat, 1937), in which the
fluxes are associated with the harmonic field. The equations governing the growth
are then given by:

V2, (x,1) =0 xeQ 3.1)

ViU, (x,1) =0 xeQ (3.2)

W (x, 1) = Wy(x, 1) xel, (3.3)

(=M \VV¥(x,1)), = (=M V¥, (x, 1)), xel; (3.4)
U, (t) = o (=M VW, (x, 1)), x el (3.5)

In the above,  denotes an invading phase, Q—displaced phase and T is an
interface, as depicted in Fig.3.2. Next, W stands for the field which is driving the
growth (e.g. pressure in viscous fingering or temperature in solidification). The asso-
ciated flux is given by J; = —M; V\;, where M; is the mobility of phase i. Both the
field and the normal component of the flux are assumed to be continuous across the
interface. Finally, Eq. (3.5) links the advancement velocity of the interface (U, ) and
the flux, with « being a proportionality constant and subscript #n denoting the com-
ponent normal to I'. We will assume the system to be (quasi-)two-dimensional. In
fact, all of the systems in Fig. 3.1 are quasi-2D, which is not a coincidence—branch
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Fig. 3.2 Schematic of the
system with an invading
phase €2 and a displaced one
Q. The interface, I’ moves
with velocity U proportional
to the field gradient

competition for flux is much stronger in 2D than in 3D, making two dimensions far
more favorable for pattern formation.

Equations (3.1)—(3.5) should be supplemented with appropriate far-field boundary
conditions, which depend on a particular geometry in which growth takes place. For
rectangular geometry one usually imposes the condition of a uniform flux at infinity

lim (—M;VV¥(x,1)) = e, = lim (—M,VW,(x, 1)) (3.6)

X—>—00

where x is the direction of front propagation.

An important dimensionless parameter characterizing the system is the mobility
ratio, I' = M,/M,. Whenever M; > M, the flux of the field over the crest of a
small protrusion of the interface is larger than that in the surrounding flat regions
and thus initially flat interface becomes unstable and breaks into fingers. The aspect
ratio of the fingers tends to increase in time, since the field gradient is always the
largest at their tips. Finally, the fingers become stabilized by surface tension, kinetic
undercooling or other short-scale regularization mechanisms, which depend on a
particular problem at hand. Note that in the limit I' — 0 the problem reduces to a
classical, one phase Laplacian growth (Gustafsson et al., 2014), driven by one field
only (W;) with the condition ¥, = 0 imposed on the moving boundary.

In the following sections, we will explore two examples of such systems. The
first example is the well-known Saffman—Taylor (viscous fingering) problem, where
one fluid displaces another in a Hele—Shaw cell (i.e., a thin gap between two glass
plates), and the field driving the growth is the fluid pressure. The second example
involves the dissolution process in a Hele-Shaw cell, but with a soluble bottom.
Here, the growth is driven by the interplay of two coupled fields: fluid pressure and
the concentration field of a reactant, resulting in more complex dynamics. Before
delving into these examples, let us first review the Hele-Shaw flow equations, as
both problems involve the Hele—Shaw cell.
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3.2 Hele-Shaw Flow

There once was a fellow, Hele-Shaw,
Whose fluid mechanics had no flaw.
He studied with grace,

Fluid flow in tight space,

And his name became science’s law.

ChatGPT40

Where the flow occurs within a Hele-Shaw cell, the fluid flow equations can be
significantly simplified. The following derivation is largely based on Acheson (1990).
We start from the Navier—Stokes equations describing the fluid motion:

1
@+(U~V)v=——Vp+l/Av+f, (3.7
ot P

where p denotes the fluid density, v is the flow field, p represents pressure, v is the
kinematic viscosity, and f is the volume force density (in our case, f = 0).

We assume stick boundary conditions along the top and bottom plate of the Hele—
Shaw cell

v(z=0)=0, v(z=h)=0, (3.8)

where # is the distance between the plates.
Next, let U be the characteristic velocity of the fluid in the xy plane, i.e., v, ~ U
and vy, ~ U. The changes in v, and v, along z are then of the order of U, thus

o, U Ov, U
9z h 0z h' (3-9)

Meanwhile, the changes in v, in the XY plane are of the order of

Ovy U Ovy U
~ =, ~ =, 3.10
0x L ady L (3.10)

and similarly for v,. Here, L is the longitudinal size of the cell. A similar estimate
can be made for the second derivatives:

Pv, U 0, U 0%, U

~

072 T o T LY dy? T

(3.11)

and analogously for vy. As we see, the derivatives along the z direction are much
larger than the respective derivatives along x and y, since L >> h. Hence, the viscous
term in the flow equation (3.7) can be approximated as:
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v

VAV & Z/B—Z2. (312)

Furthermore, from the incompressibility of the fluid

Jvy  OJvy,  Ov,
L 3.13
0x + dy + 0z 13)

we infer that v, needs to be of an order of Uh/L, so, up to the leading order

h
v~U(1,1,—>. (3.14)
L
Finally then the viscous term in the Navier—Stokes equation can be approximated by
v  wvU L h (3.15)
v—~~— L, 1,—. .
022 h? L

The nonlinear term can similarly be approximated by

U? h
(v~V)v%T<l,l,Z). (3.16)

The characteristic time scale T associated with our system is given by:

r~ L (3.17)
= .

thus the time-dependent term in equation (3.7) is again of the order:

o U0 (3.18)
o L\ L) '

Analysis of the relations (3.15)—(3.18) allows us to conclude that the ratio of the
nonlinear term ((v - V)) to the viscous term in equation (3.7) is of the order:

ULp h? h?
2P _Rel «1, (3.19)

where Re is the Reynolds number. Note that we do not need to assume Re <« 1, since
the separation of lengthscales between the vertical and horizontal direction, ’Li <1
allows us to neglect the nonlinear term in the flow equations even for relatively high
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Reynolds numbers. Similar reasoning allows us to neglect the time-dependent term,
and ultimately (3.7) reduces to:

v

Additionally, since v, is smaller than v, and v, by a factor of 4/L, we infer that
%—? < g—)’;, g—f. Thus p is, to a first approximation, a function of x and y alone, p ~
p(x, y). This means that a two-dimensional velocity field v = (v, v,) is sufficient
for describing the system. Integrating equation (3.20) under this assumption leads

us to:

v
Y = 2—512 +Az+B 3.21)

where the gradient operator V acts in (x, y) space only.
Taking into account the stick boundary conditions at z = 0 and z = & we can find
the A and B vectors, getting finally

A\
o = L2 _ny). (3.22)
2n
For further considerations, it will be more convenient to use the total, z-integrated
fluid flux:
3

Vp
12n°

h vp [
q(x,y) = / v'(z)dz = _p/ (% — hz)dz = _h (3.23)
0 2n Jo

which can be written as:
q=—-MVp, (3.24)

where M = h3 /127 is the mobility of the system.

Equation (3.24) is known as the Poiseuille law. A similar relationship between
velocity and pressure gradient is observed in the flow of fluids through porous mate-
rials and known as the Darcy law (see Bear, 1972). The Poiseuille law needs to
be supplemented with the incompressibility condition (3.13). Integrating Eq. (3.13)
over z and taking into account stick boundary conditions at the top and bottom plate
of the Hele—Shaw cell, we get

V.q(x,y) =0, (3.25)
which, when combined with (3.24) leads to the pressure equation

V. (MVp)=0. (3.26)
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If the distance between the upper and lower surface is constant, h(x, y) = const.,
and the fluid has a constant viscosity, then M is constant as well and (3.26) transforms
into the Laplace equation

Vip =0, (3.27)

exactly as in Egs. (3.1)-(3.2).

3.3 Viscous Fingering

Pour a liquid, especially oil, between two fine
polished plates of marble, compressed close
together; upon parting them again, the oil
will be found to have run, into beautiful

and delicate ramified tracts

—Emanuel Mendes da Costa A Natural History of Fossils

Equipped with the thin-film flow equations, we can now consider a classical viscous
fingering (Saffman—Taylor) problem (Fig.3.3). Let us imagine a rectangular Hele—
Shaw cell initially filled with a fluid of viscosity 175,. Fluid of viscosity n; is then

injected from the x = —oo side with a constant mean injection velocity V, i.e.:
lim ¢, = Vhe,. (3.28)
X—>—00

To proceed, we introduce a parameterization of the phase boundary:

rp=xp (s + yé,, (3.29)

Fig. 3.3 Sketch of a Hele-Shaw cell with two fluids
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Fig. 3.4 Parametrization of the front

as illustrated in Fig. 3.4. Note that the phase boundary moves with velocity of each
of the fluids on that boundary, i.e.

dry(s) _

h .
ne— q,-n

, (3.30)

rs

=4q;n
ry

where n is the vector normal to the interface. The equations governing the evolution
of the system are then:

e Laplace’s equation for pressure (3.27), in each phase (since both phases have
constant viscosities)

Vipi =0;
e Darcy’s law for the flow in the Hele—Shaw cell (3.24)

h3

i =—M;Vp;, M;=—,
q; P 121,

along with the boundary condition (3.28), and continuity relations for pressure and
fluid flux along the boundary of the phases:

= (k1 + K2), (3.31)

rr

(p1— p2)

q,-n =4q;-n

ry

(3.32)

ry

The finite pressure drop in (3.31) is connected with the surface tension effects: v
is the surface tension coefficient, and x, x, represent the curvatures of the surface
along two perpendicular planes. The flow field calculated from the above equations
can then be used to track the evolution of the phase boundary (3.30). The solution
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of the equations will be divided into two stages. First, we will consider the case of a
flat, homogeneous front, and then perform a linear stability analysis.

3.4 Time-Invariant Solutions

Time and Space died yesterday.
We already live in the absolute,
because we have created eternal, omnipresent speed.

—F.T. Marinetti, The Founding and Manifesto of Futurism

Let us first consider the situation where the front is flat, thus all of the fields depend
on x coordinate only. This means, in particular, that 9p?/dy = 0 and 6x? /0y =
0, where the superscript ‘0’ denotes solutions that are uniform in y. The Laplace
equation then reduces to:
o*p?
Ox?

=0. (3.33)

The solutions of this equation, taking into account the boundary conditions, are given
by:

P = _1?4_01()‘ — Vo), x < Vi (3.34)
P = —;I/[—Oz(x — V) =k, x> Vi, (3.35)

where we take p‘l)(x = V1) = 0 as the reference point for the pressure field and
qo = hV.The curvature k; = 2/ h is constant and corresponds to the meniscus along
the z axis. The flow field is then uniform

41 = 45 = qoés. (3.36)

Taking into account such a flow field, the front propagation equation (3.30) becomes
simply

0x; 14 3.37

E —_— 3 ( . )
so that

xj(t) = V. (3.38)

It is convenient to re-write the above results in the moving frame coordinates,
X =x — Vtand f = t. The pressure then becomes time-independent

- qo —
Pl D) = e (3.39)
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0,= = q0 _
)= ——X — , 3.40
pa(x, 1) TR (3.40)

whereas the front stays at x = 0
@ =o0. (3.41)

3.5 Stability Analysis

But for its absolute self; a life of peace,
Stability without regret or fear;
That hath been, is, and shall be evermore!

—William Wordsworth The Excursion

Linear stability analysis involves introducing infinitesimally small disturbances to
the base solutions (3.39)—(3.41). For example:

Xp—> XY+ 0%y, (3.42)
pi — P!+ opi, (3.43)
q;, — 4 + dq;. (3.44)

Such forms of solutions are then substituted into equations (3.24) and (3.27), neglect-
ing the quadratic and higher-order terms in the disturbances during the solution pro-
cess. It should also be noted that the disturbance of the front affects its curvature,
so the non-zero factor x, from condition (3.31) needs to be taken into account. In
implementing this approach, one typically works in the moving front frame, as then
the base solutions are stationary, with the time dependence arising solely from the
growth of disturbances themselves.

The shape of the disturbance can be arbitrary; however, due to the linearity of the
equations, each Fourier component can be considered separately, e.g.:

0xy = (1) sin(ky). (3.45)
By substituting the disturbances into equation (3.27), we obtain:
Adp; = 0. (3.40)
The solutions to this equations are given by:

op1 = 0A; sin(ky) exp(kx),
O0p2 = 0A; sin(ky) exp(—kx), (3.47)

with k£ > 0, as required to satisfy the boundary conditions:
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lim dg, =0, lim éq, =0. (3.48)
X—>00

X—>—00
Next, the Darcy’s law takes the form:
5qi = —M,‘V(Sp,‘. (3.49)

The next step requires some care, as we need to introduce the disturbance into the
continuity conditions (3.31) and (3.32). These relations hold not at )E(f’- =0 but at

the actual (i.e. perturbed) position of the front, i.e. at )?S’c +0xy. Thus; we need to
carefully expand all the involved functions in a Taylor series up to the linear term in
the perturbation. For example,

_ ; _ o, , O’
(p° + op) (&) + 0% ) ~ p° (X)) + Op (X)) + .

0Xy.
Ox |0 )Cf

Xy

Calculating this on both sides of the front leads to

_(0pY  0pY
(p? - p?)jg + (5171 —~ 5172))?(; + 6%, (8—; - 572);;(; — y(k1 + k). (3.50)

Using (3.39)-(3.40) and remembering that in the moving frame )E?c =0, we get

<p? - p§’> =V (3.51)
x=0
op)  opY g9 4o
_ 97 —_9 490 3.52
( ox ox =0 Ml * M2 ( )

On the other hand, using (3.47) we obtain

(5171 — 5p2> = <5A1 - 5A2> sin(ky). (3.53)
=0
Putting the above into (3.50) leads to
M, M,

<5A1 — 5A2) sin(ky) + & sin(ky)( _ 4oy @> —ka (3.54)

where we also used (3.45). The curvature, x, of the curve x s (y), defined as positive
for a convex tip, can be expressed as

d*x ai 2\

f f

Ka(y) = — 1+ (—) , (3.55)
’ dy? ( dy
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which up to the linear order in € is simply

d*xs 8? sin(ky)
_ —c

— 2
Ky = 4y 3y = ek” sin(ky). (3.56)
Finally then
1 1
§A; —6A — — — ) =K% 3.57
1 z+6qO(M2 Ml) 2] (3.57)

The second continuity condition at the front involves normal components of the fluid
flux

g-n =q,n (3.58)

5)?/

5% ,‘
To proceed, let us calculate the normal vector to the perturbed front. Starting from
rp=0xpe, + ye, = esin(ky)e, + ye,, (3.59)

we observe that the tangent vector to the front is proportional to
dr f N ~
t~ d_ ~ e, + ekcos(ky)e,, (3.60)
y )

thus the (normalized) normal vector is

e, —ckcos(ky)e,
V14 €2k cos?(ky)

n(y) = ~ e, — ckcos(ky)ey. (3.61)

The last equality demonstrates that the parameterisation of the front using the
arclength and the y-variable yields the same results, up to the linear terms in €.
Importantly, at the lowest order, the normal vector can be approximated by simply
¢,, a fact which will prove to be handy.

Next, to obtain the fluid flux at the front, we calculate the pressure gradient by
directly differentiating (3.47)

Vp = —%éx + k6 A; cos(ky)e™Te, + ko A; sin(ky)e*¥é, ., (3.62)

with the upper sign for i = 1 and the lower sign for i = 2. We then calculate its
normal component at the front, up to the first order in €. Only the x-component
survives, as the y-component appears only at the second order:

Vpi-on~ —% + kDA, sin(ky)e=0Fr ~ —% + kO A, sin(ky), (3.63)

1 i

where ¢**%%/ was approximated by 1 up to lowest order in the perturbation.
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The continuity condition for the normal velocity at the front
— M Vpy-n=—-M;Vp,-n, (3.64)

can then be recast as
A M = —0A,M,. (3.65)

Next, expressing § A, in terms of §A; and substituting it into (3.57), we get

ek’ yMy  eqo(M) — M)
M+ M, MM+ M)

SA, = (3.66)

Finally, we have the front propagation equation (3.30), which, after introducing
perturbations, yields

063
— Squ| 3.67
o dn| (3.67)

Xf

h

The right hand side can be expressed analogously to (3.64), giving

de sin(k
h%(” — _MkSA, sin(ky). (3.68)

Substituting (3.66) into the above and using the fact that gy = V& leads to

0 M, — M, k*>v MM
% k(V - Ty M ) (3.69)
M, + M, h M+ M,

The solution to this is an exponential in time
e~e”, (3.70)

with the growth rate

M, — M, k*v MM
U=k<V¥ 7#). (3.71)
M, + M, h M+ M,

Equation (3.71) defines the so-called dispersion relation, linking the growth rate of
the perturbation with the wave number. The range of k for which o (k) > 0 marks the
unstable region: perturbations with such wavevectors will be growing. Conversely,
for negative o (k), the corresponding perturbations will decay.

For viscous fingering i? the Hele—Shaw cell, this is often expressed in terms of

viscosities, since M; = 1’2’—,1,

_ h?
o(k) = k(V M2 i ) 3.72)
n+m 12(n1 +m2)
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This is a classical result, first obtained by Saffman and Taylor (1958). Let us now
highlight a number of key features of this dependence. First, for large wavelengths
of the perturbations (small k regime) o (k) is linear

— M, —M
a(k):kvnz m 1 2

= . (3.73)
m—+m M, + M,

Clearly, this is positive whenever the more mobile phase is pushing the less mobile
one. Additionally, shorter wavelengths will be growing faster than the longer ones.
Without the stabilizing action of surface tension (represented by the second term in
(3.72)), this would lead to the so-called ultraviolet catastrophe, with the shortest
wavelength growing the fastest.
Next, we introduce the capillary number
Ca= m
v

(3.74)

which measures the ratio of viscous effects to capillary effects in the system, as well
as the mobility ratio
_M _m

= —=
My, m

(3.75)

Additionally, we rescale the wavevector by the aperture of the Hele—Shaw cell
k = kh. (3.76)
This allows us to express the dispersion relation in dimensionless form

h k

e ho. k(o 1
5(k) = ;o) = T ((1 I -k ) (3.77)

12Ca

This relation is shown in Fig.3.5 forCa=1and ' =0 as wellas ' = 0.5.
We note in passing that the limit I' = 0 is well defined, yielding the dispersion
relation of the form

5(k) = 12(1 — k2 121Ca>. (3.78)

06

S0 we find the most unstable wavevector

k. = 2y/Ca(l = T). (3.79)

The corresponding wavelength, in dimensional variables, is given by

A=rh |— T (3.80)
V(i —m)

By calculating the zeros of
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o

1_
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-

—1- ~.

Fig. 3.5 Dispersion relation for the Saffman—Taylor instability (3.77) with Ca =1, I" = 0 (solid
line), and I" = 0.5 (dashed line)

Fig. 3.6 Unstable growth of the air-oil interface in a radial Hele—Shaw cell with a lower (left) and
higher (right) injection rate. The figure is courtesy of Harry Swinney (University of Texas at Austin)

As we see, the perturbation wavelength decreases with increasing velocity and
increases with the interfacial tension. The former dependence is illustrated in Fig. 3.6.
The zero values of & (k) occur at:

ke =0, ko=+/12Ca(l =T). (3.81)

Fork € (ko; 00),5(k)is negative, and the front will be stable (e”" — 0). This stability
arises because at large wave numbers (k > ko), or equivalently, small wavelengths
(\ = 27h/k), significant front curvature occurs. High curvature is linked with high
surface energy, and thus the surface tension counteracts the propagation of such
perturbations. The term associated with surface tension (which includes the inverse
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Fig. 3.7 The growth of the air fingers in glycerine (Saffman & Taylor, 1958)

capillary number 1/Ca) is proportional to K in Eq.(3.72), causing the dispersion
relation to diverge towards —oo for large k.

Fork € (0; 120), & is positive, and the front is unstable (e& " — 00). In this region,
viscous fingers are formed. The positive sign of & in this range is controlled by
the coefficient L‘_—ll: = ﬁ—;, which multiplies the linear term (k) in (3.72). This
coefficient is positive when 7, > 7, indicating that front instability occurs only
when a less viscous fluid (7;) is injected into a more viscous fluid (7,). Notably,
the condition 17, > 1, is also the condition for the existence of zero points (3.81)
of the dispersion relation, implying that the front of an infinite extent will always
become unstable for large enough wavelengths. In experimental situations, the front
is not infinite, leading to a condition on the width of the experimental system W:
W > 27/ ky. In narrower systems, instabilities are always suppressed.

It is interesting to note what happens to the initial sinusoidal perturbations during
the course of evolution. As they grow larger, the linear theory ceases to work, and
the fingers begin to interact with each other. Two processes take place here: one
is the competition of the fingers for the flow, causing the longer ones to advance
ahead of the shorter ones. The other is the merging of the fingers, reducing their total
number. As aresult, as shown in Fig. 3.7, the pattern coarsens, and eventually, a single
finger emerges, which, in the limit of a large capillary number, takes up half of the
channel width. Such a final, stable finger-like structure that forms due to the viscous
fingering instability is known as the Saffman—Taylor finger (Fig. 3.8a). Interestingly,
if the Saffman-Taylor experiment is conducted in a Hele-Shaw cell filled with glass
beads (Fig. 3.8b), mimicking a porous medium, the finger appearing in the system has
a highly ramified, fractal structure, not unlike diffusion-limited aggregates (Witten &
Sander, 1981). This is due to the fact that the local interface curvature controlling the
capillary pressure drop depends on the local pore geometry and is thus sensitive to
the frozen disorder associated with the structure of this system (Lovoll et al., 2004).
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Fig. 3.8 a: The Saffman—Taylor finger which appears in the long-time limit in the viscous fingering
experiment in a Hele-Shaw cell (Saffman & Taylor, 1958). b: The irregular, fractal finger formed in
viscous fingering experiment in porous medium, where air was displacing glycerine in a Hele—Shaw
cell filled with glass beads (Lovoll et al., 2004). The photo is courtesy of Renaud Toussaint (Institut
Terre et Environnement de Strasbourg)

3.6 Reactive-Infiltration Instability

‘What is harder than a rock, what softer than water?
And yet hard rocks are hollowed out by the soft water

—Ovidius Ars Amatoria

Let us come back for a moment to the Darcy’s law, (3.24), linking the flow rate and

the pressure gradient
3

h
q=—-MVp=——Vp. (3.82)
127

As we see, mobility can be controlled in two different ways: either by changing the
viscosity of the fluid (1) or by changing the distance between the plates in a Hele—
Shaw cell (7). The first method leads to the viscous fingering phenomenon described
in the preceding sections. The second method can be achieved by constructing a
Hele—Shaw cell with a soluble bottom, as illustrated in Fig. 3.9a.



114 P. Szymczak

One possibility is to place a thin gypsum plate at the bottom of the Hele—Shaw
cell. Since gypsum dissolves in water, a dissolved region forms near the inlet during
the experiment (left-hand side in Fig.3.9). The reaction front develops once all the
soluble material at the inlet is dissolved and the distance between the plates (aperture)
reaches a maximum, Ay, . This front advances into the matrix, as shown in Fig. 3.9b
and c, which depict the front’s position at a specific moment during the experiment.
Upstream of the front, all soluble material has dissolved, resulting in a constant
aperture, h = hp,x. Ahead of the front, the aperture gradually decreases to its initial
value in the undissolved Hele-Shaw cell, & = hy. The evolution of the dissolution
patterns observed in such microfluidic experiments is illustrated in Fig.3.10. As can
be seen, the initially flat dissolution front soon breaks into fingers, which advance
into the soluble substrate. We now describe this process quantitatively.

The flow in the system is still governed by the Poiseuille law (3.24), but the
continuity equation becomes trickier to derive because the bottom plate dissolves,
increasing the system volume. By integrating the incompressibility condition (3.13)

over z, we obtain:

0qx a‘b’
Ox + dy

+ UZ(Zu) —v(z1) = 0. (3.83)

where z;(x, ¥) and z,,(x, y) denote the positions of the lower and upper boundaries of
the system at a given point, with z = z,, — z;. Due to the no-slip boundary conditions
for fluid motion at the walls, the last term on the LHS is simply ‘g—’; Consequently,
the continuity equation takes the form:

vog+ 2y (3.84)
q 8t_ ’ .

again using the convention in which V is a 2D operator acting in (x, y) plane.

A

Top plate

\ |
I soluble layer

bottom plate

Fig. 3.9 Hele—-Shaw cell with a soluble bottom (a). In the course of the experiment, a reactive
fluid is injected from the left-hand side, dissolving the bottom layer (b). This process increases the
aperture (k) and, consequently, the mobility in the dissolved region on the left compared to the
undissolved region on the right (c)
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Fig. 3.10 Evolution of the dissolution patterns in the microfluidic experiments. The flow enters
from the left and progressively dissolves the gypsum block. The front between the dissolved area
(black) and the undissolved area (white) becomes unstable, leading to the formation of finger-like
dissolution patterns

The next element needed for describing the dissolution process are the concen-
trations of chemical species within the system. These can be quite complex, with
multiple components and nonlinear reaction rates. However, the dissolution of gyp-
sum by water follows particularly simple kinetics (Colombani, 2008), which, to a
good approximation, is linear in the undersaturation of calcium ions, Ca®*. The
dissolution rate (the number of dissolved molecules per unit area and unit time) is
then

R(c) = r(csat — )0 (hmax — h), (3.85)

where ¢ is the concentration of Ca?t measured near the dissolving wall,i.e. at z = z;,
csat denotes the saturation concentration, at which the process stops, and r is the
dissolution rate constant. The Heaviside step function 6(x) in (3.85) is defined as

0ifx <0
H(x)z{lifx Zo0- (3.86)

In this way, dissolution is allowed only where there is still a soluble substance,
i.e., for h < hyax. A similar, product-controlled reaction kinetics as in (3.85) is
also applicable to other minerals, such as halite (dissolved by water) or limestone
dissolved by CO;-saturated water (Plummer et al., 1978), at pH values similar to
those of natural groundwater.

On the other hand, when limestone is dissolved by strong acids, as it is the case
in the acidization of petroleum wells, the dissolution rate is controlled by the supply
of reactant and becomes

R(c) = —rcO(hmax — h), (3.87)
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Fig. 3.11 The concentration

balance in a dissolving X X+ dx
fracture: Ca®* ions are Z u \ :
released during dissolution, 1 1 h
. . —> 1
causing the solution to . X
saturate as it flows toward J(.X) : I
1
1

the outlet /
!/ \

Z 7 dissolved volume

where ¢ is now the concentration of the H' ions. A different sign of (3.87) with
respect to (3.85) reflects the fact that the reactant (H") is consumed during the
reaction, whereas the concentration of the product (Ca*>") increases.

Note that, from the perspective of reactive transport equations, the model (3.85)
can be mapped onto (3.87) by the variable change, ¢’ = ¢y, — ¢, which corresponds to
tracking undersaturation. For simplicity, we will adopt the reaction law (3.87) below,
keeping in mind that for the Hele—Shaw cell with a gypsum plate at the bottom, ¢
should be interpreted as the undersaturation.

Let us now analyze the mass balance of the reactant in the system (Fig.3.11). For
simplicity, we temporarily focus on a two-dimensional (xz) case, assuming that the
flow occurs along the x direction.

The total (z-integrated) reactant flux at a given point can be expressed as

Zu
J = / (—D& +cvx>dz. (3.88)
. Ox

There is a subtlety here that is usually glossed over in the literature (Balakotaiah,
2004). Namely, as we integrate over the vertical coordinate (z) in Eq. (3.88), we
encounter two different averages of the concentration field. The first (diffusive) term
leads to the standard (arithmetic) average over the aperture

1 Zu
Cav(x,y) = Z/ c(x,y,z)dz, (3.89)

2l

whereas the advective term leads to the so-called cup-mixing average

1 Zu
Cem(X,y) = 5/ ve(x, y,2)c(x, y, 2)dz. (3.90)

2l

This represents the concentration that would be measured in a cup collecting liquid
from a specific cross-section (x) of the system. Naturally, regions with higher flow
velocities contribute more liquid to the cup, leading to the flow-weighted average in
Eq. (3.90). Using these two averages, the concentration volumetric flux (3.88) can
be expressed as
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OCqy
J =—Dh + gxCem. (3.91)

Ox
We now analyze concentration mass balance in a small volume of a system in
between x and x + dx, delineated by dashed lines in Fig.3.11. The incoming and
outgoing fluxes into this volume are J (x) and J (x + dx), respectively. Additionally,
ions are generated along the boundary due to dissolution, with their production rate
(per unit time) given by R(cyan)ds, where cy, is the concentration at the wall and
ds is the arclength element. The total change of the number of ions in this volume

can thus be expressed in terms of the flux as

AN =Nt +dt)— N() = [cav(t +di)h(t +dt) — cav(t)h(t):|dx =
dt |:J(x) —J(x +dx)+ R(cwau)ds]. (3.92)
Using (3.87) and (3.91), and then taking the limit dfr — 0, dx — 0, we obtain

dhey) 0 9  cw) dh\*
or + a_x(ccm%c) = 6_XDh Ox — rewat(hmax — h)4 1+ (E) .

(3.93)

Here, the geometric factor ,/1 + (%)2 represents j—;. Generalizing the transport
equation to two spatial dimensions (x and y) we obtain

hew
OCw) L G (comg) =V - (thav) — rewa/ T+ (VAD20(hmes — h).

ot
(3.94)
Finally, the erosion equation, describing the growth of the aperture due to the
dissolution of the gypsum plate at the bottom, is given by:

(I = p)0ih = xvrewaiy 1+ (IVAD?0 (hinax — h), (3.95)

where the factor (1 — ¢) accounts for the fraction of the gypsum crystals in a unit
volume of the dissolving material, with ¢ representing its porosity (in the experiments
of Fig.3.10, ¢ ~ 0.5). Next, v is the molar volume of the solid species, and y accounts
for the stoichiometry of the reaction. The geometric factor, /1 + (|Vh|)? appears
again, this time linking the normal growth rate with the growth rate along the vertical
direction (z).

The flow and transport equations must be supplemented by the boundary condi-
tions that reflect the physical setup in which the fracture is dissolved by a fluid with
reactant concentration c¢;, which infiltrates the system, entering from the left-hand
side with a flow rate g, i.e.
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lim g = goéx, (3.96)
liIIl C = Cip. (3.97)

We should keep in mind that—since in the case of gypsum dissolution ¢ stands
for the undersaturation, the condition ¢ = ¢;;, > 0 means that the incoming water is
undersaturated with respect to calcium ions, ¢+ < cé‘;’H. In the experiment shown

in Fig.3.10, the incoming fluid is pure water, so in this case, cc,2+ = 0 and thus
sat
Cin = Cg;z+~

The corresponding boundary conditions at x — +o0 are:

lim ¢ = goé,, (3.98)
X—> 00
lim ¢ = 0. (3.99)
X—> 00

From now on, we will make a number of assumptions that will allow us to keep
the exposition simple. First, we will ignore the geometric factor, /1 + (|VA|)?,
assuming that the aperture gradients are relatively small, |VA| < 1. Second, we will
assume that the diffusion along the z-direction is fast enough so that all three different
concentrations appearing in (3.95) can be considered equal; cywa = Cay = Cem- This
assumption can be relaxed (Szymczak & Ladd, 2012), but at the cost of additional
mathematical complexity.

3.7 Small Acid Capacity Limit

Constantly secretly eating its way,
The acid is making the substance its prey ...

—Thomas Hood Etching Moralized

The various factors that appear together in the erosion equation (3.95) can be grouped
into the so-called acid capacity number y, = X2, This parameter is defined as the
ratio of the volume of soluble rock (of molar volume v and porosity ¢) to the volume
of incoming fluid required to dissolve it completely.

In typical geophysical systems, the reactant is dilute (c;, < v~'), resulting in
va < 1. For instance, when calcite is dissolved by aqueous CO», 7, ~ 107*. When
Y. < 1, the velocity and concentration fields reach a steady state long before any
significant changes occur in the aperture field. This can be formalized through the
following change of coordinates and rescaling of the fields:

t'=t/to, x'=x/ho, Y =y/ho (3.100)

d=c/cin, q =q/q, h =h/hg p' = phi/(12nq0), (3.101)
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where K is the initial average aperture in the fracture, and g is a characteristic flow
rate. For example, in the case of a Hele-Shaw cell supplied with a total volumetric
flux Q of solution, the natural choice for gg is go = Q/ W, where W is the width of
the system.

The timescale ¢, introduced above is defined as

to = ho (3.102)
YaT

which corresponds to the characteristic time required for the aperture at the inlet
(initially A¢) to double as a result of dissolution.
In these variables, the equations take the following form:

/

aDa— >+ V' q' =0 (3.103)
o'e 1
%Da% + V' (€q') = 5oV - (WVE') = Dac Bk — h) (3.104)
on’
o = 00 — 1) (3.105)

where the two dimensionless numbers appear: the Damkohler number:

h
Da= 0 (3.106)

q0

and the Péclet number 4
Pe = BO' (3.107)

The Damkohler number quantifies the relative magnitudes of reactive and advective
effects, whereas the Péclet number represents the ratio of advection to diffusion in
the system.

In the limit v, — 0, the flow and transport equations become stationary and are
given by (Ladd & Szymczak, 2017):

g =H)v'yp, V' .q' =0, (3.108)
1
V' (g) = 5oV - (VE) — DacBlly — h). (3.109)

whereas the last equation describes the evolution of the aperture over a longer
timescale

on’
— =0, — ). 11
o cOhy,, —h) (3.110)
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This is the limit we adopt from now on.

3.8 Upstream and Downstream Penetration Length

I live upstream, you live downstream,
Day after day I long for you.

We drink from the same river’s stream,
Yet you are never in my view.

—Li Zhiyi Song of Divination

Let us for a moment consider a situation in which the reaction front is planar, i.e.,
the region x < x7(¢) is completely dissolved (2(x) = hpax). In this case, the flow is
uniform, ¢ = goé,, and the transport equation reduces to the 1D form:

dc’ 1 c

de D

dx’  Pe Ox’' o) Dac'O(h" — ) (3.111)

which has the following solution in the region x’ < x}, where the reaction term
vanishes (since & = hp,x there):

cx)=1—Aexp((x' — x’f)/l,;) . X <X, (3.112)
where [/ is the upstream penetration length

h/
I = I 3.113
" Pe ( )
The solution downstream is more complicated, as the aperture is generally a function
of x in that region. However, for large x, where i (x) — hg, we obtain the following
asymptotic behavior:
c(x) = Be W/l x 5 00 (3.114)

with the downstream penetration length of the form

J1+422 4
=Y T (3.115)

d= 2Da ’

as illustrated in Fig.3.12. The upstream penetration length is of a diffusive charac-
ter, whereas the downstream length is determined by the interplay of transport and
reaction.
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'

Yr1,=0 1,

Fig. 3.12 Concentration (dashed lines) and aperture (solid) profiles. a The concentration profile
decays with different length scales, /,, and /4, in the upstream (x < x7(¢)) and downstream (x >
x s (2)) regions, with x 7 (#) marking the position of a reaction front. b The thin-front limit, dominated
by diffusion in the upstream region, in which /,, > /;. ¢ The convection-dominated regime in which
la>1,

3.9 Thin Front Limit

Stern, threatening, inaccessible, and intangible
line which separates two hostile armies was
all the more clearly felt.

—Leo Tolstoy War and Peace

The ratio of the downstream and upstream penetration lengths

ho VIF4H+1 _ hy 2

I/, = 3.116
= o 2H hmax T+ 4H — 1 (G-110)
is determined by the parameter
D Dh
H=—="22° (3.117)
Pe a5

In particular
I,Jlg—0 asH—>O0 (3.118)
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Fig. 3.13 Geometry of the system: a reactive fluid is injected from the left side and dissolves the
fracture through chemical reactions. As dissolution progresses, the reaction front, x s (y) (shown by
the solid line), advances into the matrix, separating the fully dissolved, upstream domain (£2) with
aperture /iy« from the undissolved part of the fracture with initial aperture A

defines the so-called convection dominated regime (Fig.3.12c). In this regime, dif-
fusion in the upstream region can be neglected, and the solution ¢ = ¢;, can be
used there. All the interesting dynamics then occur in the partially dissolved region
downstream, with the penetration length controlled solely by convection:

(3.119)

=4
r

On the other hand, the opposite case

lg/l, =0 as H— o0 (3.120)

defines the so-called thin-front limit, dominated by diffusion in the upstream region,
with the downstream reactive length negligible in comparison to the upstream dif-
fusive length (Chadam et al., 1986; Ortoleva et al., 1987; Szymczak & Ladd, 2013;
Kondratiuk & Szymczak, 2015). In this limit, one can assume that the reaction occurs
instantaneously, with the reactants fully consumed at the dissolution front, as shown
in Fig.3.12b. This is the limit we will consider from now on due to its relative sim-
plicity. A more detailed discussion of the small acid capacity limit, thin-front limit,
and their applicability to physical problems can be found in Ladd and Szymczak
(2017).

In the thin-front limit, we obtain a Muskat-like problem in which the space is
divided into two domains: the dissolved upstream domain (£2) with aperture /.«
and the undissolved downstream domain (£2) with aperture 4, complementary to
Q (cf. Fig.3.13). However, the system is more complex than the standard Muskat
problem of Fig.3.2 due to the presence of the concentration field. In particular, the
advancement of the boundary between the phases is no longer directly linked to the
flow field, as was the case for viscous fingering, but rather to the flux of the reactant
at a given point
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d
U,=n- ﬁ = — i Dhmax Vo), =
dt (I — @) (hmax — ho)
Ya
———— Dhnyx Vo), r € 02(z). (3.121)
Cin(Nmax — ho)

Only the diffusive flux J = —Dhp,x Ve is present in Eq. (3.121), since the concen-
tration at the front vanishes, and so does the convective contribution to the flux. The
front velocity (3.121) is then obtained from the flux by observing that the total vol-
ume dissolved by the reactant particles crossing the reaction front over time Af can
be expressed, on one hand, as xvJ At, and, on the other, as (1 — @)U At (hpax — ho)
(see Fig.3.14).

Since the aperture in each domain (2 and Q) is constant, the pressure obeys the
Laplace equation in both domains

Vipi=0, Vp,=0, (3.122)
whereas the concentration field is governed by the convection-diffusion equation
V-(gc1) — DhyaxV - (D - Vey) =0 (3.123)

in the upstream region (£2). In the downstream region, ¢, = 0. Additionally, both the
pressure and the normal component of the fluid flux need to be continuous across
the reaction front 0Q2:

p]|Xf(y) = p2|x,c(y)7 (3124)
q1n|x,~(y) = q2n|x,~(y) (3.125)

and we need to obey the boundary conditions (3.96)—(3.99).
The uniform, y-independent solutions of equations (3.122) with these boundary
conditions are

— I
_

JAt ——
— hma‘c - hO
_—

. e

Fig. 3.14 Cross-section of the system in xz plane in the thin-front limit. Over the time interval At,
J At molecules of the reactant (per unit length in the y direction) dissolve an area of xyvJ At of the
mineral (marked in grey in the Figure), which can also be expressed as (1 — ) (hmax — ho)U At.
The comparison of both expression for the dissolved volume leads to Eq. (3.121)
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P =~ (x — Upt), (3.126)
pg = —ZI—OZ()C — Upt), (3.127)
4% = 45 = qoé., (3.128)

where M| and M, are the mobilities of the upstream (downstream) domain and we
assumed that initially the front was positioned at x = 0, i.e. x(}(t = 0) = 0. The
additive constant in the pressure has been chosen in such a way that p vanishes at
the reaction front. As we see, the front moves with a constant velocity, Uy, with
x(;-(t) = Uyt.

* The concentration profile is then of the form:

.v—)(}(r)

A =cp(l—em ), x<xj (3.129)

with the diffusive length [, = Dhuax/qo- Eqs. (3.121), (3.129) and (3.113) give the

front velocity of the form
Ya

Up=—21
0 hmax_h()

90, (3.130)

which can also be directly deduced from the mass conservation.

3.10 Linear Stability Analysis

Things fall apart; the centre cannot hold;
Mere anarchy is loosed upon the world

—W. B. Yeats The Second Coming

Similarly to the case of viscous fingering, let us now introduce infinitesimal pertur-
bations of the front position as well as in the pressure, velocity and concentration
fields

Xy —> X} + 0xy, (3.131)
p1— pY+dpi, (3.132)
g, — qoéx +q,, (3.133)
¢y —> "+ dey, (3.134)

and analogously for the downstream part. This form of the solutions is then inserted
into the flow and transport equations, neglecting the terms of the order higher than
linear. Again, due to the linearity of the equations, we will consider individual Fourier
components, e.g.

dxy = ee” sin(ky). (3.135)
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The pressure perturbation obeys the Laplace equation
Adp =0 (3.136)
from which the flow perturbation can then be calculated as
dq = —MVép, (3.137)
with the boundary conditions

lim 6¢, =0, (3.138)
XxX——00
lim 6g, =0,  (3.139)

op?  op?
0_pY Sp1 — 4, Sxpl =L - =22} =0 3.140
<p1 p2>xo+<p1 P2 x0+ o~ o L0 ( )
f f f
6qln = 6612}1 (3141)
0 0
Xf Xf

The first two relations are the requirements that the perturbations vanish far away from
the front. The last two are obtained by linearizing the continuity condition, (3.124)—
(3.125) at the perturbed front. Similarly to the viscous fingering case, we will find it
more convenient to work in the moving front coordinates, x = x — x? =x — Upt.
The good news is that, since the pressure perturbations are the solutions to the Laplace
equation, they have the same form as derived before (3.47)

op1 = 0A; sin(ky) exp(kx), (3.142)
op2 = 0 A, sin(ky) exp(—kx), (3.143)

where the relation between dA; and J A, is obtained from the pressure continuity
(analogously to Eq. (3.54) but without the surface tension):

q0 40
0A; — 0A -+ — ) = 144
< 1 2>+€< M1+M2> 0 € )

and from the continuity of the normal component of the fluid flux (g, ), which gives
(cf. Eq.3.65)

A M| = —0A,M,. (3.145)
This finally leads to
M, — M
5A, = _ QoM = Mo) (3.146)
M (M + M>)

in full analogy to Eq. (3.66). The pressure perturbations are thus
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M, — M, 1
op1 = —ee”'qo——+ k , 3.147
L= e A0 ——sin(ky)e’ (3.147)
M, —M, 1 -
(5p2 = €CthOA41TA4zﬁ Sln(ky)e . (3148)

The Darcy law can now be used to calculate ¢ :

A My — M .z . A N
= Goe + 2% g0 2 ek (sin(ky)e, ky)e,), 3.149
q, = qoeéx +ce CIOMl gy e (sin(ky)e, + cos(ky)ey) ( )

where the second term corresponds to the perturbation, dq .
Next, we solve for the concentration perturbation. The transport equation takes
the form:

Oc

Jdc
DhmaxV C=dqgo- + 5q1x )
dy

PR PR +5q1v (3.150)

where we now need to insert ¢ = ¢® + éc and keep only linear terms in perturbations.
This leads to

Oéc ac°
Dl V286 = Go e + 015 ——. (3.151)
0x 0x
Since the concentration perturbation will be of the form
dc = 6C(x,t)sin(ky), (3.152)

then V25c = (6C” — k*5C) sin(ky) with prime standing for differentiation with
respect to x. Inserting this, alongside (3.149), into (3.151) and using the fact that

%—‘; = —I;"h”—::’xe'):ﬁaxi leads finally to
Dhmas ., - Cingo My — My _w .
I (507~ k26C) = 6C" — kekt Sm90 21T 2 ik (3.153)
q0 Dhmax Ml + M2

This is an inhomogeneous equation for §C (x). The homogeneous one (obtained after
dropping the last term in (3.153)) is solved by an exponential function Ee*+* with

9 kDhpmax \
A 1 1+4 , 3.154
= 2Dhmax ( * \/ * < q0 > ( )

where we take the root that gives the solution decaying at —oo. Additionally, we

Cingo Mi—M> (k+Dh )X
€ Dl MiFM, € max

inhomogeneous equation. Flnally

can easily check that is a particular solution of the full,

ci M, —M z
inqo 1—26(k+#r?mx

dc = EeM¥sin(ky) — ¥ sin(ky). 3.155
(ky) Dhos My + M, (ky) ( )
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In order to determine E, we need to impose the boundary condition c(x ) = 0, which
can be expanded to yield
(®+ 36) 0455, = 0. (3.156)

Up to quadratic terms, this becomes

80

eorlxy = —0cEp). (3.157)

Substituting (3.129) and (3.155) into the above, and remembering that )E?. = 0 in the
moving frame, we get

q0 Cingo My — M>
— &y = — E. 3.158
Eanhmax 6Dhmax Ml +M2 * ( )
Solving for E, we obtain
in 2M
E = c—indo ! (3.159)

9 e ———
Dhmax Ml + M2

Finally, the growth rate of the perturbations can be obtained using the formula (3.121)
for the front velocity

dl‘f Ya
i L — 7/} Vv ‘n. 3.160
" con G — gy s (V- (160

However, similarly to what we have shown for viscous fingering
n=eé,+ 0(e)e,, (3.161)
so it is sufficient to consider only the x component. Expanding (3.160) leads to

L o¢ ddc
0 8x
f

00x ¢ DhimaxYa _ 00
=- X
ot Cin(max — ho) 7/ O%2

) (3.162)
g

Finally, substituting (3.129) and (3.155) we obtain the dispersion relation of the form

o(k) = L[(1 F)klu+1—\/1+4(klu)2], (3.163)

L,(1+T)

where, as before, I = & . As expected, the natural lengthscale for this problem is the

upstream penetration length I, = Pl \whereas the natural timescale is 7 = I,/ U,

i.. the time over which the dissolution front moves over the length /. Scaling time
by 7 and spatial variables by [, gives finally
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Fig. 3.15 Dispersion relation for reactive-infiltration instability given by Eq. (3.164) for mobility
ratio I' = 0 (solid line) and I' = 0.2 (dashed line)

5(k) = H%[(l —Dk+1—+/1+4k2|. (3.164)

with k = kl,. and & = 70.
Figure 3.15 shows the dispersion relation given by (3.164). For long wavelengths
(small k) the dependence of the growth rate on the wave vector is linear

1-To_ M- My

5 (k) ~ =
1+T M+ M,

(3.165)

with a coefficient that depends on the mobility contrast between the phases. Since
K is an increasing function of porosity, and dissolution results in porosity increase,
we infer that M, > M, thus &(k) > 0 in small k region. Note that relation (3.165)
remains in agreement with the analogous formula (3.73) for the Saffman—Taylor
(viscous fingering) instability.

On the other hand, for large lg, the dominating term in (3.164) is negative, and
the perturbations become stabilized by diffusion. The largest unstable wavevector
(corresponding to the shortest unstable wavelength) is given by

ko = M. (3.166)
4—(1-T)2

The maximum of the dispersion relation corresponds to

- 1-T
F— . (3.167)

24— (1 -T)%
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which determines the wavelength A\, = 27 Dhyax /I;L.qo of the most unstable mode.
As we see, for larger flow rates the instability wavelength decreases, which is again
a feature analogous to that of the Saffman—Taylor instability.

3.11 Hele-Shaw Cell Versus Porous Media

The stone,
Hard as it is, in every winding pore
Holds multitudes.

James Thomson The Seasons

So far, we have formulated our results for the Hele-Shaw cell with a soluble bottom.
However, the governing equations for this system are in close analogy to the equations
of dissolving porous media, as summarized below:

Fractures Porous media
aperture (h) porosity (¢)
3
q=—15Vp(z,y); u=—Eelyp
V.-q=0; V.-u=0;
V:(gc) =V - (hDVec) = —rc V- (uc) = V- (pDVe) = —rs(p)c
Da = rho Da==>-
90 uo
Pe=12. Pe = DZ(:DO.
— —
= e
— —
— —

(3.168)

As we see, in the porous media, the role equivalent to the aperture, £, is played
by porosity, ¢, which is the fraction of the void space in a given place of a porous
material. Next, the equivalent of ¢ is the Darcy velocity, u, which quantifies the
volume of water that flows through a unit cross-sectional area of a porous medium
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per unit time. The Darcy velocity is connected to the average fluid velocity in the
pores, v, by u = v (since only a portion of the space is available for the water flow)
and it is connected with the pressure gradient by the Darcy law

u=——""Vp, (3.169)

where K is the so-called permeability, which is the function of geometry of the
pore-space, generally increasing with porosity.

Additionally, in the porous media equations the molecular diffusion coefficient,
D, is replaced by the tensor D (¢, u), quantifying dispersion in the porous medium,
which will generally depend on both porosity and flow rate. Finally, since the reaction
takes place at pore surfaces, we need to provide the specific surface area, s (), which
is defined as the total area of a dissolving mineral per unit volume. We note in passing
that a precise estimate of s (¢) for a particular rock type is a challenging task, requiring
a careful experimental analysis (Noiriel et al., 2009).

Finally, Eq.(3.168) shows the relevant definitions of the Péclet and Damkdhler
numbers for the porous media case, with ug standing for the average Darcy velocity
in the system and ¢ for the initial porosity.

Using the above analogy, we can repeat our considerations for porous materials,
obtaining—again in the thin front limit—a relation analogous to (3.163)

o(k) = L[(l —D)kl, +1—-+1+ 4(klu)2:|. (3.170)

L,(+T)
but this time with b
], = —fmax (.171)
uo
and 5
Uy = —2—uy, (3.172)
Pmax — P0

where ¢nax 1S the porosity of the fully dissolved medium. If the rock is fully soluble,
then pmax = 1, however in the presence of insoluble matrix, Ymax = 1 — ©ins, Where
ins 15 the volume fraction of the insoluble component.

For porous media, relation (3.170) was first derived by Chadam et al. (1986).

The results of the linear stability analysis in Sect.3.10 were established in the
thin-front limit (H — o0). This limit is particularly simple, as all the reactant is
consumed at the front, and there is no need to resolve the concentration field down-
stream. A more general case for any H can be considered, but it comes at the cost of
increased mathematical complexity. For further details, we refer the reader to Szym-
czak and Ladd (2013); here, we will focus on the general conclusions from these
considerations.

First, in dissolution problems, as we previously noted, there are two characteristic
length scales, [; and [,. Generally, the instability selects the longer of these scales:



3 Moving Front Instabilities: From Viscous Fingers to Solution Pipes 131

104

10?

A gy (CM)

10—2 1 1 1
1078 107° 107 1072

Fig. 3.16 The maximally unstable wavelength for different products of reaction rate and specific
reactive area: rs = 1078 ™! (black), rs = 10~*s~! (blue), and rs = 1s~! (red) (Szymczak &
Ladd, 2013). For each reaction rate, results are shown for three different porosity contrasts: A = 0.1
(solidline), A = 1 (dashed line and circles), and A = 10 (squares), which correspond to the mobility
ratios I = 0.75,0.125 and 7.5 x 10~4, respectively. Analytic results derived by Szymczak and
Ladd (2013) in the small porosity contrast limit are shown by lines, and numerical results are
represented by solid symbols

for H — oo, this will be /,,, whereas for H — 0, the downstream penetration length,
14, takes on this role. Importantly, these length scales depend differently on the flow
rate: [, decreases with u, while [; increases.

Figure 3.16 shows the fastest-growing wavelength of reactive-infiltration instabil-
ity for a system with fixed r, s, and D, and variable flow rate (u(), ranging from 10-8
to 10~! cm/s. The lower end of the scale covers naturally occurring flow rates in sub-
surface systems, while much higher velocities (up to 0.1 cm/s) are typical of reservoir
acidization in the petroleum industry. Results are shown for three different reaction
time scales: (rs)~! = 10%s, which is characteristic of slowly dissolving minerals
such as quartz and certain redox reactions, (rs)~' = 10%*s, typical of the dissolution
of clays, and (rs)~' = 1s, characteristic of fast-dissolving minerals such as calcite
or gypsum. We assume here a constant diffusion coefficient, D = 107 cm?/s.

The results in Fig.3.16 are presented for three different values of the mobility
ratio. Knowing the relationship between mobility and porosity, these values can be
linked to the corresponding normalized porosity contrast between the dissolved and
undissolved phases:

_ Pmax — P0
%0 .

A (3.173)

In Szymczak and Ladd (2013), the relationship M () was assumed to take the form
M () = My, thus the corresponding mobility ratio is then I' = (1 + A)~3.
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Figure3.16 shows that there is a lower bound to the wavelength with respect
to the flow velocity. Starting from the thin-front limit (o ~ 1078 cm/s), increas-
ing velocity reduces the wavelength by decreasing the upstream penetration length,
l, = Dmax/uo; in this region (H > 1) the downstream penetration length is small.
However, as ug increases further, the downstream length begins to grow, and when
H < 1, it takes over as the dominant scale. In this case, an increase in velocity
leads to an increase in penetration length, and thus the length scale of the instability
grows. Interestingly, the plot suggests that instability wavelengths will fall within a
range between millimeters and a few hundred meters, since the highest flow rates
are typically associated with reservoir acidization, where reaction rates are high (red
curves).

A reactive-infiltration instability can thus occur in almost any system in which
chemical dissolution is coupled with fluid flow. Variations in reaction rate (r), spe-
cific reactive area (s), and flow rate (u() give rise to a wide range of length scales,
from centimeter scale redox fronts in siltstones (Ortoleva, 1994) to kilometer-long
scalloping of a dolomitization front (Merino & Canals, 2011). The span of timescales
over which the instability develops is also large (Szymczak & Ladd, 2013); acidized
plaster (Daccord, 1987) and limestone cores (Hoefner & Fogler, 1988) or salt flushed
with water (Kelemen et al., 1995; Golfier et al., 2002) finger in minutes, while geo-
logical structures evolve over hundreds of thousands of years. Groundwater veloci-
ties are usually small, uy ~ 1078 — 1073 cm/s, while the timescale for dissolution,
(rs)~!, varies from seconds to years; thus both diffusion-dominated (Drs/ u% > 1)
and convection-dominated (Drs/ u% <« 1) dissolution can occur.

The formation of salt sinkholes is an example of diffusion-dominated dissolution;
here rs ~ 2 x 107*s~! and u, is in the range 3 x 1077 — 3 x 10~%cm/s (Shalev
et al., 2006), which means it is in the diffusive (thin-front) regime (H > 1). For the
large porosity contrast typical of salt dissolution (A = 10), the maximum unstable
wavelength (Fig.3.16) is then Ap.,x &~ 0.7 — 7m, which is in the range of results
reported in Shalev et al. (2006). The associated timescales are of the order of 1.5—150
years (with v, =~ 0.18); thus sinkholes would be expected to develop over tens of
years, which is comparable with experimental observations (Shalev et al., 2006).

One important application of reactive-infiltration instability is the formation of
wormholes by injecting a low-pH solution into oil or geothermal reservoirs (acidiza-
tion). This process increases permeability and creates flow paths from the wellbore
region to the rock matrix. Wormholes (so named because of their resemblance to
channels dug by earthworms) are ramified channels formed due to the dissolution of
soluble rock under specific chemical and flow conditions. They are relatively easy
to obtain in experiments (Daccord, 1987; Hoefner & Fogler, 1988; Fredd & Fogler,
1998; Golfier et al., 2002; Detwiler et al., 2003; McDulff et al., 2010; Li et al., 2019;
Cooper et al., 2023) as illustrated in Fig.3.17, and have been used for at least 100
years by petroleum engineers to enhance oil and gas production by increasing the
permeability of the rock. The shapes of the wormholes formed during acidization
depend strongly on the flow rate, with more conical, smoother wormholes forming
at lower flow rates, and highly ramified wormholes appearing at high flow rates.
Long, thin (“dominant”) wormholes, formed at intermediate flow rates, are the most
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Fig.3.17 Wormhole formation in porous rocks and fractures. a: Tomographic image of a wormhole
etched by carbonic acid in limestone core (Cooper et al., 2023). b: Neutron radiographs of wormholes
formed during the dissolution of limestone by 0.25-M ethylenediaminetetraacetic acid injected
at pH 4 (Fredd & Fogler, 1998). The successive panels correspond to volumetric flow rates of
0.01 cm?/min, 0.025 cm? /min, 0.06 cm? /min, 0.15 cm?/min, 1 cm?/min and 3 cm?/min

effective for petroleum engineering, since they minimize the acid required for a given
increase in permeability.

Recently, understanding of wormholing became important when assessing and
mitigating the risk of leakage from potential CO, sequestration sites, particularly
in limestone formations (Ott & Oedai, 2015; Snippe et al., 2020; Luquot & Gouze,
2009; Garcia-Rios et al., 2015; Smith et al., 2013; Hao et al., 2013; Steefel et al.,
2013; Elkhoury et al., 2013; Selvadurai et al., 2017; Al-Khulaifi et al, 2019). Carbon
dioxide, when mixed with water, becomes aggressive and can dissolve carbonate
seams or veins in the caprock, creating CO, escape conduits during the sequestration
process.

Estimates of wormhole growth rates and, in particular, the so-called breakthrough
time (the moment when the longest wormhole reaches the outlet of the system) are
crucial for a number of geotechnical problems. These include risk assessment of
potential leakage of sequestered carbon dioxide, safety of dam sites in soluble rocks,
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risk of catastrophic ground subsidence due to solutional widening of fractures, and
the danger of water seepage into toxic waste repositories.

Natural wormholes in porous media (except for solution pipes, which we describe
in Sect. 3.14) are relatively rare, since large flow rates are needed to trigger the insta-
bility, which are not easily obtained under typical pressure gradients in subsurface
flows. It is different in the case of rock fractures, where the permeabilities, and thus
possible fluid velocities, are much higher. We will return to wormholing in fractures
and its link with cave formation in Sect.3.13.

Fluid velocities during acidization of carbonate reservoirs are larger than in nat-
urally occurring groundwater flows, ug ~ 1073 cm/s — 0.1 cm/s (Economides &
Nolte, 2000), and it is frequently assumed that acidization is convection dominated
(Sherwood, 1987; Hoefner & Fogler, 1988). However, rapid dissolution of calcite
by concentrated hydrochloric acid (frequently used in acidization), combined with
the large reactive surface area of calcite, can lead to reaction rates (rs) as high as
10s~! (Cohen et al., 2008), although weaker acids, such has acetic or formic acid,
have dissolution rates that are 100 times slower. Thus acidization spans the range from
convection-dominated (H ~ 10~*) to diffusion-dominated dissolution (H ~ 100),
but the predicted length scales are always in the sub-centimeter range. At the small-
est flow rates (1o &~ 1073 cm/s), dissolution tends to be diffusion dominated, with a
typical length scale of the order of A,x = 0.1 cm, independent of reaction rate. At
the highest flow rates (#g & 0.1 cm/s) the reactant penetrates downstream, leading
to significantly larger scales (~0.1 cm) than would be predicted from the thin-front
limit (~0.001 cm).

Finally, let us also comment on the stabilization mechanisms of reactive-infiltration
instability at shorter wavelengths. In viscous fingering, large k perturbations are stabi-
lized by surface tension. In reactive infiltration, the stabilization mechanism depends
on the dissolution regime. In the thin-front limit, H >> 1, as already discussed, the
short wavelengths are stabilized by diffusion, and the instability wavelength is com-
parable to /,. A somewhat more subtle mechanism is in place in the convective
regime (H < 1). There is now a significant region of partially dissolved material
at the dissolution front, which makes the mobility contrast significantly less sharp.
The presence of a diffuse interface weakens the instability (Booth, 2008) and leads
to the appearance of the maximum growth rate over the length scales comparable to
the front thickness, /;, while keeping o (k) positive as k — 0o (Szymczak & Ladd,
2011).

3.12 Radial Geometry: Acidized Wells and Ice Stars

Fain would I stretch me by the highway side,
To thaw and trickle with the melting snow,
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That mingled soul and body with the tide,
I too may through the pores of nature flow.

—Henry David Thoreau The Thaw

Our results so far have focused on rectangular geometry, where the system dissolves
due to the unidirectional flow uge, as x — £o0o. However, in many natural and
engineering systems, the flow is ejected radially outwards from a point source. A key
application, discussed earlier, is reservoir acidization. Since acidization is typically
carried out using wells, radial geometry represents the most relevant configuration
(see Fig.3.18b).

A strikingly similar process, albeit arising in a completely different context, is the
formation of star-like patterns on frozen lakes and rivers (Fig. 3.18a). Whenever a hole
forms in the ice cover, relatively warm water (at 4 °C) flows to the surface and melts
the snow layer (Knight, 1987; Tsai & Wettlaufer, 2007). This process of snow slush
melting by the flowing water can be described by equations analogous to (3.168),
but this time tracking the temperature profile instead of the reactant concentration.
The positive feedback mechanism remains the same: a small bump on the advancing
interface between melted and unmelted regions focuses the flow, leading to increased
melting in its vicinity. In the photographs in Figs.3.1g and 3.18a, the flow lines of
the water are beautifully marked on the ice, clearly illustrating the focusing of flow
at the tips of the fingers.

The linear stability analysis for the reactive-infiltration instability in the radial
case has been detailed in Grodzki and Szymczak (2019). The base solution now
corresponds to the radially expanding reaction front

R'(t) = \/RS 2, (3.174)

Pmax — P0 ;
where Ry = R%(+ = 0) and Q is the total fluid flux in the system (in m?/s). Perturbing
the front as

OR =eF(t)sin(np), n €N, (3.175)

leads to the dispersion relation of the form

1 1
~os _ = =1 b
on)=o/T= 1+F[1 Vv1+4n? +n(l F):| Pe’ (3.176)

where the wavenumber, 7, is scaled as
n = n/Pe, (3.177)

and the Péclet number is defined as
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(d)

Fig. 3.18 Radial dissolution and melting patterns: a: Star-like patterns on a frozen river. b: worm-
holes (30 cm long) formed during carbonate acidization (McDuff et al., 2010), ¢ and d: Dissolution
patterns observed in experiments on the dissolution of blocks of plaster of Paris by Ewers (1982)
(c) and Daccord (1987) (d). The photograph in (a) is courtesy of Martin Mecnarowski (Wwww.
photomecan.eu). The photo in (b) is courtesy of Darren McDuff (ExxonMobil Upstream Research)
and the photograph in (c) is courtesy of Ralph Ewers
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Fig. 3.19 Dispersion relation in radial geometry for Pe = 100, I' = 0 (solid line); Pe = 100, I' =
0.2 (dashed); Pe = 14, I = 0.2 (dotted)

Q

Pe=—~ .
27 D pmax

(3.178)

On the other hand, the growth rate in (3.176) is scaled by the characteristic time over
which the front traverses the upstream penetration length

T =1,/Uy, (3.179)

where Uy = dd—lio is the front velocity, and

D X D ax
= SPmax “Z‘“ . (3.180)
o TR0

lu

The dispersion relations for different values of Pe and I" are shown in Fig.3.19. The
most unstable mode is given by

3 1-T
o= ——— (3.181)

2JA—(1—-1)2

with the corresponding wavelength

_ 27R"  47R%\/4— (1 -T)?

Ae = = =
n.Pe (1 —=T)Pe

(3.182)

As we see, the most unstable wavelength decreases as the flow rates (and hence Pe)
increase. On the other hand, ). increases over time as the radial extent of the front,
RO, Srows.

The dispersion relation depends on two parameters only: Pe and I'. Let us now
identify the region in the Pe—I" space where all perturbations are stable, i.e. 5 (71.) < 0.
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Fig. 3.20 The threshold Péclet number Pey, as a function of the mobility ratio, I'
For a given I', the stable region corresponds to Pe < Pey,, where
21+T
Pey(I") = a+0 (3.183)

2—J4—(1-1)%

as shown in Fig. 3.20.

Importantly, Pe (for a given volumetric flow Q) does not depend on the radial
extent of the front, R°. Consequently, we can find the range of Q such that the front
will remain stable during its entire evolution.

We note that the dispersion relation for the rectangular geometry, Eq. (3.164),
can be obtained from its radial counterpart, Eq. (3.176), in the limit, RO — o0,
up = Q/2wR" = const. (which implies Q — 00). In this limit 7 — k and Pe — oo,
and we recover Eq. (3.164).

In fact, this limiting procedure leads to the elimination of the last term (1/Pe)
on the rhs of Eq. (3.176). It is this term which shifts the entire dispersion curve
downward and results in the appearance of the stable region in the phase diagram
of Fig.3.20. The existence of such an absolute stability region in Fig.3.20 for the
radial dissolution problem is fundamentally different from the behavior of the viscous
fingering front in radial geometry, which always becomes unstable at a certain critical
radius (Paterson, 1981).
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Fig. 3.21 (left) Cemented fractures in shale core (Tang et al., 2021). (right) Fractures and bedding
planes in Salzgitter—Salder chalk quarry, Germany (photo by Gretarsson via Wikimedia, distributed
under CC BY-SA 4.0 license)

3.13 Cave Formation Paradox

Wind from the sea,

The shimmering candle light,
A drop spread,

The cave of Enoshima.

Akiko Yosano

An important element of our considerations regarding the dissolving fractures is the
emergence of the reaction front, which subsequently advances into the fracture. Such
a moving front develops once all of the soluble material at the inlet has dissolved.
The time needed for such an opening is given by (cf. Eq. (3.110))

t; = M. (3.184)
Yo

Such a setup can serve as an effective model for a range of natural systems, such
as fractures in insoluble rock that are partially cemented with a soluble material.
Figure 3.21 illustrates one such system: fractures in shales mineralized with calcite. If
these fractures reopen, for instance during hydraulic fracturing of shale gas reservoirs,
the low-pH fluid can dissolve the cement, creating a setup similar to the Hele—Shaw
cell with a soluble bottom.

However, in typical rock fractures or bedding planes (e.g., in the fractured lime-
stone outcrop shown in Fig. 3.21), the entire rock mass is soluble, meaning that /,,x
is effectively unlimited, and a moving front cannot develop.

Such fractures continue to open, developing exponential profiles of aperture
and concentration for linear reaction rates (Fig.3.22). Indeed, the 1D solutions of
Egs. (3.108)—(3.110) in the limit Ay, — oo are

cip(x) = coe™", (3.185)
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Fig. 3.22 Dissolution of typical rock fractures versus that of cemented veins. In the former case,
an exponential concentration profile forms at the inlet with an amplitude that increases over time.
In the latter case, the profile propagates into the medium

and
hip(x) = ho + 2ry,te /", (3.186)

where, to keep things simple, we neglected diffusion (which corresponds to adopting
H — 0 limit). In Eqgs. (3.185)—(3.186) the downstream penetration length is given
by
=2 (3.187)
2r
There is an extra factor of two compared to Eq. (3.119), because in natural fractures
both the upper and lower surface dissolve.

Note that in contrast to Eq. (3.114), the 1D concentration profile is now station-
ary and does not advance into the fracture. This is a direct consequence of the fact
that—unlike in previous considerations—there is no limit to the aperture growth at the
inlet. Nevertheless, such a 1D profile can also become unstable (Fig. 3.23), though the
physical characteristics of this instability differ from those of the moving-front insta-
bility (Szymczak & Ladd, 2011). Interestingly, the limit H — 0 is again fully ana-

Iytically solvable, although the solutions involve hypergeometric functions (Szym-
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Fig. 3.23 Inlet versus moving front instability: Both profiles shown in Fig.3.22 are unstable, but

these instabilities are characterized by different wavelengths and growth rates
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Fig. 3.24 Dispersion relation for the inlet instability in the fractures. The wavenumber is rescaled
by the downstream penetration length, k = [zk = g—‘;k, whereas the growth rate is rescaled by

vhg

T =

3¢+ the time it takes for the initial fracture aperture at the inlet to double. For a 0.2mm
fracture dissolved by karst waters, 7 ~ 5.4 - 10%s or 0.17 years (Szymczak & Ladd, 2011)

czak & Ladd, 2011). The maximally unstable wavelength can then be shown to be

Amax = 4.74l; = 4.742 (see Fig.3.24).

Let us now try to estimate the characteristic value of /; for real fractures. The

typical values of the parameters characterizing the dissolution of limestone fractures
arer = 2.5 x 10 cms™! and ¢g = 2 x 107°M cm™ (Dreybrodt, 1996).
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Initial fracture apertures range from 0.005 cm to 0.1cm (Motyka & Wilk, 1984;
Dreybrodt, 1996; Paillet et al., 1987), and hydraulic gradients are of the order of 1073
to 10~! (Palmer, 1991; Dijk & Berkowitz, 1998). This gives a range of characteristic
flow velocities in undissolved fractures from 10~* to 1 cm/s. For these parameter
values, the penetration lengths are of the order of centimeters: for example, for
ho = 0.02mm and a hydraulic gradient of 0.01, we find go = 103 cm?s~! and I, ~
20 cm. This is exceedingly small when compared to the lengths of karst-incipient
fractures and bedding planes (100m-10km). Thus, groundwater quickly saturates
with calcium ions, and long karst conduits cannot form, at least within the framework
of this model. This was noted by White and Longyear (1962), but, interestingly,
a similar argument was also raised by Flamache (1896), and was a basis for his
dismissal of a dissolution mechanism for cave formation.

One resolution of this paradox was proposed by White (1977), who, based on
experimental data on calcite dissolution (Plummer & Wigley, 1976), suggested that
the formation of large cave systems could be explained by the sharp decline in the
dissolution rate of CaCOj near saturation. This is commonly referred to as the “kinetic
trigger” mechanism in the speleogenesis literature. The kinetic trigger mechanism
can be modeled as a transition from linear to higher-order kinetics at a threshold
concentration

R(c) = { MCa )€ < (3.188)

Fa(Coat — ©)", € > can.
The nonlinear reaction law then leads to a power-law concentration profile
1
Cgat — C ™~ X1 (3.189)

rather than the exponential profile given by Eq. (3.185). This results in increased
penetration lengths and facilitates fracture opening over the geologically reasonable
timescales, at least in the case of fractures with relatively large initial apertures (Drey-
brodt, 1990, 1996).

However, it seems that there is a simpler resolution to the cave-formation paradox,
not based on the subtleties of chemical kinetics. As we already know, fractures do
not dissolve uniformly; instead, the dissolution front evolves into fingers. While cave
formation initially occurs along fractures and bedding planes, which have planar,
slot-like geometries, the mature cave system is almost always a network of pipe-like
conduits, as shown in Fig.3.25. This suggests that fracture dissolution is inherently
a 2D process, making a 1D model unsuitable in this context (Szymczak & Ladd,
2011).

In the later stages of dissolution, the undulations of the front evolve into well-
defined finger-like channels that rapidly advance into the fracture, leading to its
opening at much earlier times than in the homogeneous (one-dimensional) case. As
dissolution progresses, the fingers interact, competing for the available flow, and
eventually the shorter ones stop growing (see Fig.3.26).

The mechanism of competition is further elucidated in Fig.3.27. As observed,
there are many more fingers visible in the aperture map (center) than in either the
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concentration (left) or flow map (right). In fact, the channels compete for flow, with
the longer ones capturing a larger portion of it due to higher pressure gradients
at their tips. Larger flows and greater penetration lengths in longer channels lead
to their faster growth compared to shorter ones, which, deprived of flow, quickly
become saturated and cease growing, thus losing the competition. On the other hand,
the longer channels again compete for the flow between themselves, which leads
to the emergence of a hierarchical structure, with many short channels, and only a
few long ones. This is essentially the same positive feedback loop between flow,
transport, and reaction that led to the formation of the channel in the first place, but
now acting in a nonlinear regime. As a result, the characteristic distance between
the active channels, d, steadily increases. The fluid flux within the active channels,

gM™ increases as well, approximately in proportion to d /w:

g™ = god /w, (3.190)

where ¢ is the average initial fluid flux in the fracture and w is the width of the
channels (Fig.3.28).

Fig. 3.25 The conduitin a
phreatic cave in Dan Yr
Ogof, Swansea Valley, South
Wales (photo courtesy of
Brendan Marris, Dudley
Caving Club) and a
schematic cross section of
the conduit, showing the
initial fissure (inset)
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Fig. 3.26 Evolution of the aperture field over time from numerical simulations of the dissolution
of a single fracture. Competition between the channels results in the emergence of a hierarchical
pattern, characterized by many short channels and a few long ones. The red shading represents the
deepest erosion, while dark gray/blue correspond to the least erosion; the intermediate colors are
yellow (higher) and green (lower)

Fig. 3.27 Concentration (left), aperture (center) and flow profiles (right) in a dissolving fracture.
Red shading represents regions of highest undersaturation/aperture/flow magnitude, followed by
green, blue, and black

Eventually, d reaches the scale of the fracture width, leaving only one active
channel left in the system. At this moment, the penetration length in the channel
approaches
W

lchann —
d 2rw’

(3.191)

which is usually several orders of magnitude larger than the initial penetration length
given by Eq. (3.187). Thus the flow focusing in the channels provides an alternative
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Fig. 3.28 Flow focusing in d
the dissolution channels: the
channel of width w attracts
the flow from the region of a
linear extent d (equal to the
characteristic distance
between the channels)

Fig. 3.29 a and e-wormhole formation during the dissolution of limestone fractures by CO»-
rich solution (Garcia-Rios et al., 2015). Microtomographic image (a) and microscopic images
of cross-sections (e). b and c—Wormbholes formed during the dissolution of limestone fractures
by HCI solution (Noiriel & Deng, 2018): aperture map based on the microtomographic data (b)
and microscopic image of the cross-section (¢). d—Conduit formation during limestone fracture
dissolution by CO,-rich brine (Elkhoury et al., 2013). The photos in a and e are courtesy of Linda
Luquot, University of Montpellier

mechanism for the increase of penetration length and hence for the possibility of
karst conduit formation, even in the absence of a kinetic trigger.
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Instabilities in fracture dissolution were first discovered through numerical sim-
ulations (Hanna & Rajaram, 1998) and later confirmed by experiments (Detwiler
et al., 2003; Gouze et al., 2003; Elkhoury et al., 2013; Garcia-Rios et al., 2015;
Osselin et al., 2016; Noiriel & Deng, 2018), as presented in Fig.3.29. The experi-
ments elegantly demonstrate the transition from fracture flow to conduit flow, with
the conduits assuming a regular, circular form (Fig.3.29c—e), resembling phreatic
cave passages (Fig.3.25).

Returning to the cemented fractures of Fig. 3.21, one can ask whether instabilities
are important in their dissolution dynamics. In nature, reactive-infiltration instability
in such fractures is rarely observed since the cementation prevents appreciable flow in
such systems. However, in engineering applications, these fractures can be reactivated
using methods such as hydraulic fracturing, often used e.g. in the stimulation of shale
reservoirs. Alas, the presence of carbonate lamina within the fractures can impede
methane transport from the matrix to the fractures. A potential remediation strategy is
to acidize the reopened fractures by treating them with a low-pH solution (Szymczak
et al., 2019), aiming to induce dissolutional instabilities. This approach offers two
main advantages: On the one hand, dissolution helps in removing the carbonate
lamina, which hinders fracture/matrix transfer. On the other hand, inhomogeneous
dissolution patterns help sustain fluid flow, preventing the resealing of the fracture
as fluid pressure is removed. This occurs because the less-dissolved regions act as
supports, keeping the more dissolved regions open.

The final question we would like to address, in the context of the initial and moving
front instabilities depicted in Fig.3.23, is which of these two instabilities would be
observed in a fracture with an initial aperture 4y and a maximum aperture /pmax?
To answer this, it is necessary to compare the characteristic development time of
the initial instability, associated with the exponential profile, to the fracture opening
time 7, (3.184). This comparison is mainly governed by the parameter A;, = W,
which represents the ratio of the depth of the soluble layer to the initial aperture of
the fracture (Szymczak & Ladd, 2011) and is defined analogously to the porosity
contrast (3.173). For thick soluble layers, where Aj, >> 1, the initial instability will
be significant. Conversely, for A, < 1, the moving front will develop first, eventually
breaking into fingers.

A detailed experimental study of the initial instability in Hele—Shaw cells with
a soluble bottom was performed by Osselin et al. (2016). The reaction front was
extracted from photographic images at the early stages of dissolution and analyzed
using the Fourier transform to decompose the signal into sinusoidal modes, as illus-
trated in Fig. 3.30, The position of the maximum of the spectrum corresponds to the
fastest-growing mode, the wavelength of which was then compared with theoretical
predictions, showing quite good agreement (to within a few percent).
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Fig.3.30 (left) Advancement of the dissolution front and the onset of the instability in a Hele—Shaw
cell with a soluble bottom (Fig. 3.9), with an initial aperture of 4o = 100 um, a maximum aperture
of hmax = 600 pm and a flow rate of 0.25mL/hr. The successive photographs correspond to 4.3,
6.2, 8.3 and 10.8 days (Osselin et al., 2016). (right) Spectral analysis of the dissolution front for
this experiment (after 2.4 days). The position of the main peak (3.44 mm) compares well with the
theoretical predictions (3.50 mm)

3.14 Solution Pipes

The whole ground is one huge hole. Holes are the
only features of the landscape: big holes, little holes,
damp ones, smelly ones; holes occupied and holes to
let; holes you fall into and holes you don’t—but,
holes. Everywhere holes.

Sapper—No Man’s Land

Intriguing natural examples of dissolution fingers are solution pipes (Fig.3.31)—
vertical, finger-like structures found in the epikarst zone of porous calcareous rocks.
They vary in size, ranging from a few centimeters to several meters in diameter, but
are typically less than 1 m wide, with variable depths, the deepest reaching 100 m.
They also vary in shape: some are conical, tapering gradually toward the tip, while
others are strongly elongated, maintaining an almost constant cross-section with
a cigar-shaped termination. Their cross-sections are almost perfectly circular and
remarkably smooth (Fig. 3.31e-h), creating the impression that they were artificially
drilled rather than naturally formed.

One of the first to describe the morphology of solution pipes in detail was Charles
Lyell, the father of modern geology. His 1839 paper “On the tubular cavities filled
with gravel and sand called sand-pipes in the chalk near Norwich” (Lyell, 1839)
remains a remarkable example of deductive reasoning based on natural observations.
Lyell describes a group of solution pipes in chalk strata (see Fig.3.32), noting their
elongated shape (reaching lengths of up to 20 m) and circular cross-sections. He also
comments that these pipes do not merge, tend to stay separated from one another,
and are not guided by the fractures.
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Fig. 3.31 Solution pipes: a—pipes in Cretaceous chalk (Swanscombe, UK); b—pipes in Quater-
nary calcarenite (Cape Bridgewater, Australia), ¢, e-g—pipes in Miocene calcarenite, (Smerdyna
quarry, Poland); d—pipes in Neogene calcarenite (Guilderton quarry, Australia); h—pipe in Pleis-
tocene calcarenite at Cape Perron, Perth, Australia. Photo in (a) is by J. Rhodes, courtesy of British
Geological Survey. Source: BGS GeoScenic (image P201858)
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Fig. 3.32 Solution pipes in the chalk at Eaton, near Norwich, as sketched by Charles Lyell (Lyell,
1839)

When smaller pipes intersect horizontal layers of flint nodules (c & d in the figure),
the nodules tend to remain in place, sticking out of the pipe. In contrast, in larger
pipes (b), the nodules are displaced slightly downward from their original positions.
These observations led Lyell to the hypothesis that the pipes are of solutional origin,
with the chalk having been removed by the corroding action of water charged with
acid. The flint nodules, being insoluble, were left in situ in the smaller pipes after the
calcareous matrix had dissolved. He also concludes, from the manner in which the
large detached flints were dispersed through the contents of the widest pipes, that the
excavation and filling of the pipe were gradual and contemporaneous processes. He
further comments that the fact that piping always occurs under the cover of sand or
gravel, and never on the exposed rock, may be related to the way these upper layers
provide space for the water to focus.

Not all researchers agreed with Lyell. In particular, Trimmer (1845) expressed
the opinion that the pipes originated from the mechanical action of water, similar to
potholes near waterfalls. However, as argued by Prestwich (1855), this would imply
that they were empty during their formation, meaning that all the insoluble material
(such as the flint nodules in Fig.3.32) should be found at the bottom of the pipes,
which is not the case. Additionally, the pipes do not appear to contain grinding tools
required for pothole erosion (e.g., resistant pebbles), Furthermore, some of the pipes
have an enormous aspect ratio (even 100:1), much larger than any known potholes,
making it difficult to imagine that the vortices of such an elongation could actively
carve out pipes.

The pipes in tropical and Mediterranean climates differ from those in temperate
regions, as they often feature hard rims cemented with calcite (see Fig. 3.31b). In some
areas, the eroded matrix around the pipes reveals a reversed landscape, resembling a
forest of vertical pipes standing closely together. The resemblance of these pipes to
tree trunks has historically led to their misidentification as petrified trees (Bretz, 1960;
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Boutakoff, 1963). This model suggested that decaying tree trunks, rapidly buried by
aeolian sand, could form conduits for groundwater, leading to the precipitation of
calcrete and the formation of a solid cast around the original trunk.

However, this hypothesis was challenged by several researchers (Herwitz, 1993;
Grimes, 2004), who noted that the close spacing of the pipes (less than 0.5 m in
some places) is too dense for a forest, the bases of the pipes are rounded hemispheres
without paleosol horizons or branching root structures (Grimes, 2004), and some
pipes reach depths of up to 20 m and are unbranched vertical cylinders, which would
imply rather peculiar, column-like trees. Despite these objections, interpretive signs
erected at Cape Bridgewater (Fig.3.31b) in the early 2000s still described these
structures as a petrified forest (Grimes, 2004).

It seems that the only hypothesis that has withstood scrutiny posits that the
rimmed pipes in tropical climates are solutional in origin (Lundberg & Taggart,
1995; De Waele et al., 2011; Lipar et al., 2015, 2021), i.e., their genesis is similar to
that postulated by Lyell for the chalk pipes in England, with the only difference being
the rim cementation triggered by high evaporation rates in tropical climates. The for-
mation of the pipes would then be linked to the reactive-infiltration instability—small
inhomogeneities in the porous matrix tend to focus the flow, which is followed by
enhanced dissolution, which eventually transforms the initial inhomogeneities into
mature pipes.

A question remains regarding the sources of the large masses of water that carved
the pipes. While most researchers suggest that it is CO,-charged rainwater acting over
millennia, an alternative hypothesis exists for pipes formed in colder areas, which
links their formation to deglaciation. Morawiecka and Walsh Morawiecka & Walsh
(1997), Walsh and Morawiecka-Zacharz Walsh & Morawiecka-Zacharz (2001) and
Dobrowolski and Mroczek Dobrowolski & Mroczek (2015) studied pipes in Poland
that could have formed subglacially under the cover of a continental glacier till.
Piping there is restricted to areas beneath a till cover, and pipes did not develop
where till is absent. This links the formation of the pipes to the deglaciation at the
end of the Elsterian period, when large volumes of cold water were suddenly released
into the fully saturated subglacial aquifer. In such conditions, karstification becomes
very intense (Lauritzen & Skoglund, 2013).

While solution pipes and wormholes are associated with the dissolution of the
rock, replacement fingers are linked to dissolution-precipitation processes, where the
primary mineral is replaced by a secondary one (Korzhinskii, 1968; Putnis, 2009;
Kondratiuk et al., 2017). Examples include dolomitization (Fig. 3.33a), where lime-
stone (calcium carbonate) is replaced by dolomite (calcium magnesium carbonate).
Since the molar volume of dolomite is smaller than that of calcite, the primary mineral
in limestone, dolomitization can create additional pore space if it is not accompa-
nied by significant compaction or cementation. The increased permeability of the
dolomite can then trigger instability, which can lead to the formation of dolomite fin-
gers (Koeshidayatullah et al., 2020; Centrella et al., 2021; Merino & Canals, 2011).
Another example is the formation of uranium rolls (Fig.3.33b), where uraninite
precipitates at the redox front that separates oxidized rock from reduced rock. The
oxidized rock becomes more porous than the reduced rock because redox reactions
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Fig. 3.33 a: A dolomite finger in limestone (Sharp et al., 20110) b: Uranium roll with uraninite
precipitation around its tip. The photo is by C. L. Van Alstine of the U. S. Atomic Energy Com-
mission (courtesy of dr Robert Gregory, Wyoming State Geological Survey) c¢: Terra rossa fingers
at Greatstone Winery near Coonawarra, South Australia. The photo is courtesy of Les Sampson
(Claremont Wines, South Australia). d: Closeup of one of the fingers, showing the terra rossa layer
(dark red) and more recent siliceous sands overlaying it

produce sulfuric acid that dissolves potassium feldspars. Increased porosity again
results in instability leading to the formation of characteristic fingers with a thin
band (Dewynne et al., 1993) of uraninite. Finally, Fig.3.33c and d show terra-rossa
fingers above limestone. An intriguing hypothesis for their genesis has been put for-
ward by Merino and Banerjee (2008), suggesting that terra-rossa forms through the
authigenic replacement of the underlying limestone at a reaction front. The hydro-
gen ions produced in such a reaction further dissolve the rock matrix, triggering a
reactive-infiltration instability which could result in intense piping (Kondratiuk et al.,
2017).

3.15 Coda

“Begin at the beginning,” the King said, very gravely,
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“and go on till you come to the end: then stop”.

—Lewis Carrol Alice’s Adventures in Wonderland

This necessarily brief overview of viscous and reactive instabilities was not intended
to serve as a comprehensive review of all structures, patterns, flow, and reaction
regimes. Instead, it aimed to highlight the fundamental physical mechanisms behind
the formation of these forms, as well as to draw the reader’s attention to their beauty
and encourage independent observation of their occurrence in nature.

Letus conclude by raising some open questions regarding the relationship between
the shapes of viscous fingers and dissolution fingers in the nonlinear regime. A
striking observation when comparing the shape of solution pipes (Fig.3.31) and
wormholes (Fig.3.17) is the relative smoothness of the former. Looking back at the
asymptotic forms of the viscous fingers (Fig.3.8), one cannot help but notice that
wormbholes share similarities with viscous fingers in porous media (Fig.3.8b). In
contrast, solution pipes, with their smoothness and geometric regularity, resemble
the Saffman—Taylor finger (Fig. 3.8a). Could solution pipes, then, be the asymptotic,
time-invariant solutions of the dissolution equations? If so, might it be possible to
derive such an asymptotic shape and prove its time-invariance?

Wait a moment!—someone might say. The Saffman-Taylor finger appears in
experiments conducted in a noise-free system (empty Hele—Shaw cell), while both
solution pipes and wormholes develop in highly disordered porous media. Why,
then, is one smooth and the other fractal? We would like to leave readers with this
questions (and others) highlighting that we are far from a complete understanding
of these systems.
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