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We report the results of experimental and numerical studies of two-phase flow in
a periodic, rectangular network of microfluidic channels. This geometry promotes
the formation of anisotropic, dendrite-like structures during viscous fingering experiments. The dendrites then compete with each other for the available flow, which leads
to the appearance of hierarchical growth pattern. Combining experiments and numerical simulations, we analyze different growth regimes in such a system, depending
on the network geometry and fluid properties. For immiscible fluids, a high degree
of screening is present which results in a power-law distribution of finger lengths.
Contrastingly, for miscible fluids, strong lateral currents of displaced fluid lead to the
detachment of the heads of the longest fingers from their roots, thus preventing their
further growth. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4935225]

I. INTRODUCTION

The unstable infiltration of a more viscous fluid by a less viscous one, termed viscous fingering,
is one of the better studied pattern forming phenomena, remaining a topic of active research since
its discovery by Hill.1 A classical setup to study this process is a Hele-Shaw cell of either radial or
rectangular form,2–4 but the phenomenon was also studied in porous media, with a number of important differences between the two cases.5 In the Hele-Shaw cell, the instability leads to the emergence
of smooth fingers,
√ with a characteristic length, R0, defined by an interplay of capillary and viscous
forces,6 R0 ∼ b/ Ca, where b is the cell thickness and the capillary number Ca = µV/σ (with µ the
displaced fluid viscosity, V the velocity, and σ the surface tension). This length scale characterizes
the initial destabilization of the interface, later however the pattern coarsens until (in rectangular
geometry) eventually a single finger emerges with a characteristic width comparable with that of the
system. In radial geometry, the many-fingered pattern persists, forming new fingers by successive
tip-splitting.
On the other hand, if the process takes place in a porous medium, the radius of curvature of
the interface is limited by the characteristic pore radius, R p , which is usually orders of magnitude
smaller than the system size. If the displaced fluid preferentially wets the solid matrix, then the
resulting structures are ramified fractals,7,8 with the randomness amplified by the quenched disorder
in the distribution of pore radii. On the other hand, if the displacing fluid preferentially wets the
matrix, then the width of emerging fingers is much larger than the characteristic pore size, and
depends on the flow rate, surface tension, and medium permeability.7
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It is of interest to explore the intermediate case in which this source of randomness is eliminated by considering viscous fingering in periodic network of channels. The insights from theoretical lattice models of fractal growth9,10 and experimental studies11–14 suggest that in such case
lattice anisotropy effects become important. This can have a strong impact on resulting structures:
as we show below, in rectangular systems, in a broad range of lattice geometries orientation of
the pressure gradient along the lattice direction promotes the growth of long and thin dendrites
(“thin fingers”). The fingers then compete with each other for the available flow, which leads to the
appearance of hierarchical growth pattern.
This is the regime that we are particularly interested in, for a variety of reasons. First, a
simple, linear geometry of the fingers together with the fact that their growth is to a large extent
deterministic (see Sec. IV), makes such a system particularly attractive from a theoretical point
view: one can look upon it as a collection of zero-pressure lines, extending in length only, and
interacting through the Laplacian pressure field. An analytical approach to this problem, with use of
deterministic Loewner equation15,16 has been explored in Refs. 17 and 18. Second, there are several
related systems where “long-and-thin” fingers emerge, such as the dendritic growth in some of the
electrochemical deposition experiments,10,19 wormhole formation in dissolving rocks,20 smoldering
combustion,21,22 side-branches growth in crystallization,23,24 or the evolution of seepage channel
networks.25,26 Hence, the insight gained from the analysis of the finger growth in the present case
might also shed light on the dynamics of these systems.
The present paper studies the viscous fingering in a rectangular, periodic network of microfluidic channels with two goals in mind. The first is to establish under which experimental conditions
the “long-and-thin” finger regime can be observed in the rectangular network of microfluidic channels, both in terms of the network characteristics as well as the miscibility of the fluids. The second
is to analyze the growth of the fingers and the competition between them: since the pressure gradients at the tips of longer fingers are larger than those over the shorter ones, the former continue to
grow, focusing an ever-increasing portion of the flow, at the expense of the latter. For immiscible
fluids, this leads to the appearance of a hierarchical, scale-free growth pattern, analyzed in Sec. V.
Surprisingly, the miscible case turns out to be different, with the competition between the fingers
strongly hindered due to the strong lateral currents of the displaced fluid, which eventually cut
off the head of the finger, thus preventing its further growth. The heads continue to move through
the system, preserving their shapes, thus forming the “miscible drops.” A detailed analysis of this
phenomenon is presented in Sec. VI.
The experiments are supplemented by numerical modeling (Sec. III), which allows us to
explore a larger parameter space of different lattice geometries. For the immiscible case, the simulations follow a well-established numerical scheme,27,28 which essentially corresponds to using the
Hagen-Poiseuille law for all pores and solving the resulting system of equations. In the miscible
case, however, such an approach fails to represent the pattern in the correct way. For a proper
description of the pattern formation in this case, we propose an extension of the network model,
allowing for a layered, parallel flow of both fluids within a single pore. In the thin-finger regime, the
simulations show a remarkable agreement with the experimental data on the finger evolution, which
is again a reflection of the deterministic character of the dynamics.

II. EXPERIMENTAL SETUP

Studies of micro-models of porous media made of transparent materials such as plastic or
glass have yielded much insight into the physics of porous flow.8,29–41 Most of these models have
a certain amount of randomness introduced into the structure: either by using disordered, packed
glass beads or capillaries of variable diameter, which makes the viscous fingers created in that way
fractal, ramified patterns. However, some of the models have used regular, periodic pore structures,
either by etching a periodic pattern on one of the sides of the Hele-Shaw cell or by performing the
infiltration experiments in a regular network of transparent capillary ducts.11–14 These experiments
have shown a strong impact of the underlying lattice on the patterns—the fingering was dendritic in
character with the growth along the lattice directions. However, these experiments were performed
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FIG. 1. Schematic view of a rectangular network of channels. The fluid is injected along upper surface where constant
pressure is imposed. Geometry of the system is characterized by the ratio of length of transverse to the longitudinal channels,
D = l x /l y , and the corresponding ratio of cross sections, S = s x /s y .

in a radial geometry, which makes the analysis of channel-channel interaction and competition less
straightforward, since the effective distance between radially growing fingers increases in time.
Instead, here we focus on the rectangular geometry, where the fingers are forced to grow side by
side, which results in a strong competition between them. To our knowledge, the only other study
where viscous fingering was analyzed in a perfectly periodic system in rectangular geometry are
the works by De Malsche et al.42 on the fingering in the system of micropillar array columns.
However, the geometrical characteristics of that system promoted the formation of just a few wide
fingers, spanning many lattice sites, similar to the “thick-finger” regime observed in some of our
experiments (see below). The “long-and-thin” finger regime has thus not been explored there.
In recent years, an increasing amount of experiments on drainage and imbibition are performed
using microfluidic micro-models.41,43,44 Here, we follow a similar approach. The microchannel
network has been engraved in the Makroclear® polycarbonate plate using MSG4025 CNC micro
milling machine and then bonded with another, flat plate in a thermal press. The details of the
bonding procedure are given in Ref. 45.
A schematic view of the channel networks used in this work is presented in Fig. 1. Each
network comprises Nx × N y nodes, connected with channels. The lengths of transverse and longitudinal channels are denoted by l x and l y , whereas L x = Nx × l x and L y = N y × l y are the total
lengths of the system in the x and y direction, respectively.
Two different systems were used in the experiments, with different lengths.
• Plate no. 1: 42 × 100 channels with l x = 1200 µm and l y = 400 µm with the cross sections of
200 µm × 200 µm.
• Plate no. 2: 57 × 26 channels with l x = 800 µm and l y = 1600 µm with the cross sections of
400 µm × 400 µm.
It is convenient to introduce the dimensionless parameter D = l x /l y , the ratio of the lengths of
transverse and longitudinal channels. The experimental plates correspond then to D = 3 (plate 1)
and D = 1/2 (plate 2). The size of each plate is 6.5 cm × 6.5 cm, of which the part containing
channels takes up 5.0 cm × 4.0 cm (plate 1) and 4.6 cm × 4.2 cm (plate 2). Additionally, as shown
in Fig. 2, the upstream part of each plate is milled to accommodate 5.5 cm × 0.5 cm × 0.25 cm input
reservoir space. The downstream part was milled to accommodate a hierarchical system of outlet
channels, which helps in keeping the uniform pressure along the downstream edge of the network.
The outlet channels merge into an outlet tube with a tap. The other end of this tube is connected
to the pressure control tank, in which a low pressure is maintained by means of a vacuum pump
(V-700, Büchi, Switzerland).
During each experiment, the network is initially filled with a viscous fluid, either the motor
oil (of µ ≈ 500 × 10−3 Pa s) or glycerol-water mixture (µ ≈ 100 × 10−3 Pa s). The invading fluid
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FIG. 2. Schematic representation of the experimental setup.

was water dyed with ink. Note that on the polycarbonate surfaces both glycerol and mineral oil are
wetting with respect to water. The mean velocity of fluids in tubes was around 14 × 10−3 m/s. The
interfacial tension between water and oil was assumed to be around 15 × 10−3 N/m which corresponds to the capillary number Ca ≃ 0.5. The mutual diffusion coefficient for water and glycerol is
assumed to be 10−9 m2 s−1, which gives the Pèclet number Pe ≃ 104.
The typical experimental results for immiscible viscous fingering (oil and water) are shown in
Figs. 3 and 4. The most pronounced features of the experimental patterns are the following.
1.

2.

A strong dependence on the lengths of transverse channels. For relatively short connecting
channels (Fig. 4) thick fingers are formed, spanning many parallel channels. On the other hand,
for longer channels (Fig. 3) long-and-thin-fingers are formed, involving essentially a single
longitudinal channel.
Characteristic corrugations along the sides of the thick fingers in Fig. 4.

FIG. 3. Experimental patterns for immiscible viscous fingering (water infiltrating oil) for plate no. 1 (D = 3).
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FIG. 4. Experimental patterns for immiscible viscous fingering (water infiltrating oil) for plate no. 2 (D = 1/2).

3.

A hierarchical finger pattern in Fig. 3, developing in time. Many short fingers are observed, but
the growth of most of them is soon stopped and only a few continue to grow. The selection
process then repeats itself which results in a distance between the active fingers increasing in
time.

For comparison, the miscible fingering results (for glycerol and water) are presented in
Figs. 5 and 6. Some of the features of these patterns are similar to what is observed for immiscible
fingering—the thickness of the structures increases with decreasing D leading to the appearance
of thick fingers at D = 1/2. The form of these fingers (Fig. 6) is, however, more smooth than their

FIG. 5. Experimental patterns for miscible viscous fingering (water infiltrating glycerol) for plate no. 1 (D = 3).
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FIG. 6. Experimental patterns for miscible viscous fingering (water infiltrating glycerol) for plate no. 2 (D = 1/2).

counterparts in Fig. 4 since there is no surface tension preventing the water from entering the side
channels. Another notable feature, pronounced in Fig. 5, is that the heads of the thin fingers in
plate 1 in the course of the evolution become disconnected from their bodies. As a result, spear-like
“miscible drops” are formed which then continue to move downstream, preserving their shape. This
phenomenon is analyzed in more detail in Sec. VI.
III. NUMERICAL MODEL

In order to get a better insight into the pattern formation mechanism, we supplement the
experimental study with the numerical simulation using a network model. The basic assumption
in the model is that the fluid flow in each elementary channel is governed by the Hagen-Poiseuille
equation,
qi j = −

π 4
r ∆pi j ,
8µl i j i j

(1)

where ∆pi j = (p j − pi ) denotes pressure drop along the channel joining node i with node j, qi j
is the volumetric flux in this channel, l i j and s i j its length and cross-sectional area, respectively.
Combining the above with the continuity condition,

qi j = 0,
(2)
i

allows one to find the pressures and flows in the network for single phase flow. Note that in the
above we neglect the pressure drops associated with the nodes themselves. When there are two
phases, we need to take into account their relative saturations in each channel as well as the surface
tension effects on the interface. Here the algorithm differs depending on whether we deal with
immiscible or miscible fluids.
A. Immiscible model

In the immiscible case, the two fluids in the channel are separated by a meniscus and the water
finger displaces oil almost completely, in a piston-like manner.13,46 Importantly, upon entering the
intersection, the water finger divides and infiltrates all the side channels, as illustrated in Fig. 7. In
the numerical model, we mimic this behaviour by assuming that the invading fluid fills uniformly a
given portion of the channel (of length l i(1)j ), whereas the rest of the channel (i.e., l i(2)j = l i j − l i(1)j ) is
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FIG. 7. Piston-like movement of the fluid-fluid interface in an immiscible case: the experiment (left) and a numerical model
(right). Pressure-flow relationship in a channel containing an interface (bottom).

filled with the displaced fluid. The volumetric flow in the channel is then given by
qi j = ±

π
1
2σ
, 0],
r 4 Max[|p j − pi | −
8 µ1l (1) + µ2(l i j − l (1)) i j
ri j
ij
ij

(3)

where the indices 1 and 2 are used to denote the invading and displaced fluid, σ is the interfacial
tension between the fluids, and the sign depends on the direction of the pressure drop. When the
pressure drop is smaller than the capillary pressure, r2σ
, the fluid does not flow, which introduces
ij
a nonlinear, diode-like behavior in the flow vs. pressure relationship, as illustrated in Fig. 7. The
resulting system of equations is then solved iteratively for pressure values at all nodes.

B. Miscible model

As noted in Ref. 46, the above scheme, although remarkably accurate in reproducing the
immiscible displacement in the network, fails to reproduce the miscible fingering patterns. The
main reason for this discrepancy is the fact that the infiltration of the miscible fluid into the capillary
is non-uniform:13,46–48 the invading fluid stays preferentially near the center of the channel, whereas
a thick layer of the slower displaced fluid is left behind near the walls. The presence of this layer
gives rise to a different behaviour of the fluids at the nodes: as shown in the upper panel of Fig. 8,
the invading fluid enters only the channel downstream from the first intersection, whereas the two
side channels are bypassed and remain filled with the displaced fluid. After passing the first intersection, the invading fluid filament becomes wider, filling almost the entire channel. As a result, at
the next intersection, all the three channels are invaded.
The parallel flow of two phases in the channel can be modelled by a “double Poiseuille” velocity profile, connected through velocity and stress continuity conditions on the interface between the
fluids, as shown in Fig. 8. The volume fluxes of both fluids are then given by
)
(
(1) 2
2
2
2
π(r i(1)
µ2(r i(1)
j )
j ) + 2µ1(r i j − (r i j ) )
(1)
qi j = −
∆pi j
(4)
8l i j µ1 µ2
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FIG. 8. Schematic of miscible displacement in a capillary tube: the invading fluid occupies the column at the center of the
capillary, whereas the displaced fluid forms the annular fluid layer left behind on the tube wall (below, right). The velocity
profiles within and around the intruding finger (below, left) and the experimental behaviour of the invading fluid at the
successive crossings (above).

and
qi(2)
j

=−

(
)2
2
π r i2j − (r i(1)
j )
8l i j µ2

∆pi j ,

(5)

where r (1) is the radius of the cylindrical core filled with the invading fluid. The total flow is then
given by
(
)
4
4
π (r i(1)
j ) (µ2 − µ1) + µ1r i j
qi j = −
∆pi j .
(6)
8l i j µ1 µ2
Finally, in the case when the invading fluid does not fill the entire length of a channel,
8µ2(l i j − l i(1)j ) ) −1
qi j = − ( (1)
∆pi j ,
) +
πr i4j
π (r i j )4(µ2 − µ1) + µ1r i4j
(

8l i(1)j µ1 µ2

(7)

where, as before, l i(1)j denotes the length of a channel occupied by the invading fluid.
C. Implementation of the model

The above-described model is implemented numerically in the following way:
• At the beginning of the simulation the positions of the front in the first (inlet) row of the
channels are randomly chosen from a uniform distribution: l i(1)j ∈ [0, l i j ]. Additionally, in the
miscible case, the radius of the invading core is set to r i(1)
j = 0.7r i j in the first row of channels
(inlet channels). This corresponds to the assumption that about 50% of the incoming volume
is taken up by displacing liquid, which holds at large flow rates.47 In all the other channels
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(except for the first row), the length and radius of the invading core are set to zero. No significant change in the resulting patterns has been observed when varying the initial value of r i(1)
j in
the inlet channels between 0.5r i j and 0.95r i j .
• In each time step, the pressures and flows in the network are obtained by solving (2) together
with (3) for immiscible fluids or (4)-(7) for miscible ones. MUltifrontal Massively Parallel
Solver (MUMPS)49,50 is used to invert the resulting sparse matrices. Due to the nonlinear character of pressure-flow (Eq. (3)), an iterative method must be used to obtain the pressure field
for immiscible fluids. Nonlinear terms for the first iteration in a time step are based on pressure
values from the previous time step and the iterations are continued until a self-consistent
solution is found.
• A new position of the interface (new value of l i(1)j and r i(1)
j ) is being determined:
(i) For immiscible fluids, the velocity of the interface is taken to be the mean velocity
of the fluid in a given channel, i.e., qi j /πr i2j . Therefore, in channels occupied by both

(ii)

fluids, the length of invading fluid, l i(1)j , increases by ∆tqi j /πr i2j , over the time step ∆t,
until it reaches l i j . At intersections, the invading fluid is divided according to the total
volume flux through each branch, however, it can enter a new channel only if pressure
drop in it is larger than the capillary term.
In the miscible case, we assume that the fluid interface moves accordingly to the mean
(1)2
velocity of the invading fluid, qi(1)
j /πr i j , calculated according to Eq. (4). The radii of

the cylindrical cores of the invading fluid, r i(1)
j , are updated in each time step based on
the volumes of each fluid flowing in and out of a given channel. When the invading
fluid enters the intersection, it is first directed downstream (to the continuation of the
inlet conduit). However, if the incoming volume of the invading fluid is larger than the
volume which can be transported by the downstream channel, then the surplus volume
is directed to the side channels.
• The simulation terminates when the invading fluid reaches the outlet of the system.
Although formulae (1)-(7) are given specifically for the case of cylindrical capillaries, the
overall structure of the model will remain the same for other cross-sectional geometries. In the
experiments, the capillaries are square in cross section, which would affect the numerical coefficient
in Eq. (1)51 and the shape of the intruding fluid column in Fig. 8. A detailed account of those effects
is possible but not practical, given that other more severe approximations are being made in the
model (e.g., the assumption that there are no pressure drops in the intersections).

IV. NUMERICAL RESULTS

The simulations were performed on rectangular networks designed in analogy to the ones used
in the experiment. In this case, however, we allow the transverse and longitudinal channels to differ
not only in length, but also in the cross-sectional area. The networks are thus characterized by both
D = l x /l y and another parameter, S = s x /s y , the ratio of the cross-section areas. We set constant
pressure drop between inlet and outlet. The viscosity ratios were set to 500 (in immiscible case) or
100 (in miscible case), and the capillary number was fixed at Ca = 0.5, matching the experiment.
To validate the numerical model, we compare the simulated and experimental evolution of the
fingers for the same initial positions of the water-oil interface corresponding to the first frame in
Fig. 3. Fig. 9 shows the numerical results obtained in such a setup. The invaded regions are marked
in black, whereas the displaced fluid is assumed to be transparent. Both the capillary number and
the viscosity ratio correspond to the experimental conditions. The simulation was initialized with
the geometry read off from the experimental data corresponding to the early stage of the evolution,
when the fingers reach the height of a few l y only (first panel on the left in Fig. 9).
Given the approximate nature of the model, it is hard to relate the computational time and the
physical time in the experiment, thus a fitting parameter was used here, by matching the initial
slope of the finger length dependence on time. The numerical data compare favourably with the
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FIG. 9. Simulation with immiscible fluids for D = 3 and S = 1 compared with experiment (bottom). The initial front between
the fluids in the simulation has been set as the one obtained in the experiment (frame one, t = 0.5 s). Both the capillary number
and the viscosity ratio correspond to the experimental conditions.

experimental evolution in Fig. 3—not only a general, hierarchical structure of the channels is faithfully reproduced, but even the lengths of individual fingers are in a very good agreement between
the simulation and experiment. This shows that, except for the initial, noise-driven stage of the
evolution, which results in the appearance of the finger seeds (which are then loaded into the simulation as the initial geometry), the dynamics is largely deterministic, driven by a strong competition
between the fingers for the available flow. Such a deterministic dynamics of the fingers is a characteristic feature of the systems with a strong screening between the fingers, present also, e.g., in
side-branches growth in crystallization.24 The deterministic character of the dynamics makes this
system a perfect testing ground for the simplified models of finger growth. One of such models has
been proposed in Ref. 17. It focuses on the thin-finger (large D and S) regime and approximates the
fingers by thin lines growing at their tips only and interacting through the Laplacian pressure field.
By the use of conformal mapping techniques, one can then predict the evolution of the fingering
pattern in an accurate and fast way. We reiterate, however, that for these models to predict the final
patterns, they first need to be fed with initial data obtained from the experiment and corresponding
to the point in time when the noise ceases to affect the dynamics in a significant way.
The competition between the fingers is further demonstrated in Fig. 10, which shows the
lengths and velocities of the winning finger (finger no. 35) together with its nearest neighbour (36)
and second-nearest neighbour (37). The competition process is well visible here, with finger 36
being screened off first, and essentially stalled in its growth. On the other hand, fingers 35 and
37 continue to grow hand in hand, with very similar velocities, up to the point when their length
becomes comparable with the distance between them (at t ≈ 0.5 s), at which moment the longer
finger begins to screen off the shorter one, hindering its growth.
The experimental data in Fig. 3 are in a good agreement with the numerical results (represented
by the curves in Figure 10) up to the point where the longest finger covers about 80% of the length
of the system. For the last stages of the evolution, near the breakthrough of the longest finger, the
experimental finger seems to accelerate less than the one in the simulations. A possible reason for
this might be the inability of our experimental setup to keep the pressure drop constant when the
hydrodynamic resistance of our system is drastically decreased at the moment of breakthrough.
Next, we move to the analysis of the dependence of the finger patterns on the lattice parameters. The patterns obtained numerically for the immiscible fluids and different D and S values are
presented in Fig. 11. In these calculations, to eliminate edge effects, periodic boundary conditions
were applied along the transverse direction.
The parameters D and S affect the patterns in a different way. The former controls the width
of the fingers: large value of D implies that the time it takes for the finger tip to cross a single
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FIG. 10. Evolution of immiscible viscous fingers: lengths and velocities of the winning finger and its two neighbours.
Measurements were made for fingers 35, 36, and 37 of Fig. 3 (counting from the left). The experimental data are shown
by symbols, simulation results are represented by curves (corresponding to t > 0.5 s only, since the simulation was seeded
with experimental results at t = 0.5 s).

longitudinal channel is shorter than that required to fill the transverse side channels, hence the
finger tends to be thin in this regime. For D > 2, the width of the fingers is essentially reduced to a
single transverse channel. This type of a finger has a distinct spear-like head, the shape of which is
preserved during its growth. On the other hand, for smaller D, the fingers are significantly thicker,
spanning several parallel channels.
Similar to what is observed in the experiment, the thick fingers appearing at small D show characteristic modulations along the axis. Their appearance can be understood by examining in more
detail the dynamics of the invading fluid as it enters successive nodes. As shown in Fig. 12, once the
finger tip enters a node (A), two side fingers begin to grow symmetrically in the perpendicular direction. Then, these fingers develop side branches themselves, which move downwards and compete
with the main branch, so that the speed of the main finger drops. As a result, the side-branching in
the next intersection (B) is less pronounced than in the previous one. Such a limited redistribution of

FIG. 11. Phase diagram of immiscible viscous fingering patterns for different values of D and S. The number of transverse
channels is fixed in each system, N x = 50; whereas the number of longitudinal channels N y = N x D, so that the physical size
is kept constant in each case. Frames correspond to the moment when the longest finger reaches the end of the system.

112109-12

Budek et al.

Phys. Fluids 27, 112109 (2015)

FIG. 12. Velocity of growing finger tip entering consecutive nodes (D = 1/3, S = 1/2). The time is scaled by the breakthrough time, whereas the velocity is scaled by the initial velocity of the invading fluid.

the flow to the perpendicular channels allows the flow in the main channel to increase again (C) and
then the whole process repeats, producing a characteristic alternating pattern along the finger axis.
Returning to the analysis of the phase diagram, let us now discuss the impact of the cross
section ratio, S, on the pattern. An inspection of Fig. 11 reveals that S governs the strength of
interactions between the fingers. It is due to the fact that S determines the relative resistance of
transverse channels (R ∼ SD2 ). For small S, the resistance of the channels is large and the interaction
is rather weak—nearly all fingers are of the same length. At larger S, the selection between the
fingers becomes stronger, with the longer ones screening the shorter ones, preventing their growth.
This leads to the appearance of a hierarchical, self-similar finger structure. The value of D has
an opposite but less pronounced effect on the strength of interactions—with the increase of D
the competition becomes more intense. The relative resistance plays then a similar role to that of
diffusion length in side-branches growth in crystallization.24
The analogous phase diagram for the miscible finger patterns is presented in Fig. 13. In this
case, the viscosity ratio of 100 has been chosen in accordance with the experimental conditions.
The similarities between the miscible and immiscible case are connected with the fact that
both the capillary number (for immiscible case) and particularly the Pèclet number (for miscible
case) have relatively large values, thus diffusive and capillary effects are of a lesser importance
here. However, there are also differences between the immiscible and miscible case. First of all,
as already mentioned in Sec. II, the significant new feature of the miscible patterns is the fact
that the heads of the fingers become disconnected from their roots by the displaced fluid. This is
fundamentally different from the snap-off phenomenon observed in the imbibition, which is due to
the local fluctuations in the capillary pressure around a constriction in the pore. In our case, it is the
invading fluid which is being snapped off and the mechanism is due to the interactions between the
advancing fingers, analyzed in detail in Section VI.
The second difference between the immiscible and miscible case is the lack of modulations
along the axes of the fingers—the side branches join with each other to form a uniform finger body
in the absence of the surface tension preventing such a coalescence.
The lattice sizes in Figs. 11 and 13 were chosen in such a way as to guarantee the same
physical size in each system: the number of transverse channels has been fixed (Nx = 50), whereas
the number of longitudinal channels N y = Nx D, so that L x /L y is constant in each case. This means,
however, that the lattices used to model particular systems significantly differ in node numbers:
from 50 × 17 (for D = 1/3) to 50 × 150 (for D = 3). One can thus wonder whether this can
have an impact on the patterns—perhaps the small D patterns simply represent early stages of
the displacement process, whereas large D patterns represent more developed flows? To elucidate
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FIG. 13. Same as in Fig. 11 but for the miscible fluids.

that we present the finger pattern for D = 1/2 and D = 3, calculated in the same network (50 × 17
channels), captured at the moment when the length of the longest finger (measured in the number of
longitudinal channels) coincides in both cases (Fig. 14). As it is observed, the qualitative difference
between the patterns is still present. Apparently, the width of fingers (measured in the number of
spanning channels) stabilizes in the early stages of system’s evolution.
Finally, a note of caution should be added as to the generality of the phase diagrams discussed
above. As already stated, the viscosity ratios and capillary number in these simulations have been
set at the experimental values. Although we have not explored in detail the influence of these parameters on the phase diagrams, a series of runs at different µ1/µ2 and Ca values have suggested that
this picture remains qualitatively correct, as long as we keep viscosity ratio and capillary number
relatively large.
V. DISTRIBUTION OF FINGER LENGTHS

As already mentioned in the Introduction, the rectangular geometry of the system promotes
competition between the fingers. When the lengths of the fingers become comparable to the distance
between them, the fingers begin to screen each other off. As a result, approximately half of them are
arrested in their growth, whereas the other half continues to grow. The process then repeats itself,
leading to the appearance of the hierarchical growth pattern, as illustrated in Fig. 15. As noted by

FIG. 14. Comparison of the patterns for D = 1/3 and D = 3 produced on 50 × 17 lattice (N x = 50, N y = 17, S = 1). The
same aspect ratio (l x /l y = 1/3) has been used for plotting all four pictures.

112109-14

Budek et al.

Phys. Fluids 27, 112109 (2015)

FIG. 15. Hierarchical growth of the fingers:52,53 initially many small fingers are formed (left panel), but due to the
competition between them after a while only about a half of them continue to grow while the rest is screened (center panel).
The process then repeats itself, leading to the appearance of a scale-invariant, power-law distribution of finger lengths. The
active (growing) fingers are marked in red. Note that the characteristic distance between them, Wact, increases with time.

Huang et al.,52 the nature of the instability leading to appearance of the hierarchical pattern is the
same as the initial Saffman-Taylor instability: the pressure gradient over the longer structures is
larger than over the shorter ones (“lightning rod effect”). In time, the characteristic length between
active (growing) fingers increases, while their number decreases, which results in a scale-invariant,
power-law distribution of finger lengths,
N(L f ) ∼ L −α
f ,

(8)

where N denotes a number of fingers longer than L f . An example distribution of the finger lengths
obtained for S = 1, D = 3 (corresponding to plate 1) is shown in Fig. 16. As it is seen, the distribution indeed follows a power law with the exponent α ≈ 1.1 − 1.2, which is in agreement with the
values reported in Ref. 53 for the hierarchical growth in dissolving rock. However, relatively large
errors of the data together with relatively short span over which the power law is observed (less
than a decade) do not allow us to exclude the possibility that the underlying power law is simply
54
N(L f ) ∼ L −1
f , in agreement with the simple analytical models of 2d needle growth. Note that in
making the fit, we discarded the fingers shorter than 0.04L y and longer than 0.45L y (with L y the
system length): the former because their lengths are influenced by the lattice discretization effects,
and the latter because the longest fingers remain active and the selection process there has not yet
been concluded. The experimental results are averaged over five experimental runs, whereas the
numerical data are averaged over 10 realizations of the noise on the 100 × 100 lattice.
Due to the quasi-2d geometry of the system, the competition between the fingers can be conveniently analyzed using conformal mapping techniques. This approach has been taken in Refs. 17
and 18 and yielded a number of insights on the finger-finger interaction. In particular, it has been
shown18 that as soon as the fingers are allowed to capture the flow from one another, the fixed point
appears in the phase space characterizing their dynamics, corresponding to the asymptotic state in
which the growth of one of the fingers in hindered by the other.

FIG. 16. Distribution of finger lengths obtained in experiment (left) and simulation (right) for immiscible fluid displacement
on plate 1 (D = 3, S = 1). Fingers shorter than 0.04L y and longer than 0.45L y (with L y the system length) were not taken
into account in the distribution. The solid line corresponds to the fit N (L f ) ∼ L −α
f .
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Here we focus on the influence of the network geometry on the competition between the fingers. To this end, we analyze the dependence of the length of the shortest fingers in the system, L⋆,
on the network characteristics. Since these fingers have already been screened off, they no longer
grow and—at least in the limit of infinite viscosity ratio—they remain “frozen” at the length, L⋆,
which they had at the moment when they have lost the competition. The larger L⋆, the weaker the
competition in the system. To analyze quantitatively the dependence of L⋆ on the lattice parameters,
let us note first that within a single phase (e.g., the displaced one) Equations (1) and (2) can be
viewed as the discretization of the anisotropic Laplace equation,55
s2x l x

∂2p
∂2p
2
+
s
l
= 0.
y
y
∂2x
∂2 y

(9)

By rescaling the coordinates by
x′ =

l0
x,
lx

y′ = 

l0 s x
y,
l yl x s y

(10)

we can map different lattices onto a single “master” system (see Fig. 17), which is described by a
standard Laplace equation for the pressure outside the fingers in (x ′, y ′) coordinates. The length of
the horizontal channels in this system is equal to l 0.
The patterns produced in the course of the evolution of the master system can then be mapped
back onto the original lattices. In particular, the finger length in the original lattice, L⋆, is then
linked with that in the master system, L⋆m , by

l yl x s y ⋆
⋆
L .
(11)
L =
l0 s x m
Or, if we measure the length of the shortest fingers in terms of how many vertical channels they
cover,
√
⋆
L
D
⋆

∼
.
(12)
L ≡
ly
S
This scaling can be checked against the simulation results. Fig. 18 shows the analysis of the dependence of the length of the shortest channels on D and S based on the numerical data. In each panel,
one of these parameters has been varied whilst the other kept fixed. Our procedure of collecting the
lengths of the shortest fingers was based on the observation that the shortest fingers are always the
neighbours of the longest ones (cf. Fig. 15). We have proceeded as follows: at the moment when
the longest finger has reached the end of the system, we have identified all fingers longer than 2/3
of the system, and then have taken the average of the lengths of their neighbours, identifying this
with L⋆.
⋆(D) dependence for S = 1 and µ2/µ1 = 100, with
The first panel of Fig. 18 presents the fit to L
1/2
the line marking the theoretical (D ) slope. As observed, the agreement with theory is better for

FIG. 17. Mapping of different lattices onto a single “master” system.
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⋆ as a function of D and S for simulations with immiscible fluids.
FIG. 18. The length of the shortest fingers in the system L
⋆(D) for S = 1 together with the D 1/2 curve (solid line). Right: L
⋆ at D = 3 as a function of S together with the 1/S
Left: L
curve (solid line).

large values of D, corresponding to the thin-finger regime, where the growth is indeed hierarchical
and the competition between the fingers is strong. The right panel of Fig. 18 shows the fit to
⋆(S) dependence at D = 3 and again µ1/µ2 = 100. The theoretical slope (S −1) is in a good
the L
agreement with these data.
The estimates of L⋆ allow one also to obtain the dependence between the width of the active
region, Wact, and the length the active fingers. Namely, let us assume an inverse linear distribution of
finger lengths
N(L f ) =

κ
,
Lf

(13)

which is a good approximation to the distributions reported above. Then, considering the distribution of finger lengths in a single hierarchical cell (a part of the system of width Wact, cf. Fig. 15), we
get on one hand
1=

κ
L act

(14)

and on the other
κ
,
(15)
L⋆
is the total number of channels in the elementary cell. The above relations combined
Ntot =

where Ntot
imply that

Wact
L act
= Ntot = ⋆ ,
lx
L

(16)

so that the aspect ratio of the single hierarchical cell is
L act ⋆ l y
1
=L
∼√
,
(17)
Wact
lx
DS
which is in agreement with the features of the phase diagram in Fig. 11. As observed, the active
region is the widest in the lower right corner of the diagram (i.e., for large D and S) and then
its width decreases both with S and with D. However, one should keep in mind that the above
reasoning holds in principle only in the hierarchical growth regime, where the distribution of the
finger lengths obeys (13), i.e., for both D and S larger than 1.

VI. MISCIBLE DROP FORMATION

In this section, we look more closely at the process of tearing off the fingers’ heads which
leads to the miscible drop formation. The analysis of experimental and numerical data shows that
the drops are surprisingly stable, preserving their lengths and shapes in the course of the evolution.
Over the period between the tear-off and the time when they reach the outlet, their lengths change
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FIG. 19. A schematic of the motion of water in the channel network needed in order for a translation of a drop.

by 5%–10% only. Korteweg stresses have been proposed to act as a factor stabilizing the miscible
drops.56 In the present system, however, they do not seem to play a deciding role: the shapes of the
drops, their motion, and stability are well predicted by the numerical model described in Sec. III,
which does not take the Korteweg stresses into account. The permanence of the shape of the drops
is rather remarkable, given that, due to the presence of the underlying lattice, the drop cannot move
through the system by a simple translation. Instead, as illustrated schematically in Fig. 19, water
needs to be constantly pushed out of the capillaries at the rear of the drop and into those at the front
in a highly coordinated manner so that the overall shape of the inclusion remains the same. The
flow lines suggest that the flow around the head is a combination of the doublet and uniform flow,
similar to the flow patterns in a translating bubble in a Hele-Shaw cell, as calculated by Taylor and
Saffman.57
The inspection of Fig. 13 reveals that the length of a miscible drop depends on the lattice
characteristics: for larger S and D, the drops tend to be shorter and the tearing off takes place earlier.
An insight into the exact mechanism by which the heads of the fingers become disconnected can
be gained by analyzing the flow of the invading and displaced fluid in between the growing fingers.
Fig. 20 presents the flow patterns in the vicinity of a longer finger flanked by two shorter ones. A
characteristic “converging-diverging” pattern is observed there, with the flow directed towards the
longer channel in the upstream part and outwards from the main channel in the downstream part.
The origin of such a pattern can be elucidated by analyzing the pressure drops in the fingers, as
shown schematically in Fig. 21. Since there is a constant pressure drop between the inlet and outlet,
the pressure gradient in the longer finger will be steeper than in the shorter one; this is because the
flow rate is higher in the long finger. In the upstream part of the system, the short finger is at a
higher pressure than the long one, so the flow is directed toward the long finger. Downstream, the
region around the tip of the long finger is at a higher pressure than the surrounding network, hence
the flow is directed away from the finger, resulting in the flow pattern observed in Fig. 20. Such a
“converging-diverging” flow pattern is a characteristic feature of the fingered growth systems, also
observed in the growth of dissolution channels in porous rock.20,58
The large pressure gradient between the tip of the shorter finger and the body of the longer
one causes a strong flow of displaced fluid toward the longer finger, which cuts off most of the

FIG. 20. The flow around a longer finger (in the center) flanked by the two shorter ones. The panels on the left show the flow
in the longitudinal channels, the panels on the right—in the transverse ones.
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FIG. 21. A long finger with the two shorter neighbors and the corresponding pressure drops. The flow lines are converging
towards a longer finger at the inlet and diverging near the tip of the finger.

flow of the invading fluid. As a result, the finger head becomes almost disconnected from the body
except for a small thread of an invading liquid (which can be discerned upon careful examination of
experimental patterns and is also present in the simulation results).
The dependence of the drop length on the lattice parameters can be assessed along the similar
lines as in Sec. V. Again—using transformation (10)—we map the systems characterized by particular D and S onto a master system, in which the pressure in the displaced phase is described by an
isotropic Laplace equation. The length of the drops in the original lattice, ∆, is then linked with that
in the master system, ∆m (see Fig. 17), by

√
l x s y ∆m
D
∆

=
∼
,
(18)
∆≡
ly
l y s x l0
S
where 
∆ is a characteristic length of the drop (measured in terms of how many longitudinal channels
it covers) whereas ∆m is the length of the drop in the master system.
This scaling is checked against simulation results in Fig. 22. The left panel of this figure
shows 
∆S as a function of D for three different S values at µ1/µ2 = 100. According to (18), these
dependences should scale as D 1/2, and this is indeed observed in the range of intermediate and large
D, where the data points of different S overlap and approach the D 1/2 curve (solid line). As already

FIG. 22. The average drop length 
∆ as a function of D and S for simulations with miscible fluids. Left: 
∆S(D) for three
different values of S: S = 1/2 (squares), S = 1 (diamonds), and S = 2 (circles) together with the D 1/2 curve (solid line). Right:

∆ at D = 3 as a function of S together with the 1/S curve (solid line).
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FIG. 23. Droplet formation in experiment on plate no. 1 with immiscible fluids (water infiltrating oil).

noted in Sec. V, for smaller D, the pattern ceases to be hierarchical and scalings no longer hold.
The next panel of Fig. 22 shows the 
∆ ∼ (S) dependence at D = 3 and again µ1/µ2 = 100. A linear
decrease is observed here, as predicted by (18).
We conclude with two comments. First, tearing off of the finger heads could in principle take
place also in the immiscible case, if only the viscous pressure drop in the inlet region (driving
the displaced liquid towards the longer fingers) is sufficiently large in comparison to the capillary
pressure. Such large pressure gradients will break the liquid filament in the main channel and lead
to the drop formation. Indeed, as shown in Fig. 23, we have observed such a behaviour in the
experiments on plate 1 after increasing the pressure drop by a factor of two with respect to that used
in the experiments of Figs. 3-6.
Finally, a similar phenomenon of “miscible drop” formation has also been reported in the
numerical simulations of De Wit and Homsy59 and in the simulations of Chen et al.,60 however, in a
somewhat different physical context, De Wit and Homsy59 have analyzed viscous fingering coupled
with chemical reactions; in this case, the drop formation was related to the bistable character of
the reaction kinetics. On the other hand, in Ref. 60 the formation of the droplets was observed in
simulations of miscible fingering in lifting Hele-Shaw cell.

VII. SUMMARY

In this paper, we have studied experimentally and numerically viscous fingering in a rectangular network of microfluidic channels. Depending on the network geometry, a variety of different
patterns have been observed, ranging from the thick fingers, spanning several lattice spacings to
the long-and-thin structures involving essentially a single channel. The latter were of a particular
interest to us, due to their appearance in variety of other pattern forming systems in nature. We have
studied the interaction between the fingers, leading to the appearance of a hierarchical, scale-free
growth pattern. In the thin-finger regime, the simulations show a remarkable agreement with the
experimental data on the finger evolution, which is a reflection of the deterministic character of
the dynamics. The fingers are well-separated and not merging together, and the interaction between
them is mediated through the pressure field only. This makes the present system particularly suitable for testing different approximate models of finger growth. Interestingly, strong lateral pressure
gradients in the vicinity of the longest fingers can lead to the disconnection of the heads of the
fingers from their bases, which arrests their further growth. This phenomenon is particularly pronounced in the miscible case, since the surface tension will tend to stabilize the filament of the
invading fluid. The miscible drops, formed as a result of a pinch-off of fingers heads, continue to
move through the system, preserving their shapes. They have a well-defined length, which depends
on the geometry of the lattice.
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