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Abstract

The mobility tensor for many spheres suspended in a viscous fluid is considered. An ana-
lytical formula for the divergence of this tensor is derived. It is then applied in calculations
of long-time collective diffusion coefficient of hard-sphere suspension by means of Brownian
dynamics method.
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1. Introduction

The Brownian dynamics method is a powerful numerical tool for exploring the evo-
lution and properties of interacting Brownian particle systems. In the simplest case,
such a system consists of N identical spherical particles performing Brownian motion
in an incompressible viscous fluid at temperature 7. On the time-scale characteristic
for light scattering experiments the evolution of the configuration space distribution
function P(X,t) is described by the generalized Smoluchowski equation [1]

o N
&P(X,t):Zvj-y}’i(X)~[kBTV,'—F@i]P(X,t), (L1.1)

i, j=1
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where X =(R},R; ..., Ry), with R; being the position of ith particle and % ; the force
acting on it. Next, V; denotes the gradient with respect to the position of particle
i and u" is the translational mobility matrix. The latter is obtained by solvmg the

hydrodynamic problem of finding the velocities of the particles, U;,i = 1,. in
terms of the forces acting on them (in the absence of torques)
U= 7. (1.2)
J

In general, due to hydrodynamic interactions, the mobility matrix depends on configu-
ration X and is nondiagonal in particle indices.

The numerical algorithm to calculate the mobility matrix using multipole expansion
method is well established [2—7] and has been tested extensively in a number of studies.
This algorithm has been extended in the present work to incorporate a scheme of
calculating divergence of mobility matrix. Although in principle this can be done by
numerical differentiation of u”, such a scheme is not only numerically expensive but
also inaccurate. Instead, we calculate the divergence of mobility matrix analytically
with use of the multipole expansion method.

Divergence of mobility matrix is an important object for studying the dynamics
of interacting Brownian particles. In particular, it is needed in Brownian dynamics
simulations of a system governed by the Smoluchowski equation. It can be shown [8]
that a fixed time-step (coarse) realization of the stochastic process described by the
Smoluchowski equation is constructed by advancing the particles according to

Ri(t+ Aty =Ri(t) + ks TV, - wi()Ar + Z B - F (AL + y,(At)
J

(1.3)

The vector y,(At) is a random displacement with Gaussian distribution of zero mean
and covariance given by

(v ( Aty (AD) = 2ks TR (DA (1.4)

As can be seen from the above, key quantities needed to compute the trajectories are
the mobility matrix and its divergence summed over all particles

diZZVi'F;'[['~ (1.5)
J

As the mobility matrix depends in a nontrivial way on positions of all particles in
the system, its computation is highly time and memory consuming. Thus various ap-
proximations are usually resorted to in order to reduce the complexity. The crudest
approximation is to write u” as the sum of terms describing two-body interactions
given by Oseen or Rotne—Prager tensors [8—15]. However, in any two-body approxima-
tion the vector d; vanishes. Even if more sophisticated schemes of calculating mobility
matrix are used in Brownian dynamics simulations, the divergence term is often either
neglected or calculated by a ‘brute-force’ numerical differentiation. The latter is both
inaccurate and extremely slow since one needs to calculate u” at least 3N times to
obtain d; for a given configuration.
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Another problem in which the divergence of mobility matrix plays a central role is
calculation of long-time collective diffusion coefficient, D!. This coefficient is defined
in terms of intermediate scattering function F(k,¢) by

DL =l fm S 0.9
In the system of interacting Brownian particles there is a nonzero difference between
the value of the long-time diffusion coefficient and that of the short-time one given by

1 dlogF (1.7)

b = Jim 5 lm—4,
This difference is due to the memory effects in the system which are associated with
the relaxation of the particle distribution function [16]. The strength of these effects is
measured by a dimensionless factor 4 [17]

DS — D!
A= ~5 (1.8)
The explicit expression for this factor reads
A=lim M(k,t), (1.9)
k=0 Ji=o

where the memory function M (k,¢) is closely related to the autocorrelation function
of the divergence of mobility tensor. For example, for hard-sphere suspensions M (k, 1)
reads [18,16]

T(3Y._) di(0) - dj(¢) ek RIO—R(OD)

ij=1

(3o Tr i)
where Tr stands for trace and angular brackets denote equilibrium average. Again, in
crude approximations for u” the vector d; vanishes and the information about memory
effects is lost as M (k,1)=0. Hence an accurate and efficient algorithm of calculating d; is
essential for investigation of memory effects. Efficiency of the algorithm is particularly
important since the numerical complexity is usually a key issue when computing the
properties of interacting Brownian particle system.

The outline of the paper is as follows. Section 2 reviews the numerical scheme for
calculating hydrodynamic interactions between spheres in Stokes flow. In particular, we
recall the method of obtaining the mobility matrix using multipole expansion technique.
Next, in Section 3, this formalism is applied to derive an expression for divergence
of mobility matrix. It turns out that it is possible to represent d; in terms of the same
functions as those that appear in multipole representation of mobility matrix. Finally, in
Section 4 the memory factor 4 (1.8) is calculated numerically using Brownian dynamics
simulations. In the calculation the divergence of mobility tensor is used twice: in the
expression for memory function as well as in Brownian dynamics algorithm (1.3) itself.

k
Mk,t)= = : (1.10)

2. Hydrodynamic interactions between many spheres: mobility problem

Consider N spheres of equal radii a, which undergo external forces & 1,..., % y and
external torques 7 1,...,.7 y (in the following abbreviated as % and .7 ), and which
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are immersed in an incompressible fluid of viscosity 7. Assume that the Reynolds
number is low and that the fluid velocity and pressure, v(r) and p(r), satisfy the
stationary Stokes equations [19]

nVi(r)—Vpr)=0, V-v=0, (2.1)
with the stick boundary conditions at the particle surfaces S;:
vr)=wi(r) = U + Q;x(x—R;)) forreS;, i=1,....N, (2.2)

where Uy,..., Uy and Q4,...,Qy (in the following abbreviated as U and Q) are the
translational and the rotational velocities of all the particles.

To solve Egs. (2.1)—(2.2), the density f;(r) of induced forces [20-22] is introduced
for each particle i=1,...,N. These forces, located at the particle surfaces, are exerted
onto the fluid by the spheres and are determined by the boundary conditions (2.2). The
rigid body motion of the particles may be now interpreted as a fictitious fluid flow for
|r — R;| < a, which obeys the Stokes equations (2.1). In this way Egs. (2.1), with the
additional source term at the r.h.s., equal to — Zf’zl fi(r), may be extended onto the
whole space [20-22]. Their solution for an unbounded fluid, which is at rest at infinity,
v(r), can be written as:

N
v(r):Z/T(r—r’)fj(r’)dr', (2.3)
j=1

where T denotes the Oseen tensor [19]:
1
T(r)= —— (1 +¥r). (2.4)
8nyr

Now let us choose a particle i and consider Eq. (2.3) at its surface S;. Taking into
account the boundary conditions (2.2), one can write Eq. (2.3) in terms of integral
operators as

wi=2," () + > Gijf; . (2.5)

J#i
In the above equation we decomposed the integral operator at the r.h.s. of Eq. (2.3)
into two parts. The first part, given in terms of the one-particle friction operator Zy(i)

[23], describes the contribution to the velocity of particle i from the induced forces
located on the same particle (i)

[Z(fl(i)ﬁ](r) = /T(r,r’) fi(rydr', res;. (2.6)

The second part involves Green operators [24,25] G(ij), where j=1,...,N, but j # i,
which account for the contributions to w; coming from the particles other than i

[GNHf1(r) = / T(r, ') f;(F)d¥, i#j, reS:. 2.7)

To solve the integral equation (2.5), the multipole expansion is applied [4,5,7]. The
induced forces as well as velocity fields are then represented by infinite set of multi-
poles. The multipoles are labeled by three multipole indices /, m, o, where /=1,2,...,
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while m = —1,...,+1, and ¢ =0,1,2. The first two multipoles (/=1; ¢ =0, 1) of the
induced force f; are: the total force Z; and the total torque .7 ; acting on sphere
i. On a level of velocity field the multipoles / = 1; ¢ = 0,1 correspond to particle
translational and rotational velocities, respectively. Within this framework the integral
operators G, Zy become matrices and Eq. (2.5) is reduced to an infinite system of
linear algebraic equations. The details on the integral operators G, Z; may be found,
e.g. in Ref. [7]; their multipole matrix elements are given explicitly in Appendix A.

The system of equations which follows from the multipole matrix representation of
Eq. (2.5) allows us to solve the friction problem [19], where % and 7 are evaluated
in terms of U and Q. In the absence of an external ambient fluid flow this relation
has the form

a U 25
7)) “\a)’ (28)
with
(CZ‘Z‘ Cl‘r )
C = rt rr ’
¢

where (%! (p,q =1t or r) are the 3N x 3N Cartesian tensors, and the superscripts
“and " correspond to the translational and the rotational components, respectively. The
6N x 6N matrix, which appears at the r.h.s. of Eq. (2.8) is called the N-particle friction
matrix [26,27].

The analysis of Eq. (2.5) allows to express the friction matrix (2.8) in the following
form:

1
CZ@(ZOI—%G>@’ (2.9)

where Z is the projection operator on the subspace / = 1;0 =(0,1). Note that in the
abbreviated notation used above, the product of two operators involves the sum over
particle indices.

In the numerical implementation the infinite matrices G and Z; are truncated at finite
multipole order L [5,28] (such that only elements with / < L are taken into account)
which leads to the approximation for the friction matrix denoted by {;

1

However, we know from the solution of the two-sphere problem that multipole com-
ponents of very high order are required for an accurate description of the lubrication
effects which dominate the friction between two near spheres in relative motion. To
account for it, one makes use of the notion that lubrication effects are well described
by the following two-body object:

s=Y sG.HN=_q" ) q. (2.11)

i<j i<j
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where ¢ is a 12 x 12 matrix, which projects out the collective motion of a given
pair of particles, leaving only the relative motion. The explicit form of ¢ can be
found in Ref. [28]. The two-body friction matrices {(i,j) are known with a very high
accuracy [19,20]. Then, the results of multipole expansion and lubrication contributions
are combined to yield

1
corrected
=P|——| P+s—5s1, 2.12
CL (ZO_I + G>L L ( )
with
S; = E SL(i,j) > (213)
i<j

where s;(i,j) is obtained from the corresponding s(i,j) matrix by removing the
multipoles with / > L.

The inverse of the friction matrix, the mobility matrix u, allows us to find transla-
tional and rotational velocities of particles for given forces and torques

v 7 2.14
o)~ JZ P (2.14)
B <”tt ”tr )

”rt ”N' :

In the approximation described above the mobility matrix is given by

—1
1
P | Prs—s| (2.15)
7,'+G),

where we have used Eq. (2.12).

”:

3. Divergence of mobility matrix in an unbounded fluid

The goal of this section is to find an analytical expression for the divergence of
mobility matrix suitable for numerical implementation in frames of multipole expansion
formalism.

Starting from the matrix identity

A(AATHY =0, AAA'+ANATH=0 (3.1)
one gets the following expression for the derivative of the inverse of a matrix:
A =—A"13(A)AT . (3.2)

This, together with Eq. (2.15), allows us to rewrite V;u as

1
ViG)=———=2 — Vi(s — : 33
G )Z—'+G (s —s0)| p (33)

Vin=p|?————
Zy' + 0
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Thus, in order to calculate the gradient (or divergence) of u we need to evaluate the
gradient of the matrix G as well as the gradient of lubrication correction s — s;. The
latter task, according to Eq. (2.11), requires the evaluation of the gradient of two-body
friction matrices {(i,j). This can be easily performed using the expressions for (i, ;)
in form of series in R;;, as given in Refs. [19,29].

The differentiation of Green operator is more complicated. The matrix elements
(liymy01|G(if)|lamy07) follow from the displacement theorems for the solutions of the
Stokes equation [30]. With the normalization of Ref. [7] they are given by

(limya1|G(ij)|lama0r) = nnrllliml ST (Ry; lymy a1, lamyar) (34)

lzmz
with normalization factors 7y,

[ 4 gm0
21 (1= m)!

3.5)
The coefficients ST~ are linear combinations of spherical harmonics Y, LM(I?,:,-) and can
be written as [30]
ST (Ry; hmyoy, lamyor) = A(Limyoy, myoy)Cp M(Ry)
+ B(lymya1, lhmya))H pu(Ry)) (3.6)
with
L=l+hL+o +0, L=L-2 M=m—m

and the functions

A Y 1u(F)
Cru(r) = I (3.7)
. Yo (F
Hi(r)= FLQ{(I ) (3.8)
The scalar coefficients A(/ym01,l,myc;) and B(lymioy,l,myo,) are given in
Appendix A.
Above, Y,(F) is an unnormalized spherical harmonic related to the usual Y, (f) by
Ylm(f) = Nim Ylm(f) = (—l)mP]m(COS G)eim(/’ . (39)

In this paper we use hat to denote the quantity related to the unnormalized spherical
harmonics.

Calculation of the gradient of G now reduces to evaluating the gradients of the
functions Cpy, and H . To proceed we introduce the following irreducible tensors of
the /th rank, /=0,1,...,

. 1 L 1 s
Y, = T V! (Y 1(F)) = ﬂvv...v ('Y 1m(F)) (3.10)
[ times

which obey the orthogonality relation

ce L 2,2
Y7 OYim = Omm 03,07 5 (3.11)
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with

N
= (3.12)

!
The symbol © denotes the full, /-fold, contraction of two tensors of the /th rank

AQB Al]lz dp 1112...1'/ . (313)
The above introduced irreducible tensors Y;m are related to the spherical harmonics
(3.9) by

N N R -

Y im(F) = Y1 OF = Y, OF . (3.14)

Here we have used the symbol A to denote the irreducible (i.e. symmetric and traceless)
part of the tensor A. In addition, the following expressions for the irreducible tensor
f will be used

fl=(-1) P! Vll (3.15)
@ - - '
and
- re ~
= (-1 T 1_3)”Vlr. (3.16)

Note that the multiple gradient in the r.h.s. of Eq. (3.15) is irreducible by itself.

Now we are ready to calculate the gradients of the functions Ciy and Hpy in
Eq. (3.6). First, for / = 1 definition (3.10) gives three linearly independent vectors
Y']m,(m = —1,0,1) which constitute the basis in the 3D space. We use them to define
the spherical components f',, of the gradient of an arbitrary function f(r) as

fam@® =Y}, - Vf@x), m=-1,01. (3.17)

Applying (3.14), (3.15) and (3.16) we can write the functions Cyy and Hy in the
following form:

L
Cru(r) = (22 1))”8?LM5>VL%, (3.18)
. (_ )L+1 R L
Hiy(r) = MYW@V% . (3.19)

Next, with use of formula (3.18) the spherical components of the gradient of CLM(r)
can be written as

1Y —141
( 1) Y* YLMLé VL+I 1

CLM;m(r): QL— DN P

(3.20)

The r.h.s. of the above formula can be calculated using the identity

Y*

1ymy

Y iy = A (Lmy, mo)Y oy s (3.21)
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where

(L, Lmy) = % V50 () 1o (B P50 (F) dF

Im .
21, — D2 — DI — m)!

=D QTN — i —ma)!

(3.22)

and
I=L+1L, m=m—m. (3.23)

This, together with Egs. (3.7) and (3.15), leads to the following relation between the
components of the gradient of Cy,, and the function itself

1 L —M +m+ 1) 4
CLMm(r)*( 1) * (L M)'(l )|

CL+1 M— m(l’) (324)

In a similar way the spherical components of the gradient of the function H(r) can
be expressed as

( 1)L+1 R

Fppgon() = Y Y o it (3.25)
LM;m 2L —3)!! 1m X LM r. .

Next, we use the explicit expression for the irreducible part of an arbitrary symmetric
tensor [31]
2L

[V
2L +1 [

where the brackets [.]5, denote the symmetric part of a tensor over the last L indices.
The ellipsis denotes finite number of tensors containing at least one unit tensor with
both indices other than the first index. Further quite simple but tedious calculations
with the use of formulas (3. 18), (3.19) and (3.16) lead to the relation linking the
gradient of A to the functions H and C itself

2(L+M)!

QL+1D)L+M—-—m—DI(1—m)!

QL—1)L—M+m+ 1)
QL+ 1)L — M)I(1 — m)!

Relations (3.24) and (3.27) together with Egs. (3.4) and (3.6) allow us to calculate
the spherical components of the gradient of the operator G in terms of the functions
H and C, so that the calculation of VG has the same complexity as that of G itself.

Next, with use of Eq. (3.3) we find the spherical components of the gradient of
mobility matrix. The last step is to use them to calculate the divergence of u. One
should be careful here as it is easy to overlook the normalization factors in the final

vith — it _ Flg +-- (3.26)

Hppgom(r) = Cr1m—m(T)

+H=1)! Hip-m(r) . (3.27)

expressions for d;. Since the vectors Ylm,m = —1,0,1 constitute the orthogonal basis
in the 3D space we can write the identity operator as
1 1 &~
I=5 > —YuYi,. (3.28)
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see Eq. (3.11). Thus the product of an arbitrary vector 4 with V f(r) can be expressed
in terms of spherical components as

AVID= Y At (3.29)

m=—1,0,1 1M

where the spherical components of 4 are

1 N
Ap = B A-Yi,, (330)
nimY)y
so that
1 .
A= R 331
m:;Ol Mm 1 ( )

Analogously, the translational mobility matrix is written in terms of its spherical com-
ponents as

1 % 7k
mi= > > Yt Yin, - (3.32)
_ _ 1mi Pim,
my=—1,0,1 my=—1,0,1
where
:utt';,mlmz (Rl’ cees RN)
=(l=1,m,0=0[p;(Ry,....,Ry)|l =1,m,0=0), (3.33)

so that the divergence of the mobility matrix is given by

dRL.RYY=D Y > LYl,,,,ug,m]mz;,nz(Rl,...,RN).

n n
j omi=—10,1my=—10,1 1m im,

(3.34)

In the above formula the symbol; m, denotes spherical components of the gradient
with respect to R; (see Eq. (3.17)).

The above procedure of calculating the divergence of the mobility tensor is well
suited for numerical implementation and is only about three times slower that the
calculation of u itself. In Appendix B this algorithm is extended to the case of periodic
boundary conditions. It is conceptually similar to the present case since the elements of
G matrix for periodic boundary conditions involve lattice sums of the functions C
and H 1y which we already know how to differentiate.

4. Numerical results for the collective diffusion memory function

The above-presented scheme of computing the divergence of the mobility tensor has
been used in Brownian dynamics calculations of the memory factor 4 (defined by
Eq. (1.8)), for hard-sphere suspension. The simulations have been performed with
periodic boundary conditions for three values of volume fraction: ¢ =0.2,0.3 and 0.4,
and for different numbers of spheres in a periodic cell (up to 100). Use of periodic
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boundary conditions simplifies considerably the expression for the memory function,
as it can be shown [16] that

%in}) M(k,t)=M(1), (4.1)

where the function M(¢) reads (for hard-sphere system)
(it 4:(0) - di(0)) per

Bt Tr ) per
where ( ) ,e- stands for the equilibrium average over hard-sphere configurations with
periodic boundary conditions.

The formal justification of equality (4.1) is not trivial. Namely, due to the pres-
ence of hydrodynamic interactions in the system, the mobility matrix yfj has nonzero

M(t) =

(4.2)

nondiagonal (i # j) elements, which decay with interparticle distance R;; as RJ/ with
y=1,2,3. Such long-ranged interactions can cause discontinuity in memory function at
k=0 [32], so that in general it is not possible to identify limy_.o M (k,t) with M(0,1).
In fact, k = 0 value of the memory function picks up a contribution from the motion
of a system as a whole. This contribution depends on the shape of the container and is
given by integrals which diverge with the size of the system. However, when deriving
the mobility matrix for periodic system one adds the constrain that the net suspension
velocity in whole sample vanishes [33,34]. This removes the discontinuity at k=0 and
allows to write limy_,o M(k,¢) in the form of Eq. (4.2).

For a number of reasons it is advantageous to calculate M(¢) in two steps: first
calculating the initial value of the memory function A/ (0) and then estimating its mean
relaxation time 7y, =M (0)~! fooo M (¢) dz. The initial value of the memory function can
be obtained by means of equilibrium averaging which gives much greater accuracy than
the calculations of 7, that require Brownian dynamic simulations. Hence, as it was
noted by Zwanzig and Ailawadi [35], such a two-step procedure increases considerably
an accuracy of the numerically obtained memory function.

Additionally, even without Brownian dynamics simulations, the value of the memory
factor 4 can be estimated based on the assumption that the mean relaxation time 7/
is similar to characteristic times of other relaxation processes in the system.

4.1. Calculations of initial value of memory function

For small particle concentrations the value of M(0) can be assessed by means of
the virial expansion. As it was mentioned in Introduction, the two-body contributions
to the vector d; vanish. Hence the first nonvanishing term in the virial expansion of
M(0) corresponds to the three-particle contribution. For hard-sphere system one gets

2
D,
with

M(0)=m3¢* + 0(¢*) , (4.3)

2
9n? :
m3:@/ dR, dR; <;d,-(1,2,3)> w(1,2,3). (44)
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In the above equations ¢ is the volume fraction, a the sphere radius and D, =
kgT(6mna)~", with # standing for the fluid viscosity. The initial value of the memory
function is rescaled by a?/D, in order to make it dimensionless. Finally, d;(1,2,3) =
Zj.: 1 V- uf, and the function W(1,2,3) is unity for nonoverlapping configurations of
the spheres and vanishes otherwise. Numerical integration in the three-body configura-
tion space (analogous to the calculations presented in Ref. [28]) yields m3;=1.42+0.02.

Virial expansion results can be used for very dilute suspensions only. For larger
concentrations the initial value of memory function M(0) can be assessed by means of
Monte Carlo averaging over different configurations of the spheres in periodic boundary
conditions. To account for finite-size effects one analyzes the dependence of M (t=0,N)
on the number of spheres in the periodic cell, N. It turns out that the dependence of
the data on N can be described by the function 4 + BN~'3. By fitting the data for
N =30,50,60,70 and 100 to the above dependence the asymptotic values M(t=0,N =
00) were obtained for wide range of volume fractions (see Table 2).

4.2. Calculation of mean memory relaxation time

To estimate the mean relaxation time, t);, Brownian dynamics simulations have
been performed. The trajectories of particles were constructed according to Eq. (1.3).
Since we consider the hard-sphere suspension, the forces . ; in (1.3) are put to zero.
However, to account for the fact that the particles cannot overlap, the scheme should
be supplemented with the condition of vanishing normal component of the probability
current on the surfaces of the spheres

Rij : (fl - jj)|R[/:2a =0, i 75] 5 (45)
with
F(X;t)=kgTp"(X) - VP(X;t). (4.6)

We implement the above condition by assigning in each step auxiliary velocities
u; = AR;/At to all particles and then solving a classical molecular dynamics problem
of finding the evolution of N hard spheres with the velocities u; over the time period
At [36-38]. The numerical procedure applied here locates time, collision partners and
impact parameters for every collision occurring in the system in chronological order.
The hard-sphere dynamics applied over the time interval At assures that the probability
current through the surface R;;=2a vanishes. Note that the component of #;; perpendic-
ular to R;; remains unchanged as it should, since the boundary condition (4.5) affects
only the parallel component.

The simulations have been performed for three values of the volume fraction:
¢ =0.2,0.3 and 0.4 and different numbers of spheres in a periodic cell (30, 50 and
100) with the time step At =4 x 10~*a?/D,.

In each step a quantity

N
Uni() = di(1) (4.7)

i=1
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has been calculated using the method presented in Section 3. The correlation function
T(t) = (Upps(0)Uspe(2)) can then be used to calculate 73, because

[e )

1 > ! ! __ 1 ’ /
m/t:o M(2")de =70 /. T(f')dr' . (4.8)

The correlation function 7°(¢) is obtained from the simulation data with use of the
formula [38,39]
Kmax(7)

> U KAOUp(t+ KAL),  t=mAt, m=123....
K=1

e

(4.9)

Here Kyax is given by the condition that K. (7)Af+ 7 must not exceed the total time
of a given trajectory, i.e.,

T
KmaX
O+ 5

where K., is the total number of time steps in a given trajectory. From Eq. (4.9)
one sees that the statistics for longer times t gets worse. The last step is to average
T(7) over all the trajectories obtained for the given volume fraction ¢ and number of
particles N.

= Ktraj > (4.10)

4.3. The long-time tail fitting

To get the time integral of the memory function, one needs to know the behavior
of M(¢)/M(0) for long times. Some indications can be found in theoretical studies on
the memory function of the self diffusion problem in suspensions [17,40—43]. It was
namely predicted that the self-diffusion memory function have an algebraic long-time
tail, #=>2, and the amplitude of the tail was calculated for a number of limiting cases
(e.g. the dilute suspension, lack of hydrodynamic interactions, etc.). This behavior is
connected with the fact that the Fourier transform of the memory function M(w) is
a meromorphic function of the square root of w. Therefore, one gets the following
expansion [42,43]:

M(o) =M(0) + Mo+ My + M3o® + -+, (4.11)
with

a=+o.
The first coefficient in the above expansion is closely connected to the relaxation time,
since
~ M(a=0)

Ty = M©) (4.12)

whereas the second gives the amplitude of the long-time tail, =2, of the function
M(t). If, however, M, vanishes then M(¢) has a long-time tail of the form ¢—>/> with
the amplitude determined by M;.
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Table 1
The values of the factor A4 and the mean relaxation time tj, for the hard-sphere suspension of volume
fraction ¢ obtained from the equilibrium Monte Carlo averaging and Brownian dynamics simulations

¢ Doaiz‘[/\/[ A

0.2 0.126 4 0.025 0.01 4 0.003
0.3 0.120 + 0.015 0.03 +0.01
0.4 0.09 £ 0.02 0.05 +0.015

It is not unreasonable to expect that such an algebraic long-time tail will also be
present in our case. However, because of the complicated form of the memory function
in our case and particularly the fact that the two-body contributions to M (¢) vanish,
the techniques applied in the above-cited papers to determine the coefficients in (4.11)
are not directly applicable here.

Therefore, we decided on semi-empirical way of accounting for the long-time
behavior of the memory function: by fitting to the data a tail of the form A~ (712
with n=1,2,3... . In all cases the best fit was obtained for the tail of the form ¢—3/2.
The fitting cannot serve as a proof that the collective diffusion memory function has
indeed the #~3? long-time tail. Nevertheless, fitting of the =/ tail to the data gives
the upper bound of the value of 1y, as the tails of the form Ar~?"+12 with n > 1
decay faster.

4.4. Final results

By combining the results for 7), with the values of M(0), we calculate the values of
the memory factor 4 as given in Table 1. As it can be seen the memory contribution
to the collective diffusion coefficient is relatively small but increases with the volume
fraction.

As it was mentioned before, an estimation of the mean relaxation time, 7,,, can be
obtained by assuming that it is similar to other relaxation times for collective processes
in a suspension which are expected to be of the order t2 = a?S(0)/D{ [44]. Here DS
is the short-time self-diffusion coefficient, whereas S(0) is the value of static structure
factor at k = 0. Taking the values of Dj from the numerical simulations of Ladd [45]
we get an estimate of 4, given in Table 2. These estimates are in reasonable agreement
with the results obtained using Brownian dynamics simulation.

5. Summary

We have derived the multipole expansion formulas for the divergence of mobility
tensor in an N-body system of spherical particles in an incompressible viscous fluid.
Both the case of an unbounded fluid and that of periodic boundary conditions have
been considered. The use of an analytical formula in calculations of the divergence of
mobility tensor is a substantial improvement over a brute-force finite-difference
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Table 2
The estimates of the factor 4 for hard-sphere suspension of volume fraction ¢ obtained from initial values
of the memory function M(0) calculated by Monte Carlo averaging and the relaxation time 7. = @S| (0)/D;

¢ D, 'a>M(0) Doa21, Acst (%)
0.01 (1.554+0.05) x 10~* 0.94 0.01

0.1 (1.7£0.1) x 1072 0.55 1

0.2 (92403) x 1072 0.32 3

0.3 0.24 +0.015 0.20 5

0.4 0.54 +0.03 0.13 7

0.45 0.67 £ 0.02 0.10 7

algorithm of determining derivatives and allows to improve the accuracy of Brow-
nian dynamics simulations. The method has been applied to calculations of memory
contribution to long-time collective diffusion coefficient of a Brownian suspension.
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Appendix A. Multipole expansion

In the multipole expansion we use two complete sets of vector functions [46], which
are fitted to the spherical symmetry of the Stokes equations (2.1): v (r), regular
at r =0, and v,, (r), regular at |[r| — oo, where ¢ =0,1,2, while / =1,2,3,... and
m=0,=+1,..., £l These multipole vectors were introduced in Ref. [23]; here we use the
modified definition from Ref. [7]. The corresponding matrix elements of the operators
Zy, Zy and U, between the multipole vectors at the sphere surface are diagonal in /
and m indices.

The matrix elements of the operator Z, have the form [7]

(Limy0|Zo| Lamyaa) = 81,1, Omymyn(2a ) Horto2 =1z, oo, (A1)

where the elements z; ; 5, are dimensionless and the only nonzero ones are given below
121 — 1)(21 +1)?

0= =Ty (A2)
I 1)(2;;1 r@i+s) (A3)
o= UENAED (A4)
- (I+ DRI+ D*21+3) . (A.5)

220+5]
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The only nonzero matrix elements of the one-body mobility matrix p, are

2

(1m0|py| 1m0) = (1m0|Zy|1m0)~" = Sra (A.6)
1

(Im1|po|1m1) = (1m1|Zo|1m1)~" = o (A7)

Let us finally give the formulas for the coefficients A(/yma1, [my0,) and B(lymioy,
lmy07) in Eq. (3.6) for the matrix element of operator G. They read

L+ 1)(L+1)

Bllim 0, ma0) = 5 o 1

A(Z[Wl] l,lzmzl) 5

1
A = I
(hm 0, [mz0) (h+bL—m+m)l+1 —my+m — 1)( hi(h +1h)

+2m3 12 + 2m3 15 + (dmymy + 1)1,

— m2(2m1 + n’lz)ll — m1(2m2 + m1)12 —+ mll’)’lz)

(l] + 1)(12 + 1)(1112 -2l =2+ 1)
LLCh — )2k — D@L 2L 1)

(maly + milr)(l + 1)

A(l]l’)’l]l,lzi’l’lzl) .

A(l 0,/ 1)= A(l 1,/ 1), A8
({1m,0, Im;1) W+ bt my —m) (Lim1, lymy1) (A8)
L(L+1)
A(lim 0, [hmy2) = — A(lym 1, lhmy1)
(11m0, [,my2) (212+1)(2[2+3)(11 amyl)
(maly +mylr)(r+ 1)
A(l 1, l,my0) = — A(l 1,/ 1
(lymy 1, [,m)0) Wio(h T o+ — ) (lymi1, lomyl)
[i(! 1
A2, tamy0) = —— 2 ED gy

(1 + 1)1, +3)
with
1 (L + I —my +my)!

All coefficients not listed in (A.8) vanish.

A(llml 13 12m21) = (_l)ll+ml+|

Appendix B. Divergence of mobility matrix in periodic boundary conditions

When periodic boundary conditions are applied, the solution of the flow equations
is given by a relation analogous to Eq. (2.3)

N
) =>_ / Tu(r —v)f;(r)d°r (B.1)
j=1
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where the Oseen tensor (2.4) was replaced by the Hasimoto tensor Ty [47,34,48]. The
decomposition similar to Eq. (2.5) can still be performed, this time leading to [34]

wi =7y (Df + > Gu(ijfy + Gu(fi , (B2)
J#i
where
[Gu(i/)f1(r) = / Tu(r,r')-fi(!)dr',  i#j, res;, (B3)

whereas the additional self-term Giy;(i) gives the contribution due to the induced force
density on the periodic images of particle i:

[Gu()f1(r) = /(TH(V, ) =T@r,r") - £ dr', res;. (B4)

The matrix elements of Gy(ij) are expressed by the relationship similar to (3.4)

nim _
(himy01|Gu(ij)|lamaor) = #S; (Rij; imyo1, Lhmyoy) (B.5)

lzmz

with
Sy~ Ry limyoy, lmaay)
=A(lymoy, 12m262)lij’M(R1j/') + B(Lymyay, lamya) W (Ry;)
+E(lymoy, lhmyoy) . (B.6)

As it is seen, the functions Cpv and Hpy, in Eq. (3.6) were replaced here by functions

‘PL/ u and WLM, the explicit form of which will be given below. Additionally, a constant
term independent of R;; has been added. This term reads explicitly
1

E(llmlal, 12m202) = ﬁ 511]251mlmz [5111M(1)

0101

+312M3) 7, (B.7)

ag|1o0|

where the nonzero elements of M matrices are given by

() _ () _
M3 =M = 135 (B.8)
M= (B9)
2n
MP) === B.10
11 7 (B.10)

The functions ¥ and W are essentially lattice sums of C and H:

. R 2
Poo(R)= lim | > Cop(R—n)+ TR 2|, (B.11)
| In|<¥
s . A . A
Vin(R) = lim | ;’clm(k —n)— T RY,R)| (B.12)
n<. WV
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¥,(R) = lim > CwR-m), [=23... (B.13)
oo \n\éﬂ"'

~ . A 8T, 4 A

Won(R)= lim | > Hop(R—n) = = RTo(R)| (B.14)
: n| <A

Win(R) = lim > HpR-m), =34, (B.15)
/ oolnl <

where n, with integer components ny, n,, n., denotes a lattice point.
Finally, the matrix elements of G{;(ij) are given by

.. nim h
(Limy01|Gy(if)| lbmyos) = % (A(llmw'l, Lymyoy Wipm
2my
+B(lLimyay, lamyay Wiy + E(Limyoy, [amaoz) ) , (B.16)
where the coefficients 1} and w can be expressed as
Vv = P1,(0) (B.17)
Wi = Wiy (0) (B.18)

with the prime indicating that in the sums in Eqs. (B.11)—~(B.15) the n=0 term is to
be omitted.

Since we have already derived the spherical gradient rules for functions C and H
in Egs. (3.24) and (3.27), now we can apply these rules to the lattice sums (B.11),
(B.12), (B.13) and (B.14), (B.15), and finally obtain the gradient formulas for '
and W

et L=M+m+1)

Pian(R) = (1" Ty sy Pesr-n(®)

- 43*“ 2" 011 0Mm » (B.19)
. AL + M) .
Wimm(R) = ( ) ¥Yi—1,m-m(R)

QL+ 1)YL+M—m— 11 —m)
QL—1)(L—-M+m+1)! .
QL+ 1)L — M)\(1 — m)! Wicim—m(R), (B.20)

which allows us to find the gradient of Gy and then the divergence of mobility matrix
in a complete analogy with the infinite space case.

4 (_1)m+1
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