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Abstract
We present a theoretical description of linker-mediated self-assembly of gold nanoparticles
(Au-NP). Using mesoscale simulations with a coarse-grained model for the Au NPs and
dirhenium-based linker molecules, we investigate the conditions under which large clusters can
grow and construct a phase diagram that identifies favorable growth conditions in terms of
floating and bound linker concentrations. The findings can be considered as generic, as we
expect other NP-linker systems to behave in a qualitatively similar way. In particular, we also
discuss the case of antibody-functionalised Au NPs connected by the C-reactive proteins
(CRPs). We extract some general rules for NP linking that may aid the production of size- and
shape-specific NP clusters for technology applications.
(Some figures in this article are in colour only in the electronic version)

as precursors to the formation of conducting molecular wires.
They link gold NPs via their thiocyanate anchor groups to form
molecular ‘dumbbell’ shapes [19]. A schematic view of the
bonding provided by the dirhenium linkers is shown in figure 1.
In this paper, we construct a coarse grained description
of the system containing citrate-protected gold NPs, dirhenium
linkers, and implicit water and analyze the NP self-organisation
into clusters. In this description, the NPs and linkers are
represented by effective spheres. The sizes of the spheres
reflect the sizes of the specific physical objects in the system.
Nevertheless, our discussion can be considered as generic with
the understanding that results may change quantitatively if NPs
and linkers of different sizes are considered. We ask under
what conditions large clusters can grow and construct a phase
diagram that identifies favorable growth conditions. The phase
diagram is set on the n L – L/L max plane, where n L denotes the
number density of the floating linkers in solution, L is the
allowed number of linkers that can attach to an NP, and L max is
the maximum number of linkers that a bare, non-citrate coated
NP could accommodate. L max depends on the radius, RNP , but
it also depends on the way the linkers can pack the NP surface:
it can either be random or be designed as a perfect tiling.

1. Introduction
Self-assembled synthetic nanostructures are expected to play
a vital role in the construction of future devices, sensors,
and materials. Metallic nanoparticles (NPs) are promising
building blocks of such structures [1] because of their optical,
conductive, plasmonic, and magnetic properties. The methods
of their production were known to Faraday [2] and are well
established [3]. They involve coating the NPs with surfactant
molecules that stabilize their structure and prevent aggregation.
Making extended structures then requires arranging the NPs
into regular patterns, typically, through deposition on a
substrate with NP coats interdigitated by weak non-covalent
interactions.
Examples of such an approach are given
in [4–13].
Another way involves generation of chemical bonds
between the NPs through intervening molecules or particles
which go under the name of linkers. For instance, Pełka
et al [14] and Liao et al [15] link gold NPs via conjugated
dithiolated molecules. Here, we consider citrate-covered gold
NPs [16, 17] linked by dirhenium-based molecules. These
linkers have been synthesized by Lydon et al [18] and act
0957-4484/11/445601+11$33.00

1

© 2011 IOP Publishing Ltd Printed in the UK & the USA

Nanotechnology 22 (2011) 445601

M Sikora et al

Figure 1. Atomic representation of the dirhenium linker binding two gold surfaces. In the left panel, two rhenium atoms are shown as the two
central spheres. The thiocyanate anchor groups are shown as brighter tubes (one at the top, another at the bottom; in yellow online). The
atoms of gold, at the top and the bottom, are shown as spheres. The remaining tubes in the decreasing sense of darkness (in red, green, and
gray online) correspond to the oxygen, carbon, and hydrogen atoms. The top part of the linker is twisted by about 90◦ with respect to the
bottom part and hence the appearance of no symmetry between the up and down directions. The sulphur–rhenium–sulphur angle is equal to
about 11◦ [18]. The right panel shows the same system with each atom represented by its corresponding van der Waals sphere. This panel
indicates that it is sensible to approximate the linker by a rigid, nearly spherical object.

In the random case, the calculation of L max corresponds
to the so-called random sequential adsorption process on the
sphere [20] in which spheres of a given radius are randomly
attached to the surface of a fixed sphere. Independent random
spheres are added successively, provided there is no overlap
with the previous spheres. We determine L max through long
simulations with one NP and many linkers. The simulation is
stopped when there is a saturation in the number of linkers that
can get attached. The results are shown in table 1 and these are
the values of L max that are used in this paper. The alternative
perfect design would yield L max,p > L max . The values of
L max,p are also listed in table 1. They can be obtained from
purely geometrical considerations as explained in the caption
of table 1.
It should be noted that L differs from L max because the
thiocyanate-terminated linkers bind much more weakly than
the carboxylate-terminated citrate coats [19]. The atomically
non-uniform surface of gold results also in non-uniform
binding energies of both linker and protector molecules [19],
further complicating the process of linker/protector exchange.
In principle, L has some dependence on the temperature, T ,
but it is mainly determined by the specifics in the morphology
of the surfaces of the gold NPs (and thus by the manufacturing
process). L/L max is thus a measure of the effective fractional
surface that can be mounted by linkers.
We find that while the phase diagram depends on the NP
radius it is only weakly sensitive to temperature, the scale of
which is set by the depth of the linker-NP trapping potential.
To model covalent junction formation correctly [15, 19], as
opposed to just using non-covalent physical interweaving of
the NPs [4–13], this potential morphs into a permanent bond
upon arrival of the linker at the surface. In particular, we find
that large clusters can grow at low floating linker densities
n L and in a broad region centered around a specific value,
f , of surface coverage L/L max and with a low cutoff, f c ,
that defines the minimum linker fractional coverage below
which NP linking terminates. We observe that the larger
the RNP , the smaller the f c . Furthermore, the whole region

Table 1. Maximum number of linker molecules that can attach to a
nanoparticle of given radius. The values of L max were found through
long Monte Carlo runs with one NP in a bath of linkers, with  set
according to the binding energetics calculated from [19] as described
in the text. The values of L max,p corresponding to the perfect
non-random placement can be derived by using the Hadwiger theory
as cited in [21]. However, we use the following simple approach.
Consider three spheres of radius RL placed on the surface of a larger
sphere of radius RNP . We observe that when the three spheres touch
each other then their points of contact with the large sphere set a
spherical equilateral triangle. Its area is denoted by A t . Twice the A t
gives the surface area covered by one sphere. The reason for the
factor of two is that—in analogy to the planar hexagonal lattice—1/6
of the area covered by one sphere corresponds to 1/3 of the triangle
spanned by three spheres (including the gap). Thus, knowing the
total surface of the large sphere and A t gives us L max,p . We have [22]
2
A t = (3θ − π)RNP
, where the triangular angle θ satisfies
1
2
2
cos(θ) = 2 − RL /(2 RNP
+ 4 RNP RL ). In the limit of large RNP , θ
◦
becomes 60 .

RNP (nm)

L max

L max,p

RNP (nm)

L max

L max,p

3
5
6
7
8

79
186
255
346
453

148
313
435
579
742

10
13
15
17
20

677
1119
1486
1904
2629

1129
1860
2449
3118
4273

of favorable growth moves toward smaller values of L/L max
while expanding upward, i.e. reaching increasing floating
linker densities. For the typically used RNP = 5 nm, f c
is close to 0.2 which is above the experimentally accessible
range of L/L max ≈ 0.05 for the replacement of strong
citrate protectors by weak dirhenium linkers on gold [19].
This low L/L max provides discrete dimers [19] for plasmonic
applications [23, 24]. Promoting formation of higher n mer structures would require dealing with larger radii and/or
allowing for higher linker surface coverages. Such coverages
can be obtained by using weaker protecting coats and/or
stronger-binding linker molecules, e.g. linkers with thiol
instead of thiocyanate anchor groups.
2
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Figure 2. Construction of the gold NP model. The left panel shows an atomic representation of the NP. The gold atoms in the NP are drawn
assuming the perfect fcc lattice. The radius of the NP is set to 5 nm. At the top of the NP, a single citrate protector molecule is shown (in red
online). Such molecules cover most of the surface of the sphere. Only one of them is shown for clarity. At the bottom right of the NP, there is a
protrusion representing a single dirhenium linker. In our coarse grained model, the linker and citrate-protected gold structures are represented
by a small and large sphere as shown in the bottom right panel. The top right panel shows a single NP with many linkers attached to it.

that the dirhenium complex binds to terrace sites with an
adsorption energy of between −0.2 and −0.1 eV, whereas
the binding energies at the ridge and apex sites are −0.3 and
−0.6 eV respectively. The citrate protecting coat, on the other
hand, is much more strongly bound, with adsorption energies
around 2–6 times that of the linker, with the relative likelihood
of linker attachment highest at low coordination, e.g. apex,
sites [19]. Hence L/L max will be low, driving the system
toward a large population of linked dimer structures.
The large number of atoms even in a small NP justifies
taking a coarse grained theoretical approach in which a citrateprotected gold NP is represented by a sphere. Figure 1 shows
the dirhenium linker in a binding arrangement between two
gold surfaces. The distance between the two binding sulfurs
is 1.2 nm and the transverse size is about 1 nm, so we may
approximate it as a sphere of radius RL = 0.6 nm. In our
studies, the size of the linker particle is kept fixed while RNP
varies between 3 and 10 nm. The concepts of the coarse
grained construction of our model are illustrated in figure 2.
When studying coated and charged NPs theoretically, one
typically adopts the framework of the extended Derjaguin–
Landau–Verwey–Overbeek model [27, 28], that takes into
account van der Waals–London attraction, Coulomb repulsion,
and steric repulsion at touching distances. In the system
we consider, the attractive linker-NP interactions define the
physics of the problem. In this context, the linker molecule
can be considered as another NP, but one that is smaller than
the gold NP. Thus the attraction of the linker to the gold NP
can be described by the simple Lennard-Jones potential with
a minimum set at the distance r of RNP + RL and with the
depth set equal to the binding energy,  (see figure 3). If all
linker attachment events were restricted to the apex sites, then
a characteristic measure of  would be 0.6 eV and the room
temperature simulations would correspond to about kB T / of

Going beyond the dirhenium/citrate dumbbells [19], we
move to the higher L/L max region of the phase diagram in
which conditions for larger cluster growth are met. This is
done for a fixed number of the NPs. In general, the properties
of clusters can depend on whether they are free in the bulk of
the solution, deposited on a surface or embedded in a matrix of
another material. In our simulations, we consider the free case
because in the experimental situation [19] the clusters arrive
fully formed on a substrate through a drying process.
Finally, we discuss the case of the system in which the
gold NPs are connected by large C-reactive proteins (CRPs)
instead of the rhenium linkers. Once both the proteins and
the NPs are represented by spheres then a simple rescaling
argument allows us to extrapolate some of the rhenium-derived
results to the protein-NP system. We argue that this system is
in a regime in which large clusters can arise.

2. Model and methods
2.1. The coarse grained model
Synthesis of gold nanocrystals through the citrate reduction
of AuCl4 results in nearly monodisperse icosahedral gold
NPs (see, e.g. [25]). If one imagines cutting out a sphere
of 5 nm radius in an fcc bulk gold lattice then one gets
20 000 as an estimate of the number of atoms that are
enclosed. The surface atoms of the cut-out belong to various
facets that intersect. Thus one can distinguish characteristic
sites, including for example nine-coordinated flat terrace
sites, six-coordinated ridge sites, and three-coordinated apex
sites. While the surface of a true NP is certainly more
complex and more disordered [26], these characteristic sites
provide representative gold geometries for estimates of binding
energies. Calculations presented in [19] lead to the conclusion
3
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character of the attachment events means that we study a nonequilibrium growth process instead of an equilibrium dynamics
of linkers that can attach and then disengage (which would be a
valid description for physically intertwined NPs, or indeed the
present chemically linked system at high temperatures).
2.2. The grand canonical Monte Carlo process
We consider a fixed number of the NPs, NNP , and variable
number of the floating linkers. The mean number of free
linkers is controlled by a chemical potential so that attachments
of the linkers to the NPs do not deplete the population of the
floating linkers, to model the experimental conditions of excess
linker concentration [19]. In order to model this setup we
employ the grand canonical Monte Carlo technique [35–38] in
which, alongside the canonical Monte Carlo steps, the linker
particles are inserted into the system or removed from it with
a probability that depends on the chemical potential specified.
The values of the chemical potential are selected in order to
arrive at the required values of the linker density. In practice,
most of the particle insertion events take place in regions
of smaller instantaneous linker density. Since our focus is
the non-equilibrium nature of the cluster growth process, we
disallow linker detachment from NP as well as feeding the
linkers back to the reservoir.
The canonical Monte Carlo steps involve attempting
translational or rotational movements which are either accepted
or abandoned according to the usual Metropolis Monte Carlo
scheme [39]. The time scales of translational motion are set
by diffusivity of the NPs and of the linkers. A single step in
the linker movement involves crossing a random distance of
between 0 and δrL in a random direction. We have taken δrL
to be equal to 1 nm. This step is considered to be our adopted
‘time’ scale and 1 million of such steps is denoted as τ . Time,
t , in this paper is measured in units of τ . The magnitude of a
random displacement of an NP is reduced because linkers are
much smaller in size. The Stokes–Einstein equation [40, 41],
D = kB T /6πη R , where η denotes viscosity and D diffusivity,
gives diffusivity of 40 μm2 s−1 for a nanoparticle of RNP =
5 nm and about 20 times larger a number for the linker
molecule. The maximum displacement of an NP in a single
step is denoted by δrNP . For RNP of 10 nm we have selected
δrNP to be 0.1 nm. Values of δrNP for other radii are obtained
through scaling: they are equal to 0.12, 0.17, and 0.22 nm for
RNP of 8, 5, and 3 respectively.
Once a cluster is formed, its center of mass is translated
with a reduced step size which is scaled down, compared
to that of a single NP. The scaling depends on the effective
radius, R , which is assumed to be proportional to S 1/3 , where
S denotes the number of the NPs in the three-dimensional
cluster. We neglect the geometric effect of any attached
linkers. In the overdamped Langevin dynamics, the mean
square displacement is equal to 6 Dt . Thus the Monte Carlo
step size, δx , should be proportional to D 1/2 . Since D ∼ 1/R ,
δx should scale as R −1/2 and thus as S −2/3 . In addition to the
translation, the cluster is allowed to rotate around its center
of mass. We pick the rotation axis randomly and rotate the
cluster by θ . The rotational diffusion coefficient, DR , is

Figure 3. The main figure shows the NP-linker interaction potential
for RNP = 5 nm. The radii of the interacting objects are indicated by
the arrows. The inset on the left illustrates the angular condition on
the attachment of one NP to another with one linker already
adsorbed. The head-on interaction leads to attachment but so does a
slightly skewed arrangement.

0.05, where kB is the Boltzmann constant. The estimate of
 may, however, be lowered to allow for a broader selection
of local environments on a curved surface to attach to, and to
account for imperfections in the apex-like configurations. Thus
it seems sensible to adopt  = 0.25 eV which corresponds to a
room temperature of about 0.1 /kB .
In order to simplify the model further, we assume that once
a linker arrives at the gold NP it attaches to it permanently. At
sufficiently high linker versus protector binding energy ratios
the likelihood of linker/protector exchange increases and so a
single NP can attach many linkers as shown in the top right
panel of figure 2. The NP–NP and linker–linker interactions
are of less importance and are accounted for merely by the
steric constraints corresponding to soft repulsion as described
by the Lennard-Jones potential which is truncated at minimum
and shifted upward so that the interaction is purely repulsive.
The linker-mediated clustering of gold NPs is implemented in the following way. If an NP comes close to an NP
with an already attached linker, it may bind at the unattached
end of the linker. Linking is allowed only provided (a) the
sulfur–sulfur axis within the linker forms an angle smaller
than 11◦ with the surface normal direction of the arriving
sphere (see figure 3) and (b) the distance between the center
of the linker and the center of the sphere does not exceed
RNP + R L + δ R , where δ R is taken as 0.5 RL , i.e. 0.6 nm. The
reason for this particular angular constraint is the existence of
a slight bend of 11◦ in the linker backbone [18].
Further attachment events may generate still bigger
clusters of linked NPs. Each cluster is thought of as a rigid
body with no internal degrees of freedom. It translates as a
whole and rotates as a whole. A linker attached to an NP
has an effect which is qualitatively similar to that of a patch
placed on an NP to build in directionality. Such models have
been discussed, for instance, in [29–34]. However, the goals of
our model are different. It should be noted that the permanent
4
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T
given by D R = 8πkBηR
3 [42], i.e. it scales by the inverse of the
−1
volume, i.e. as S . Thus the angular step size of rotations
θ is reduced in proportion to S −1/2 from the starting single
sphere value of δθ1 . It should be noted that once an NP acquires
linkers, its rotation generates a new configuration. Most of our
calculations are at kB T = 0.1 for which we take δrL = 1 nm
and δθ1 = 15◦ . Simulations at other temperature require
scaling these parameters in proportion to T .
We have imposed periodic boundary conditions with the
size of the simulation box varying between 100 and 200 nm
depending on the size and number of the NPs. The number
density of the NPs was kept at 5 × 10−6 nm−3 . For RNP
not exceeding 5 nm, we typically considered NNP equal to
50. For RNP equal to 8 nm and 10 nm, NNP was set to 169
and 400 respectively. The instantaneous linker density, n L (t),
reaches a stationary state corresponding to a set value of the
chemical potential and fluctuates around n L in this state. It is
this equilibrated value that is used to characterize the growth
conditions. In the transient period, n L (t) keeps adjusting to the
available volume (some of which is excluded by the cores of
the NPs).

Figure 4. The fractional coverage, L(t)/L max , per NP as a function
of time in single trajectories. The circles indicate the values of the
half-times, τs . In each case, RNP = 5 nm and the values of L/L max
are indicated. In the main parts of the panels, NNP = 50. The insets
are for NNP = 1. Conditions A correspond to kB T/ = 0.1 and
n L = 1.5 × 10−4 nm−3 . Conditions B to kB T/ = 0.1 and
n L = 5 × 10−5 nm−3 . Conditions C to kB T/ = 0.4 and
n L = 5 × 10−5 nm−3 .

2.3. Attachment of linkers to nanoparticles
to the nature of the non-equilibrium grand canonical process,
one cannot define a number of Monte Carlo steps per particle.
This is because the number of the particles is varying: the NPs
coalesce into rigid clusters and the number of floating linkers
is far from being fixed. In particular, one has to feed in and
diffuse around of order L NNP linkers to cover NNP spheres.
Thus the saturation of the spheres proceeds mostly in parallel,
but many more linkers are involved compared to one sphere.

Geometrical considerations suggest that the maximum
theoretical coverage of a single NP by the linkers, L max ,
should grow as the second power of the radius. The values of
L max for the dirhenium linkers and several choices of RNP are
listed in table 1. As explained in the introduction, for weak
linkers replacing strong protector adsorbates, the technique
used experimentally to generate plasmonic gold dimers [19],
only a small fraction of the NP surface area is available for the
actual attachment. Nevertheless, it is instructive in the context
of self-organization of extensive, tightly bound multimeric NP
mesostructures [43] to consider a broader choice of the values
of the parameter L/L max .
The actual number of linkers, n s , that get attached to a
single NP approaches L in a process that is extended in time
as illustrated in figure 4 for various sets of the parameters—
in particular, for NNP equal to 1 and 50. In the case of 50
NPs, the results on the coverage are averaged over all spheres
(which makes the corresponding curves smoother than for
a single sphere). The saturation process has been checked
not to be described by a single exponential term. However,
a characteristic time scale, τs , can still be defined, e.g. by
taking the time needed to arrive at the occupation of 12 L . We
observe that τs gets shorter as the temperature gets higher and
it generally depends on all other conditions.
Some of the observations about τs are easy to understand:
the larger the density of the floating linkers n L , the faster
the saturation; and the higher the temperature, the faster the
process. It is interesting to note, however, that τs for 50 NPs
is typically an order of magnitude longer than for a single NP
provided all other conditions are kept the same. At first thought
this observation seems striking as it suggests that the linkers do
not ‘invade’ all spheres simultaneously which would indicate
large screening and correlation effects. In fact, the effect has
only to do with the way the simulational time is counted. Due

2.4. Formation of nanoparticle clusters
For a given density of the floating linkers and a fixed number
of NPs we perform long numerical simulations with the goal
of determining the aggregation pattern at a stage when all NPs
are saturated at the allowed level specified by the value of L .
In practice, this goal is difficult to achieve in the regime when
larger clusters grow because of screening effects: a space next
to a site available for adsorption of a linker may be hard to
access because it lies in a ‘cavity’ formed by other NPs in
the cluster or by other clusters. In such situations, we relax
the conditions on terminating the simulation so that 90% (and
sometimes 80%) of all possible adsorption sites are taken.
We find that the time intervals between successive
linking events in NP aggregation may sometimes be broadly
distributed. As a characteristic time scale, τa , for these events
one may take a mean value of the distribution. Figure 5 shows
examples of such distributions for two of the cases considered
in the bottom panel of figure 4. A simple expectation is that an
outcome of the NP aggregation process should be governed by
the ratio of τa to τs . When this ratio is large, only small clusters
will arise. When the two times are comparable, more linking
will occur and so larger clusters will emerge. Even though the
number of time steps in the simulations is only a rough measure
of time, we indeed observe the connection between the type of
growth and the relationship between τa and τs . For instance,
5
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and their relative diffusion constant) is much shorter than τa as
it is of order 0.006τ for both conditions.

3. Results
3.1. Phase diagrams for growth
We observe that the aggregation process may lead either to
the formation of many small clusters or to a distribution,
P(S), which gradually decreases with cluster size S which
indicates that large clusters appear as well. The conditions
that favor the growth of small clusters should correspond to
an exponentially decaying distribution with a small related
characteristic scale, ξ , the correlation length. In contrast, we
expect on general grounds that the larger cluster growth regime
corresponds to a distribution that decays with S as a power
law (see, e.g. [44, 45, 48]) suggesting that the aggregation
process is effectively scale free. The difference between the
two behaviors is illustrated in figure 6 which shows examples
of the distribution of cluster sizes and the corresponding plots
of (S). Here, (S) denotes the number of clusters with sizes
that are bigger than S (this quantity is typically less influenced
by the noise in the data than the distribution itself). In the
exponential regime, we have

Figure 5. The distribution of ‘time’ intervals between successive
events of NP aggregation. The arrows indicate values of the mean
aggregation time. Both panels correspond to the bottom panel of
figure 4. The top and bottom distributions correspond to conditions A
and B.

for L/L max = 0.4 (see figures 4 and 5) we get τs = 1.4τ and
τa = 1.4τ for conditions A under which only small clusters
form. On the other hand, for conditions B, τs = 3.8τ and
τa = 1.2τ . In this case, only large clusters arise. It should
be noted that any act of aggregation involves two NPs coming
together but also making an appropriate alignment through a
linker. We find that the diffusive encounter time of two NPs
(calculated from the average separation between the particles

(S) ∼ exp(−S/ξ )

(1)

and in the power law regime

(S) ∼ S α .

(2)

Figure 6. The top two panels illustrate growth in the regime which leads to clusters of small sizes whereas the bottom panels show the regime
in which large clusters arise. The parameters corresponding to the lower panel are: RNP = 5 nm, L/L max = 0.45, n L = 4 × 10−5 nm−3 . The
parameters corresponding to the upper panel are: RNP = 10 nm, L/L max = 0.4, n L = 5.5 × 10−5 nm−3 . The left panels show the distribution
of clusters at 5% of final time when all NPs are saturated by linkers. The upper right panel shows a fit of (S) to the exponential law, using
the data in the upper left panel. The value of the correlation length ξ is indicated. In this case, the distribution P(S) is non-zero for S of 1, 2,
3, and 4 which leads to three non-zero values of (S) (for 1, 2, and 3). The lower right panel shows a fit to the power law. The solid diamonds
correspond to 5% and the open circles to 25% of the final time. The value of the power law exponent is indicated.

6
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Figure 7. The phase diagram for the linker-mediated growth for the indicated values of RNP . The contours delineate approximate boundaries
of the scale free aggregation. The diamonds indicate a detected power law distribution of cluster sizes whereas the dots indicate evidence for
the presence of only small clusters. The top panel also corresponds to the system of gold NPs linked by C-reactive proteins (discussed in
section 3). The NPs are covered by antibodies. The case in which all of the antibodies are functional corresponds to L/L max = 0.78. If six of
the antibodies are functional (the lowest observed value) then L/L max is 0.08.

where S ∗ is a characteristic mean cluster size. The scaling
function f (S/S ∗ ) is nearly constant for S < S ∗ and rapidly
falling for S > S ∗ . The exponentially decaying (s) or P(S)
thus corresponds to small values of S ∗ . On the other hand,
the power law is observed when S ∗ is large. In practice, our
procedure is as follows. If the sizes of all clusters do not
exceed two NPs, the situation is associated with the growth of
small clusters only (this is the regime in which the plasmonic
gold NP dimers [19] form). If there are clusters with S 
3, we fit the first three values of (S) to the exponential
function and determine the corresponding ξ . If ξ is below
a threshold, the corresponding growth is identified as limited
exponentially. Otherwise, we infer that the power law actually
applies. The threshold of 1.5 has been selected as an apparent
characteristic value separating the two growth behaviors. This
approximate procedure leads to the results shown in figure 7
which delineates the boundary between the two types of early
stage growth for four values of RNP at kB T = 0.1 . It should be
noted that there are substantial error bars in the precise location
of the boundaries due to the limited statistics, deficiencies in
the concept of the Monte Carlo time, and determination of
the true ‘stationary’ value of the linker density that the growth
process should be associated with. Also, the finite size of the
system leads to fluctuations that blur the boundary.
Figure 7 suggests that the favorable conditions for growth
of the large clusters (as indicated by the shaded areas) occur
when n L is small and L/L max exceeds the cutoff value f c which
grows with increasing RNP . The values of f c correspond to
about 0.3, 0.2, 0.1, and 0.05 for RNP = equal to 3, 5, 8, and
10 nm respectively. The shaded region also keeps rising toward
the higher values of n L as RNP increases and then decreases
after reaching a maximum. The latter effect is connected with
the fact that as L/L max → 1 it becomes increasingly harder

The data points in the top panels of figure 6 correspond to ξ of
0.7 while those in the bottom panels to α = −1.1. Within the
error bars, the power law exponent is consistent with the value
of −1 (which corresponds to the distribution P(S) decaying
with S with the exponent of −2) obtained by Meakin [48]
for the diffusion-limited cluster–cluster aggregation. We
observe that whenever the power law appears to be valid in
our simulations, the corresponding exponent is approximately
universal.
The task at hand is to map out the boundary between
the two regimes on the n L − L/L max plane. The difficulty
involved is that due to the intrinsically many body character
of the potential generated by a cluster and the resulting heavy
computational costs, our simulations are restricted to small
numbers of NPs and small system volumes. These restrictions
perturb the nature of the growth at its later stages through
excessive influence of one growing cluster on another and
overall final ‘gelation’. It is thus sensible to assess the
nature of the growth at its early stages, i.e. in the so-called
flocculation regime [46–48], to borrow a term from colloid
science. Another reason to study the early stages is that the
growth parameters are not sensitive to the choice of the number
of NPs that are used in the simulations (we adjust NNP and keep
the number density fixed, within the limits of the numerical
feasibility). In figure 6 the early stage is defined operationally
as corresponding to 5% of the final time—the time at which
each NP has its maximum linker coverage. An extension to
25% still seems to be in the early stage as the shift away from
the power law behavior only becomes apparent at larger values
of S (the bottom right panel).
It is useful to think of the two functional growth laws as
two faces of one law [48]:

(S) ∼ S −α f (S/S ∗ ),

(3)
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Figure 9. The temperature dependence of the cluster size distribution
for the final stage clusters in the regime of the power law growth.
The data points correspond to RNP = 5 nm, L/L max = 0.4, and
n L = 9 × 10−5 nm−3 . The upper panel is for kB T = 0.1 and the
lower panel for kB T = 0.4 .

Figure 8. The sizes of largest clusters obtained for maximal linker
coverage at the end of the evolution. The sizes are shown on the
n L − L/L max plane for RNP = 5 nm and kB T = 0.1 . The region
with the largest clusters is shown in black and with the smallest in
yellow. The color allocation has been determined by making a grid
on the plane and by taking a mean over the data points within the
grid. The grid size is 0.1 along the L/L max axis and 0.05 × 1000
along the other axis. The scale of the color allocation is shown on the
right. The white regions indicate a lack of any data points.

devices [49] while reproducible 3D shapes could be integrated
into next-generation ‘beyond CMOS’ 3D architectures [50]. In
our simulations, some of the grown large clusters do have a
sheet-like appearance but other shapes appear as well. In order
to characterize the shape of a cluster we determine its center
of mass tensor of inertia, determine its three eigenvalues, Iλ
(with λ = 1, 2, 3), and the
√ corresponding effective radii, Rλ .
The radii are defined as Iλ /S . In this definition, each NP
contributes a unit mass and the linkers do not count. The Rλ s
are a generalization of the concept of the radius of gyration into
three components. We adopt the convention in which R1 is the
smallest, R2 the intermediate, and R3 the largest radius.
We combine the three radii into one parameter:

for the linker attached to a NP to find an empty spot on another
NP to attach to. Finally, we note that the range of favorable
conditions for the cluster growth increases with the NP radius,
which reflects the increasing number of possible attachment
spots with RNP .
We now focus on the final stage of the aggregation.
Figure 8 shows the field of sizes of the largest clusters on the
n L − L/L max plane for RNP = 5 nm. The field has been
obtained by averaging the maximal values of S over pixels
defined on a grid. The color coding combines all average sizes
that are larger than 11 into one color. We observe that the
largest clusters coincide with the shaded region identified in
figure 7 by considering the early stages of growth. The final
outcome of the evolution is thus consistent with the nature of
growth at the early stages.
It should be noted that a substantial rise in the temperature
limits the growth of large clusters. This point is illustrated in
figure 9. Thus the T -dependence of the aggregation process,
under the typical conditions given in figure 9 of small NPs
with significant linker coverages and excess floating linker
concentrations, is more influenced by the effective linker
adsorption energy  than by the linker diffusion coefficient.

w=

R
R̄

(4)

where R̄ = 12 (R1 + R3 ) and R = R2 − R̄ . Clearly, when
w is close to 0 the cluster is globular. Otherwise, one eigenaxis is distinct and an axial symmetry is dominant. Cigar-like
objects correspond to R2 being close to R3 (w ∼ 12 (R2 − R1 ))
and thus to substantial positive values of w. Planar objects
correspond to R2 being close to R1 (w ∼ 12 (R1 − R3 )) and thus
to substantial negative values of w. An additional characteristic
of the cluster is provided by an average connectivity, C , which
is defined as the average number of NPs that an NP is linked
to. For an infinite square lattice, C (per particle) is equal to
2. C larger than 2 usually indicates the presence of threedimensional connectivities, whereas smaller than 2 indicates
the prevalence of chain-like connectivities.
Figure 10 shows examples of ten clusters together with
their corresponding values of w and C . The clusters shown on
the right-hand side of figure 10 are cigar-like. In contrast, the
two clusters shown on the left-hand side are planar-like, but not
strictly planar. Figure 11 shows the largest cluster that arose in

3.2. Geometry of large clusters
Controlling the degree of aggregation of covalently linked
NPs into clusters is central to current [15, 19] and
emerging applications of mesostructures self-organized from
nanostructured building blocks. For example, generation of
sheet-like clusters would facilitate reaching applicational goals
of the linker-connected networks of gold NPs in electronic
8
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Figure 12. The w–C scatter plots for the clusters with S  8. The
triangles, squares, and circles correspond to RNP of 5, 8, and 10 nm.
The bottom panel shows just those clusters with S > 20.
Figure 10. A sample choice of larger clusters with the associated
values of the geometrical parameters w and C . For clarity, the only
linkers that are shown are those which provide a connection between
two NPs. The sizes of the spheres reflect the sizes of the NPs. The
largest are for RNP = 10 nm, the smallest for 5 nm, and the
intermediate for 8 nm.

Figure 12 shows the w–C scatter plot for clusters
containing at least eight NPs. These geometrical parameters
are not very meaningful if the clusters are too small and hence
the cutoff of S  8 was selected. Another selection adopted
here is that we took only the largest clusters generated in each
run. All values of L/L max and densities considered are used to
generate the plots in figure 12. The clusters with S larger than
8 (the top panel) have w between −0.09 and 0.6. The larger
clusters tend to be more globular: w ranges between −0.08 and
0.36. We observe that conditions near the f c (the low- L end of
the shadowed regions in figure 7) seem to be favorable for a
planar growth (negative w). Large positive values of w appear
to require L/L max of 0.4 or bigger, as would be expected from
geometrical considerations of the 3D NP surfaces.
3.3. C-reactive protein
The C-reactive protein (CRP) is secreted in a human body [51]
during the acute phase of the inflammation process. It
activates the complement system that clears pathogens from
the organism. CRP binds to molecules of phosphocholine
that emerge on the surface of dead and dying cells such as
those arising as a result of a heart attack. The CRP thus
contributes to the buildup of scar tissue during the heart attack
which diminishes the survival prognostics. The peak damage
is caused during the first 5–50 h after heart failure. In this time
window, monitoring the strength of the CRP response is vital
for treatment. The raised CRP level in the blood plasma can
also be used as a risk factor for future coronary heart disease or
stroke [52, 53]. There is thus a need to develop a reliable and
fast anti-CRP sensor chip.
One way to achieve this goal is to make use of the
plasmonic properties of the colloidal gold. The surface
plasmon resonance effect is enhanced when the NP–NP
distance is reduced. The reduction is implemented by using
small linkers of the kind discussed in the previous sections or
those made of the larger CRP macromolecules. The structure

Figure 11. Example of a large cluster. It comprises 169 NPs and it
has been generated for RNP = 8 nm, kB T/ = 0.1, L/L max = 0.3,
and n L = 8.09 × 10−7 nm−3 . Its geometrical parameters are as
follows: C = 2.24, w = 0.042, and the radius of gyration is
84.31 nm.

the simulations. It corresponds to S = 169, w = 0.042, and
C = 2.24. This cluster has cavities, a large outside surface,
and some chain-like linkages which leads to a C which may
not immediately suggest a strong three-dimensional character.
However, the cluster is fairly globular overall, as indicated by
the small positive value of w.
9
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grain boundaries on the NP surface. Even though our
discussion has been focused on gold NPs with rhenium linkers,
its scope covers a more universal discussion of other systems
needing adjustments in the sizes of the effective spheres. In
particular, we have considered the gold NPs linked by proteins.
We demonstrate that this system is more likely to form large
clusters than the system with the rhenium linkers.

of the CRP has been established through x-ray and AFM
studies [53]. It is a pentameric molecule that is approximately
toroidal in shape: the outer diameter is equal to 11.13 nm, the
inner diameter to 3.52 nm, and the height to 3.03 nm. The
active sites are placed on one of the top sides of the torus (i.e. a
side—called the B-face—which is perpendicular to the fivefold symmetry axis).
In one of the proposed sensor systems [54], the gold NPs
of RNP = 20 nm are covered by anti-CRP antibodies. These
antibodies provide specificity to the CRP-based sensor system
(a bare gold binds proteins in a non-specific way). It is not
known where the antibodies bind to the CRP but the binding
sites need not coincide with the active sites of the CRP. The
exposed segments of the NP surface, i.e. those which do not
get covered by the antibodies, are passivated by means of
bovine serum albumin (BSA) to prevent non-specific binding.
The thickness of the BSA layer is estimated to be between
2.3 and 7.2 nm [55] depending on the antibody concentration.
The thickness of the layer made of the antibodies is about
6.2 nm [56]. Thus the effective RNP of such covered NPs can be
taken as 26.4 nm. Experimental results show that an effective
number of antibodies adsorbed to each NP is about 62 [54].
However, not all of them stay functional. As few as six and as
many as 62 are estimated to remain functional.
The CRP molecule is expected to bind to the functional
antibodies and act like the rhenium linker, albeit of a larger
size, connecting two NPs. In the simplest approach, we may
model it as a sphere of RL = 5.5 nm which is half of the outer
diameter. Thus for the gold-CRP system RNP /RL ∼ 4.8 which
is very close to the case of RNP = 3 nm considered for the
gold–rhenium system. We expect then that the results obtained
for RNP in the previous sections, such as those shown in the top
panel of figure 7, will apply to the gold-CRP system. However,
there are several differences. One is that the experimental
L/L max will typically be larger than in the rhenium system.
If all 62 antibodies are functional, then this number is close to
the random dense packing limit of 79 for the effective radii of
the spheres involved (see table 1). In this case, L/L max = 0.78
and the emergence of large clusters is likely. If few antibodies
are functional, only small clusters will form. Generation of
large clusters also requires adjustments in the NP concentration
as too large a concentration may effectively ’clog’ all active
antibodies, preventing any further aggregation.
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