
Classical field theory 2026 – homework

Problem 1

� From the definition of variation δϕ of a field ϕ = ϕ(x), show that:
δ(ϕ2) = 2ϕδϕ, δ(sinϕ) = cos(ϕ)δϕ.

� Show that variation δϕ is a derivation (i.e. it is a linear operation and satisfies
Leibnitz rule), and it commutes with differentiation w.r.t. spacetime coordinates:
δ(∂µϕ) = ∂µ(δϕ).

Problem 2

In four-dimensional Minkowski space with a diagonal metric of the form (gµν)µ,ν=0,...,3 =
diag(1,−1,−1,−1), find components of the tensor Fµν , if the components of the (anti-
symmetric) field strength tensor Fµν take form F i0 = Ei and F ij = −ϵijkBk, where
i, j, k = 1, 2, 3 and Ei and Bj are components of electric and magnetic vector fields

respectively, E⃗ = (E1, E2, E3) and B⃗ = (B1, B2, B3).

Problem 3

For appropriate values of indices λ, µ, ν ∈ {0, 1, 2, 3}, Bianchi identity ∂[λFµν] = 0
reproduces two of the Maxwell equations. Show that for all other values of indices
there is no new information encoded in this identity.

Problem 4

Show that the general solution of Maxwell equations in A0(x) = 0 gauge can be written
as Aµ(x) = A⊥

µ (x) +Bµ(x̄), where B0 = 0 and Bi(x̄) = ∂iα(x̄).

Problem 5

Show that the equation ∂µF
µν = ejν for the current four-vector jν = (ρ, j̄) reproduces

Maxwell equations with sources.

Problem 6

Show that in the lagrangian for a massive vector field, L = −1
4FµνF

µν + m2

2 AµA
µ, the

parameter m has dimension of mass.

Problem 7

In a pseudo-Minkowski metric with signature q (i.e. with q minus signs on a diagonal of
a metric tensor) prove the relation

ϵα1...αkν1...νlϵ
α1...αkµ1...µl = (−1)q k! l! δ[µ1

ν1 · · · δµl]
νl

. (1)

Problem 8

Show that for A = ieAµdx
µ and F = dA, the condition dF = 0 is equivalent to Bianchi

identity.


