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Elementary introduction to the Green’s function

R. C. Whitten

Ames Research Center

National Aeronautics and Space Administration
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P. T. McCormick

University of Santa Clara

Santa Clara, California 95053

(Received 13 September 1974)

A technique, using the method of variation of parame-
ters for solving differential equations, is developed for
introducing Green’s functions early in an undergraduate
curriculum. Various examples are presented.

The Green’s function approach to boundary value prob-
lems is a very powerful technique. Unfortunately, its in-
troduction in the curriculum is usually delayed until the
graduate level, where its presentation frequently evokes a
sense of mysticism as to its origin and its physical mean-
ing. We suggest that it can be introduced early in a
physics student’s education, in a physically meaningful
way, by using a very elementary technique—the solution
of ordinary differential equations by the method of varia-
tion of parameters,! which students encounter in elemen-
tary differential equations courses. The only additional in-
formation required is a definition of the delta function,
which is not usually covered in such a course. We illus-
trate the approach by means of the equation for the vibrat-
ing string and summarize some of the other cases (such as
the circular membrane) at the end of this article.

We shall first demonstrate the connection between the

Green’s function and a solution to the inhomogeneous
equation

L0 | k)= - 1), 1)

where f{x) is a forcing term that is distributed over the
string. We also introduce the corresponding equation for

which a unit impulse (represented by a delta function) is
applied at point x,:

dig(x, x,)

dx 2 +k2g(x, %) = = 6(x —x,). (2)

To develop the connection between v and g, first multiply
Eq. (1) by g, Eq. (2) by v, and subtract

dz”(x)g(x xo) — v(x)d_g_(x_xo_)
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= = flx)glx, xg) +v(x)6(x —xp).  (3)

Integrating over the length of the string (0 to L) yields

[g(x, xo)c—l%x)—v(x dg(;;x )

L
:Z)(xo) —’/; f(x)g(x,xo)dX. (4)

If the string is fixed at both ends, ¢ and v vanish at the
boundaries, and we have

vl)= [ ” flc)gle’, x) dx! (5)

as the integral equation which replaces Eq. (1). However,
it does not give any additional insight into the problem
unless one can find an explicit form for g(x,x,). This we
now do via the method of variation of parameters.

The solution of Eq. (2) is written in terms of solutions
to the corresponding homogeneous equation as

g, xg) =a(x, xy) cos(bx)+B(x, xo) sin(kx). (6)

Then we have (dropping arguments on « and 3)

flﬁgx_’x"_) = - k[a sin(kx) - B cos (kx)]

+% cos (kx)+g§ sin(kx), (7)

to which we apply the usual constraint
da ag .
ax cos(kx)+dx sin(kx)=0, (8)

Adding the second derivative of g(x,x,),

dzg(xy xO)

Zc7 = —k'lo cos(kx) + B sin(ex)]

do dap
-k (a sm(kx)—dx cos(kx)>, 9)
to k2g(x,xo) yields

da sin(fex) - d8 cos (fex)

1
dx dx _73_ G(X—XO).

(10)

Solving the simultaneous set of equations, (8) and (10), for
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da/dx and df/dx results in

The determinant in the denominator of the first expres-
sion of Eq. (11a) is the Wronskian, which takes a simple

value (in this case unity) for all equations of interest.
8(x —xg — cos(kx) lue ( e unity) equatio ; .
d 1 0 in(k We now apply the boundary conditions which specify
aa _2 . s in(kx) that the string ends are to be fixed.
dx k lsm(kx) — cos(kx)
cos(kx)  sin(kx) g(0, xy) =0, (14)
= (1/k)sin(kx)6(x — x 11a)
(1/8) sin(ex)o x - x), ( 2L, x0)= 0,
ag _ These conditions require that ¢, =0, c, =k ! [cos(kx)
-7 cos (fx )5 (x — x), (11b) . q e 0
k — cot(kL) sm(kxo)] , SO that
which, when integrated, yield in(kx)
sin{kx .
x, xg) = ————~sin|p(L -x X <x
. ) glx, x, Esin(eL) [ ( o)], 0
k" sinlkxy), x>x
a(x,xg)=Cq+ - (122) sin(kxy) _. [B(L=-x)], x> (15)
x <x a =— sin -X xX>xg.
) 0> B sm(kL) 2 0
8( V= e k=teos(kx,), x> x,
X, X0)= - . ..
s X0 2 0 X <xg (12b) We have thus obtained an explicit form for g(x,x).
’ ’ Let us now try to obtain the expression (5) for v(x) in
d terms of the forcing term f{x) and the Green’s function
an g(x,x") by establishing a connection between g(x,x') and
the solution to Eq. (1) that was obtained by the method of
. variation of parameters. The solution to Eq. (1) is again
&glx, xy) = ¢4 cos (kx) + ¢, sin(kx) expressed in terms of the parameters afx) and S(x), which
now take the forms
_1[sinlk(x ~x,)], x>x,
< x . .
%10, X SXee  (138) alx)=cy+2! fo f(x)sin(ey?)dy?,  (16a)
Equation Boundary Conditions Wronskian Green's Function
a2 _ sin kx sin k(L - xg) <
e L CRE Y g(0) = 0 L Y emi %
g(L) = 0 sin kxg sin k(L - x) x> %
Harmonlc oscillator equation sin kL 0
sinh kx sinh k(L - xg) x < x
L8420 s(x - xp) g(0) = 0 1 k sinh kL
dx? 8 o g(L) =0 sinh kxg sinh k(L ~ x) x> x
k sinh KL 0
d? dg 2 2 [-v{x - %))
+ 2y + (k2 - y2) exp sin kx sin k(L - xg)
E& dx ¥ & g(0) =0 1 k sin kL x < %o
= -8(x = xp) (L) =0
* *0 8 exp[_Y(x B x‘:')]sj.n kx sin k(L - x) x>
Damped harmonic oseillator equation k sin kL . *0
g 1dg, [, _n ¥ (R) J_(x0) - J_(R) N_(x)] I () x < xg
dx? 7 x dx 7] & 2(0) finite 2 e °
- % §(x - x0) e(R) = 0 o me(R) [Nm(R) Jm(x) - Jm(R) Nm(x)] Jm(xo) x > Xq
Bessel's equation J  and Nm are Bessel functions of the first and second kinds.3
(circular membrane) "
N :_2%_'_ O - 0 _g_g ~ag = —5(x - xg) r(a) 1 M(a,b;L) U(a,b;zg) - U(a,b;L) M(a,b;zp)] M(a,b;z) 2z < z
x x g(0) =0 T(b) P e?/T(a) T(b} M(a,b;L) |[M(a,b;L) U(a,bjz) - U(a,b;L) M(a,b;z)] M(a,b;zg) z > zg
(1) =0 M(a,b;z) and U(a,b;z) are confluent hypergeometric
Confluent hypergeometric equation functions of the first and second kinds.
g(xx0) = = {5(0) [£1(x) £2(1) = £1(1) £5(0)]
+ g(L) [£1(0) f£2(x) - £1(x) £,(0)]
+ [£1(0) £5(xp) = £1(xq) £5(0)]
a—i [P(x> %&] +Alr(x) - q(x)] g < 016 B0 - HW) £01} x> %
- S8(x - x) 8(0), g(L) 1 = 1 @ (10 £ - £ (]
specified p(x) + g(L) [£1(0) £2(x) - £,(x) £,(0)]
General equation + [£;(0) £2(0 - £1(x) £,(0)]
x [£1(xq) £2(L) - £1(L) £5(xq) ]} X < xg
A = £,(0) £,(L) - £1(L) £,(0)
where £, and f, are solutions to the inhomogeneous equation.

Fig. 1. Examples of one-dimensional Green’s functions.
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Blx)=cy -k foxf(x’)cos(kx')dx'. (16b)
Application of the boundary conditions yields

v(x)=[ksin(eL)]!
x{ fo sin(kx) sinlk(L - x*)]f(x*) dx’

- )y sin@ex)sinle(L-0)f@Naxt.  @7)

In terms of the Green’s function, Eq. (17) takes the form
L
vle)= [ fle’) gle’, x) dx". (18)

which was obtained earlier [Eq. (5)]. Thus, we have es-
tablished that Eq. (15) is indeed the Green’s function for

the vibrating string.

The foregoing derivation applies only to one-
dimensional problems, of course. However, it is perfectly
adequate for introducing the Green’s function, its origin,
and its meaning on a very clementary level. Having done
so0, it should be quite feasible to extend the approach to
the multidimensional case further on in an under-
graduate’s education and to defer more rigorous treat-
ments? until the graduate level. A table of Green’s func-
tions for other equations is shown in Fig. 1.
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WHO DECIDES WHAT RESEARCH TO DO?

Research cannot be conducted according to the rules of efficiency. Re- -
search must be lavish of ideas, entbusiasm, and time. The best advice is

don’t quit easily, don’t assume the worst, especially don’t take any advice

from any commercial person or financial expert and, finally, if you really

don’t know what to do, flip for it. The best persons to decide what re-

search should be done are the ones doing the research. The next best is the

bead of the section. After that you leave the field of the best persons and

meet increasingly worse groups. The first of these is the research director,

who is probably wrong more than balf the time, Then comes a research
committee, which is wrong most of the time. Finally there is the bead

committee which is wrong all the time.
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