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Fig. 5.7. Flow due to a vortex ring (a) relative to a fixed frame and (b)

relative to a frame moving with the vortex core. Shading denotes smoke,

in the case of a smoke ring, while the vortex core is indicated by the
black dots.
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https://www.youtube.com/watch?v=yjgACB7urOo&t=210s
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Hill’s spherical vortex

Let us now suppose instead that the region r <a is also filled with
fluid. Remarkably, it is possible to find a closed-streamline
inviscid flow in r <a which matches on to eqn (5.21) in the sense
that (i) W is zero on r =a and (ii) the tangential component of
velocity ug matches with eqn (5.22) on r = a.

In this closed-streamline region (5.16) tells us only that
w/r sin O is constant along each streamline; there is no reason to
suppose it is the same constant along each one, let alone zero.

(@) (b)
Fig. 5.12. (a) Irrotational flow past a sphere. (b) Hill’s spherical
vortex.

The most we can claim, then, is that

=c(¥ inr<a
rsin 0 (¥) ’

where the function c(W) is at this stage unknown. Using eqn
(5.18) this implies that

32‘P+Sinei( 1 ip
or? r> 36 \sin 6 360

) = —c(¥)r*sin’6  (5.23)

is r <a, and c(¥) is to be determined as part of the solution (if,
indeed, such a solution exists).

Now, in order that uyz matches with eqn (5.22) on r=a we
need

—=3Uasin’0 onr=a, (5.24)




and this suggests trying W =g(r)sin’0 in eqn (5.23). The
left-hand side is then a function of r times sin’6, and the form of
the right-hand side then shows that c¢(¥) will need to be a
constant, c, if eqn (5.23) is to reduce to an ordinary differential
equation for g(r). The function g(r) then emerges as

B
g(r)=Ar*+ —= Fert.

We must choose B =0 to keep u finite at r =0, and A must then
be chosen so that ¥ =0 on r = a. Finally, eqn (5.24) implies that
c=—15U/24?, so

2

Y= —%Urz(l = r—z)sinze inr<a. (5.25)
a

The corresponding streamlines are sketched in Fig. 5.12(b).

The circulation round these streamlines varies from one to the
other, of course, because the flow in r <a has vorticity, but the
circulation round the perimeter of a full hemispherical cross-
section is, by Stokes’s theorem,

I"max=f j wrdrd0=cffrzsinﬂdrd0=—5Ua.
o Jo o Jo

Equivalently, a Hill spherical vortex will travel through station-
ary fluid with uniform speed I'../Sa, distinguished from an
ordinary smoke ring by the absence of a hole and by the way in
which the vorticity is spread throughout the whole of the closed
streamline region (cf. Fig. 5.7(b)).

https://www.youtube.com/watch?v=yjgACB7urOo&t=210s



