











































































































INVISCID VORTEX DYNAMICS

Vorticity equation 6 Xie

D w adveetvoustretaengdrffugg
yf_sfF iCe.dw C.w.g u g

y pi ins possible g R

S M comfy
conservative body forces

3 competing mechanisms
what happens when the flow is inviscid

A V 0

Kelvin's circulation theorem Ct
e I

so
c

if II
we

y

a servate Ares
I 1 o

Lef Cct devote a closed f a e

circuit teas consists of the K o t
same fluid parteles as time Cct
proceeds C material curve

Then the circulation

T Y.dz
Cct

is independent of time














































































































Proof d For an inviscid fluid Euler's equabon
Du
DI fXp af

T free phensae

Tale i

u are 7 az So a DEE

o

de top 941 dz H

Pg 14 dz O
C B

F T C C FCB FCA
if 5 come A

but g g p barotrope fluid

stolen theorem f ftp 1 4 meds O

X Tf D

evolution of a malarial line
we derived puerto sG DIDI g g y

use this D

as Can u a lui dz o III o QED














































































































Notes
a C is a material curve dyed the result
is ud true for any curve fixed in space

b The theorem does not require fee flewd to
be a simply connected region
e 8

is okay

c The invascod cgs ofmotion only enter in evaluating
the integral around C if viscous forceshappen to be
important elsewhere in the flow off fee curve C
Jews would not affect flee asuelegen

Loft generals w ou u airfoil

Kutta Joukowski Lifttheorem
book by Age
e

s
how is P established

HIE
A simple Kelvin th argument

Choose a Cange concerns crowd

originally we Sent at P D at 4 0

T abcd 0 at all times
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PCabeea P aecda

In abcea a vortex of positive vorticity induces

T.EETieoasgE iias fu.an iso

s T is established

over














































































































The persistence of invotaboure floe

For an 9 viscid incompressible fluid in a conservative

body force feelee if a portion of the feud is in an

irrotabonal motion it will always remain in irrotatroned
motion Cauchy Lagrange theorem

Proofs

suppose that x s not identically 0 at a
certain moment Their Stober

re dna b Yds would be usurers

around a small selected Corcino But P fo
would violate Kelvin's therein since 7 0 at t O

For a QD flow Coedeae fluid flee vorticity og AsiDw
Ft D

Ss free result above Is 06hr0 s but in 3D it is not

viscosity is the source of vorticity

Helmholtzvortextleesneurst
vortexes at anytime t is a line wheel has the same

direction as 6 x

A vortex line z z s is obtained by solving
a secs dr
y yes DI DIdes des2 2 s

dswo wy t














































































































n Vortex lines pass funny a single

Vortex loves move with the fluid

T e yds is the same for all

cross sections of a vortex tube

t.IT17 afeofutE.eaweraanee
I
Special case axosymmetrie flow 3D

y repCR t t Er

t

k axosymurehrie flow vortex tubes are ring shaped
Because they are material lines they might expand
or contract abort flee oats

cross sectioned area SS of a the tube will be
proportioned to d

ZITA
But WSS coughat By 2 w 2IR







































































































One casm seen that DDT f so

when vortex tube is surrounded by instalion L
motion we call it vortex ring

U I e

c
2

Look up 4T videos from the Royal Institution

We will now analyse the motion of an isolated

pate of wortcity Camsymmetrie
toroidal pacczek

Hillsvortej
donut donut

be order to find thee fesu field we introduce

I coneeple

https://www.youtube.com/watch?v=yjgACB7urOo&t=210s














































































































The Stokers stream function

For QD incompressible fess the flu field can be
represented leg shear fw.net's 4 such tent

u 8yd hey 8 4 9 1 0

Why Because then

e 8 so

automakoally
4 is constant a streamlines because

fu 4 0 y 4 0

For an easymurefirtc incompressible flow in 3D we

have an analogous representation

y x tee
we define to be constant on streamlines and
it turns out that t ssR

y exc Ea
in spherical polar coordinates

ax rat
whence

i 8 2
ur

1
Tsou0 OF rsm 0 Dr














































































































We also have

Cy DI ur 8 a 0

IT is constant along streamlines

Krotational flow past a sphere

Steady flow andsymmetric

Er so Cu e f so e pfs o

is const along Areamlines

consoler a uniform flow past a rigidspotter p a

µ D

I
W O

Sssw 0 everywhere in r a Ivrodectional flow

w w Eep where

w f f ruse f 8
so in terms of I i

w 18 io E.g D o

0
need to solve














































































































13
u r a I D streamline

af so we have ur n UGSB

Up Usnrf

stgllrs.us as r 70

we try a solution of the form 6,0 f.fr srub
solve

wegot I U r2 f son's
There is a slip velocity on the surface

3g U gon D on rs a

1I1h te suppose that rsa is also
filled with fluid

The flow insole is rotational
I can vary between streamlines

we claim
wrong CCI in rsa

so

TIE 8 cc siaio
with B C

g f Us so b on r a














































































































we try I gcn IF

we find

I G Uifl Ea sofa
circulation annual any hemispherical crosssection
is Clay Stokes

Pusa Wr dr dB c r's drdo 5ha

Equivalently flee Hill's spherical vortex moves
at pU way

5A








































































































































































































https://www.youtube.com/watch?v=yjgACB7urOo&t=210s


