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Computational access to the logarithmically scale-dependent Hamiltonian eigenstate picture for
hadrons in the space of virtual quark and gluon states in the canonical front form of QCD is
impeded by the small-x divergences stronger than logarithmic. We propose introducing a gluon mass
parameter and an auxiliary color-octet scalar field to regulate and break through this barrier, using
the renormalization group procedure for effective particles (RGPEP) [1] in the limit of the gluon
mass parameter going to zero at the end of a calculation. At that point the auxiliary field decouples
from the finessed effective constituent dynamics, as required in the gauge theory. The same method
yields cancellation of the quadratic ultraviolet transverse divergences in the self-interactions. We
explain how this approach works in virtual quark and gluon scattering amplitudes and in Hamiltonian
eigenvalue problems for bound states. We focus the discussion on the case of heavy quarkonia [2],
where one obtains rotationally symmetric effective interactions at small interquark distances, akin to
harmonic oscillator potential, and only globally colorless states having finite masses in the limit of the
gluon mass going to zero. Previously [3], it was suggested that the QCD vacuum effects, such as in
the QCD sum rules [4] and due to the instantons [5], can manifest themselves effectively through the
front form counterterms to the small-x regularization singularities. We advance the hypothesis that
the corresponding effective interaction terms can instead appear in the finite renormalization-group
evolution when the scale parameter is lowered towards Aqcp in the RGPEP scheme.
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Precise derivation of the logarithmically scale-dependent Hamiltonian eigenstate picture for hadrons
in the space of virtual quark and gluon states of the canonical front form of QCD cannot be achieved
without first addressing the problem of smallz divergences stronger than logarithmic. We propose
to facilitate cancellation of these strong divergences using a mass parameter for gluons and an
auxiliary color-octet scalar field corresponding to the longitudinal polarization. The auxiliary field
decouples from the hadronic constituent dynamics in the limit of the gluon mass parameter going to
zero, as required in the gauge theory. The same method simultaneously facilitates cancellation of
the quadratic ultraviolet transverse divergences in the self-interactions. After explaining how this
approach works for virtual quark and gluon scattering amplitudes, we describe how it applies in the
Hamiltonian eigenvalue problems for bound states.

Saturation of gluons because small p™ leads to large s?

Explanation of how Susskind’s vacuum freezing occurs, by making small-z gluons freeze into the
bound-state eigenvalue shape

E(Pt =0,PT = M) = M. In exact solution the eigenvalues do not depend on s and therefore do
not depend on P and Pt Precision of solving the RGPEP equation and the associated eigenvalue
problems is reflected by degree of independence of the eigenvalues from P*.

van der Waals forces?

Instead of seeking vacuum effects in reaction to the cutoff €™, like Wilson et al., it is proposed
to work with mg and approach the vacuum issues for finite size s of the effective quanta in the
limit my — 0, the parameter that can be used to describe confinement in the Fock space, including
the quantum gluon string formation mechanism. So, instead of studying vacuum effects through
regularization, study them using the RGPEP in the theory with mgy — 0. The point is that the
parameter my regulates infrared singularities and the RGPEP can be used to take care of the
ultraviolet effects in the eigenvalue problems.

Small denominators are avoided in computation of Hy.

Rephrase deeply: Advance the hypothesis that the vacuum-like effects develop in the renormalized
small-z dynamics and can be found using the RGPEP by matching the parton dynamics [Il 2], QCD
sum rules [3 [], large momentum effective theory methods of lattice approach [5l 6], and including
vacuum effects in the parton picture [7].

Quarks and gluons with large p™ are little evolved in the RGPEP. They closely resemble partons
understood as quanta in canonical QCD. By comparison, quarks and gluons with small p™, on the
order of a hadron mass, are evolved a lot in the RGPEP towards the picture of the constituent
quarks. This means that the quanta with large p™, like in the parton model, interact nearly as in the
canonical QCD, while the interaction vertices of the quanta of small p™, such as in the rest frame of



a hadron, are tempered by relatively narrow form factors, include terms resembling potentials and
are expected to theoretically support the constituent quark models success in the classification of
hadrons.

Technical improvements: boost invariant f”, simple generator [H s, H;], no need for counterterm
0(qgiuon), confinement for my — 0.
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II. INTRODUCTION

For precise application to the physics of hadron constituents, the Hamiltonian of QCD needs to be constructed as
an operator acting in the space of states of virtual quarks and gluons in a definite form of dynamics. Among the forms
identified in [8], the commonly known way of describing the evolution of physical systems using time s of some observer,
is called the instant form (IF'). The name originates from the space-time hyperplane corresponding to one value of s,
an instant. The less familiar form, in which an observer describes the system evolution from one value of x™ =t + z to
another, is called the front form (FF). The name comes from the fact that a space-time hyperplane corresponding
to one value of 21 is swept by the front of a plane wave of light moving against the z-axis. The choice of the FF of
dynamics for describing how quarks and gluons form hadrons stems from the desire to describe the hadrons in any
state of motion, such as being at rest in a laboratory or moving with a speed nearly equal to the speed of light after
leaving an accelerator. In the IF, boosting hadrons is associated with complex dynamical effects because the quantum
generators of boosts involve interactions. In the FF, there are 3 independent Lorentz transformations that are free
from interaction effects and the dynamics is invariant with respect to them. This feature suggests a simplification of
the task of relating the observed parton structure of fast moving hadrons and their spectroscopic classification at rest
in terms of states of 3 quarks or a quark-antiquark pair [9]. Besides offering a way to approach the quantum boost
problem for bound states, the FF Hamiltonian of QCD naturally provides the eigenvalue equations determining how
the physical hadrons, represented by the eigenstates, are built from the quanta of quark and gluon fields.

However, the canonical FF Hamiltonian of QCD is a singular operator. One needs to identify a computational
path that leads from the canonical theory to the finite solutions of the bound-state eigenvalue problems. Asymptotic
freedom suggests that the binding mechanism for hadronic constituents involves logarithms of their relative momenta.
But to reliably compute the logarithmic effects in bound-state dynamics, one first needs to find a way to control the
functions more singular than the logarithms. This paper proposes a way to do so. The difficulty to overcome is that
the FF of the theory involves singular functions of two different kinds of variables.

In particular, the constituent momenta measured along the z-axis greatly differ from the the momenta in directions
perpendicular to that axis. Consequently, the FF Hamiltonians do not possess any explicit three-dimensional rotation
symmetry that the IF Hamiltonians have. Instead of the three-dimensional momenta, say p, one works with the
transverse momenta of quanta, denoted by pt = (p*, p?), and the longitudinal momenta, denoted by p* = p° + p3.
The corresponding boost-invariant variables of two kinds are the quanta relative transverse momenta k+ = pt — 2P+
and the ratios x = p*/P*, where P denotes the total momentum of the quanta involved in a Hamiltonian interaction
term. Divergences occur due to k+ going to oo or 0 and due to = going to 0 or 1. For example, there are singular
functions that behave as 1/22 or 1/x. Reliable treatment of Inx when x — 0 requires a Hamiltonian renormalization
procedure for the divergences in = and k* [I0]. The first step of any such procedure is to regulate the diverging terms.

Regularization of the Hamiltonian terms can be arranged by limiting the values of k1 and z. Suppose one does it
for the transverse and longitudinal coordinates separately. In that case, the ultraviolet divergences associated with the
longitudinal and transverse directions pile up on each other, which leads to a complex renormalization procedure. One
can correlate the regularization cutoffs on k- and z by limiting the total invariant-mass squared, denoted by M?2, of
the quanta involved in an interaction term. Each of the quanta contributes to M? via P71 times

kL2 +m?

o= K0 -k = 1
Pt (1)



with m being a mass assigned to a quantum in the free part of the Hamiltonian. Limiting M by a cutoff from above,
say A, one simultaneously limits |k*| from above and prevents = from approaching 0 because m?/x is limited. The
role of a mass parameter as regulator is of interest because mass does not distinguish any direction in the space of
four-momenta. The issue with gluons, however, is that they are massless, as befits gauge bosons. For them,

12
P+k'_ - % . (2)

Small z is not limited from below by the upper limit on the invariant mass M when k* is correspondingly small.
Therefore, the ultraviolet renormalization procedure is interfered with by the infrared issues of the theory. Namely,
the small-z region belongs to the ultraviolet regime when k= is sizable and it also contributes to the infrared regime
when &+ is small. This is where the gluon mass parameter, mg, can be introduced as a regulator disentangling these
regimes. Replacement of k12 in Eq. by k2 +m2 makes small 2 correspond to the ultraviolet regime even if k*
vanishes. But a gluon mass term the canonical FF Hamiltonian of QCD for the regularization purposes, the resulting
virtual quark and gluon transition amplitudes involve integrals of, in essence,

2
my 1

kL2 +m§ x2

(3)

The small-z singularity is associated with a function of the transverse momentum. The singularity strengthens when &+
decreases. We propose to counter this gluon mass effect by adding quanta of an auxiliary scalar octet field ¢ = ¢*T* to
the dynamics. These quanta correspond to the longitudinally polarized gluons. In the limit mg, — 0, the longitudinal
quanta decouple from the theory when mg — 0. Such decoupling is know in case of the FF of QED [I1] 12], but as far
as the author knows has not been taken advantage of in the FF Hamiltonian of QCD as it is done in this paper.

Since the paper is focused on the use of gluon mass for the purpose of regularization and renormalization of the FF
Hamiltonian of QCD, it does not report on or directly refer to most of the rich literature on the FF formulation of
quantum field theory (QFT) and its applications. The literature can be traced following [2} 10} [T3H20].

In Sec.[[I]. . . Paper outline:

III. BARE HAMILTONIAN

Canonical FF Hamiltonian of QCD is derived [I3] [14] from the Lagrangian density

Laon = 0 (i — gh—m)w— % Tr G, G (4)

where the sum over quark flavors is assumed but not indicated. The derivation is recalled below for it is used later to
explain our procedure for dealing with the small-x divergences caused by gluons.

A. FF Hamiltonian of QCD

By minimizing action described by Lqcp of Eq. , one obtains equations

(i) —gA —m)e = 0, (5)
0.G*? +ig[Aa, G + T3 = 0, (6)

where the quark current is J;Z’B = —gyTP4). In the gauge AT =0, Eq. || relates the field ¢y = A_1 to the fields
= Ayt and AL, where Ay = 1~99% Namely,
+ + 27

Yo = oot 0 — gA) + By, 7

Similarly, Eq. (@ with 5 = 4, provides the constraint
20+

A=y 2

A+ L) ®



with J§" = —ig[o" AL, A+t]e. Inversion of 72 is a remote analog of inverting Laplasian in the Poisson equation
to obtain the Coulomb potential in the IF of Hamiltonian dynamics. Generally, inversion of the derivative 9% is
understood here in terms of the inverse of momentum in the Fourier transform. Field modes constant in =~ will not
appear in the regulated theory, see below. When the coupling constant g is set to 0, the constraints simplify to the
constraint equations for free particles,

1

vi- = ¥ (ahid* + pm) ¢y, (9)
1

A7 = %AL. (10)

One uses these equations to define the fields

Yr = Yp+po (11)
Ap = (A;,A+ - o,Al) : (12)
Canonical formula for the FF Hamiltonian of QCD expressed in terms of the fields ¢ and Ay, is provided by the

component P~ of the total four-momentum carried by the quark and gluon fields. Thus, P~ is an integral of Noether’s
energy-momentum tensor-density component +— over the front,

Hgep = / T&?D ; (13)
F
where [ = [d*z§(zT). The Noether tensor is
0Lqcp
Thén = o'x — gt L . 14
QCD . 86“)( X—49 QCD ( )

The sum extends over all fields y in Lgep with AT = 0. The Hamiltonian reads

Hqep = / d*x*+dz™ Hqep , (15)
where the integrated density is, ¢f. [21],
+ 12 2
- (_a +m ) 1 a a a a a
1 27 ,er 1 2 a I via
+ 59 wfﬂfmié{f?ﬁf =19 [Apu, Ay, (A%, A
1 a+ at+ 1 at+ a+
i(J‘/’f +JAf)W(JAf+wa)v (16)
with currents
Jolt = =g Ty "y, (17)
T = g0 Ag, AY" (18)

These currents depend on the fields AL and ¢, only, since they include explicit solutions for ¢;_ and A]?. They differ
from the currents

T = —guTe Ayt (19)
Ty = iglAa, G (20)
B. Gluon mass and auxiliary field

The gluon mass term and the associated term for the auxiliary octet scalar field ¢ = ¢*T*, are added to the density
Haqcp of Eq. to form the amended density,

Mg 1 a a 1 a a a 1 a a
Holn = Haop — 5 mgA7, AY + 5 ¢"(=072 +m)e" +mge” o (T4} + i) - (21)



The gluon mass parameter m, and field ¢ introduced in Eq. suffice for the purpose of regulating the gluon
dynamics, see Sec. When my is set to 0, the amended density becomes equal to the canonical Hqcp of Eq.
plus a density for a decoupled, free massless field ¢. The latter one can be ignored. Thus the limit my, — 0 recovers
the canonical FF Hamiltonian of QCD.

In Eq. (21)), the mass term for the gluon field A involves only the constrained field Ay of Eq. . The kinetic term
for the field ¢ has the standard form for scalar bosons. The coupling of ¢ to the quark current is similar in structure,
besides the color factors, to the couplings introduced in massive QED [11] 22| [23]. The auxiliary field ¢ couples to the
color current of gluons. However, it does not couple directly to itself, despite that it carries color. Our scheme differs
from the generalized Stueckelberg formalism for massive Yang-Mills fields, in which additional constraints are imposed
to eliminate terms inversely proportional to the gauge-boson mass parameter [24]. Such additional constraints are not
needed here.

The Fourier modes of the field ¢ with momentum p couple to the color currents proportionally to m,/p*. This
ratio diverges for p™ — 0. Precisely such coupling yields the cancellation of the severe small-z divergences due to the
assignment of mass m, to the transverse gluos, see Sec. M

The density HgéD can also be derived from the Lagrangian density

m 1 a a
£Q(q}D = £QCD + 5 (mgAM —|—(’“)M¢ )2 , (22)

proceeding in parallel to Sec. [[II A] using gauge AT = 0. The term added to Lqocp in Eq. is not gauge invariant,
as the regularization purpose it serves is not. Since the field ¢ is assumed very weakly coupled to gluons and since
color is confined, any physical effects due to that field, if it existed, would be hard to detect. In principle, ¢ might
contribute to the gravitational effects.

Quark fields ¥ obey the same equations in the case of EgéD as in the case of Lqcp, for the added term does not

depend on the fermion fields. Therefore, the constraint on ¢_ is the same as in QCD with m, = 0, Eq. . Keeping
AT =0, variation of A~ yields the constraint

2 2m
- _ 4- + + g
AT = Af"'ﬁUAf""wa)"’_aTqb’ (23)

which differs from the canonical Eq. by the last term only, given the identities JX = ij and JJ = JJ ¥ that follow
from y*2 = 0. The field ¢ obeys

O¢ +myd, A" = 0. (24)
The constraint Eq. implies
1
O Ar = 8—+(Jj{ +J5) +myd (25)
m
(O+m))p = —8—fr’(<]j{+<]$). (26)

The latter equation exhibits the so-called “longitudinal” or “good” currents [25] as the only sources of the field ¢. The
amended Hamiltonian density Hggm is obtained by evaluating P~ that follows from the energy-momentum tensor

density implied by £géD.

C. Quantum Hamiltonian

The Hamiltonian,

Hép = / d’ztde” MOy (27)



9

where the density Hg'éD is a function of fields ¥y, Ay, and ¢, given in Eq. , is turned into a quantum operator
ﬁgéD by replacing the fields at 2™ = 0 with operators,

3 2
55 1 x> + o] 29)

Yy =
c=1o0=1
8 2 4 ‘
A? = ZZ/[p] [ggchdpace_pr +55;Tcd;[7cezpw] =0 (29)
c=1o0=1
~ 8 . .
¢ = / [p] [—iTCdp:sce_W—l—iTcd;rﬁce’WLJr_o . (30)
c=1 -

In this notation, ¢ refers to colors of SU(3) and o denotes spin projections on z-axis. Momentum integration measure
reads [p] = dpTd?pt/[2pT (27)3] with pt > 0, pt = (p!,p?), pxr = p~ 2t /2 + pta~/2 — ptat. The quark spinors, u,,
Upo, and gluon polarization vectors, e, are given in [14], App. A. Flavors of quarks are kept in mind. The creation
and annihilation operators, B, Z;T, J, aﬁ, a,a’, will be commonly referred to as particle operators. They are assumed to

satisfy the anti-commutation relations for fermions and commutation relations for bosons,

{l;pacu I;I)’o"c’} = {dpaca Ci;’a’c’} = |:dpo't:7 &:J’o"c’:| = 2p+ (27’(’)363 (p _ p/)(SUU,éCCI . (31)

Other commutators or anti-commutators vanish. Fermion operators commute with the boson operators. By definition,
the annihilation operators b, d, a produce 0 when they act on the vacuum state, denoted by |0). Products of particle
operators in all terms of the Hamiltonian H, olp are normal-ordered according to the pattern afb’d'dba. The
normal-ordering is indicated by double dots. Thus,

iy = / Patde  HEs (g, Ag,d) (32)

This Hamiltonian is singular and requires regularization as a part of the renormalization procedure described in next
sections. The normal ordering will be always present but not indicated. Hats will be omitted to farther simplify the
notation.

IV. REGULARIZATION

Regulating the Hamiltonian of Eq. begins with limiting from below the range of momentum p™ labeling creation
and annihilation operators in the quantum fields in Eqs. , and . The lower bound on p* is denoted by
€™ > 0. This lower bound is set to be smaller than any p* in any physical process.

A. Particle momenta and cutoff ¢t

To introduce the cutoff et, we define the integrals over the momenta that label creation and annihilation operators
in Egs. , and as limits of discrete sums. The continuous notation is meant to correspond to the discrete
momentum spacing that is too small to notice in physical applications. Care needs to be exercised because there
are two limits to consider in discussion of physical processes, a large-volume limit and a long-time limit, cf. [26]. We
introduce a large cuboid extending from —2L to 2L in = and from —L to L in 2! and z2. The cuboid is assumed
large enough to easily contain all processes of physical interest. These processes are meant to develop over front “time”
2T much shorter than 4L.

The discrete plane-wave momenta in the quark and gluon fields are defined using the periodic boundary conditions
on the cuboid walls at 27 = 0,

pn=cn,n = (nt,n' n?), (33)

where € = /L, nT is a natural number while n! and n? are integers. The number n* is positive because a free particle
of positive mass and finite energy £ has p™ = E 4 p* > 0 no matter how fast and in what direction the particle moves.
The assumption is that, in the absence of interaction, the theory describes the energy of free particles, which we
consider to be the field quanta, see e.g., [27], p. 297. Since the box can be arbitrarily large, € can be arbitrarily small.
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Suppose one sets an ultraviolet cutoff A on the particle energy [28-31],
En = (py +p,)/2<A, (34)
where p, = (pt2 + p?)/p;}. Such cutoff implies that
A-A, < pf<A+A,, (35)

with A, = /A2 —pl2 — ;2. Thus, p} > e, where e = (u? + p;-2)/(2A) > 0 for A > p? > €2. Thus, the energy
cutoff implies that the momentum p; for particles with positive masses is separated by the positive gap e from zero.
In the infrared box limit, L — oo, and the ultraviolet cutoff limit, A — oo, the question of which quantity is greater, €
or et, has an answer depending on the order of limits,

& _plp

This formula relates the ratio €' /e to the ratio of the number of the particle Compton wavelengths that fit in the cube
edge and the number of free particles at rest whose total energy equals the cutoff A. We assume that the infrared
limit L — oo is taken first for a fixed mass p. In that case, €™ > €. In the field expansions, the sum over momenta p,,
involves p;l separated from 0 by the gap 1?/(2A). Therefore, the integrals in Eqs. , , and (30), do not extend
down to pt = 0. Consequently, the Hamiltonian HgéD does not contain any terms that are made only of creation or
only of annihilation operators. Such terms would imply that a natural multiple of ¢ equals 0.

The largest value of pT allowed in the operator labels in Eqs. , and , say @71, is assumed large enough
to consider all physical processes of interest. Since every physical process is characterized by some conserved value of
its total plus momentum, say P+, and since the plus momentum of each participating field quantum is smaller than
P+, it is sufficient to assume that QT is finite but greater than the total PT in any process of physical interest.

B. The weak-coupling issue of vacuum

The Hamiltonian of Eq. is normal-ordered and, according to Sec. all its terms contain at least one
annihilation operator. Such terms annihilate the bare vacuum state, denoted by |0). Therefore, the state |0) is an
eigenstate of H with an eigenvalue 0. It is also an eigenstate with eigenvalue 0 of the normal-ordered operators P+
and P+, which makes it a candidate for the theory vacuum state.

The issue is that the interactions can cause formation of Hamiltonian eigenstates with eigenvalues smaller than 0, for
any finite eigenvalues of Pt and P*. But when the regulated interaction terms are made arbitrarily small, by making
the bare coupling constant g arbitrarily small, all eigenstates with positive P must have eigenvalues P~ greater than
0. It has to be so because all the quanta of the regulated theory are assigned masses squared greater than 0. Therefore,
all quanta necessarily contribute only positive amounts to the total value of free P~. The interaction energy is too
small to cancel that free positive P~ when g tends to 0. Hadrons are then considered to be states obtained by acting
with the creation operators on |0).

The situation changes when the coupling constant is increased and the Hamiltonian develops negative eigenvalues
due to the interactions. Such eigenvalues would invalidate the assumption that the eigenstate |0) of eigenvalue 0 is the
theory’s ground state. Therefore, we assume that no such strong binding effect occurs in QCD with physically justified
values of the coupling constant and masses of the quanta. The issue becomes whether the squares of masses in the
renormalized effective-particle FF kinetic energies, including the adjustment of the mass-squared counterterms to be
discussed later, are large enough to prevent interactions from generating negative eigenvalues P~ for bound states of
quarks and gluons. The author does not know any example of such negative eigenvalues in any realistic theory.

C. Regulating interaction terms

Interaction terms in H(SL(%D do not converge as functions of the particle momenta. Such interactions cause arbitrarily

large changes of momenta and produce diverging transition amplitudes. The pertinent measure of momentum is p—,
an eigenvalue of the free part of the Hamiltonian, obtained from HgéD by setting the bare coupling constant g to 0.
The free part is denoted by Hy,

2 12 2 3 12 2
p+m P 4+m
iy = Y [0 Wb + i) + 3 [ (37)
o=1 o=1
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It results from the first two density terms on the right-hand side of Eq. and from the terms second and third on
the right-hand side of Eq. . Quanta of the auxiliary gluon field ¢ are accounted for by summing over 3 instead of
only 2 polarizations. The interaction part of HgléD is denoted by Hy,

Hyép = Hyp+Hip . (38)

With all annihilation operators commonly denoted by a, the structure of H; reads

H =Y H;, (39)

[H /[pm}a;m] [ﬂ /[qn]aqn] Sc.a hi(ﬁ) ‘j) > (40)

where ¢; and a; are the numbers of creation and annihilation operators in the term 4, respectively. The coefficient
h;(p,q) depends on the set of created particles’ quantum numbers, p, which includes p,, with m = 1,...,¢;, and
the set of annihilated particles’ quantum numbers, ¢, which includes ¢, with n =1, ..., a;. Canonical coefficients h;
are proportional to the coupling constant g or its square. The symbol d., stands for the §-function that secures
conservation of the total kinematic momentum of quanta involved in a term,

dca = 2(2m)%8 (pF —pg) 6% (br —pr) . (41)

where the subscripts ¢ and a refer to quanta created and annihilated by a term, respectively,

C; @i
Pec = Z Pm s Pa = an . (42)
m=1 n=1

Our regularization scheme sets a limit on the magnitude of change of the particle momenta that the interaction terms
can cause. We first describe the regularization of the interaction terms that are linear in g and then of the terms that
are quadratic in g.

H;

1. Terms linear in g

Regularization of terms linear in g amounts to inserting in them regulating factors f ;,
T(@.q) = f54T(P,0) (43)
where, using notation of Eq. (42)),

fra = e~lr e =Pl — o= Ir (ME-MO)/pI)* (44)

with M2 = p? and M2 = p2. The specific form of Ipq» Ea. 1} is chosen to match the solutions of the homogeneous
renormalization group equations for Hamiltonians, described n Sec. [V}

The insertion of regulating factors in terms linear in g, is illustrated below using the three-gluon interaction term.
The term originates from the density term —Ji’} %, for transverse gluons in Eq. . Before regularization, the
canonical term reads

8 2
Hps =g Y. > / [123] alabas Yiss 6105 + hec. (45)

c1,¢2,¢3=101,02,03=1
where
- £C1C2Cs3 * ok * * * *
Y123 = ’Lf 1e263 [8182 Egkﬁlg —£1€3 5214512/.’1?2 — E9E3 Elk‘lg/(I}l] . (46)

The symbols € denote the gluon polarization four-vectors. The three-gluon vertex function Y23 grows proportionally to
ki5, the relative transverse momentum of the created gluons 1 and 2, ki5 = zopi — 71py, o1 = pi"/pg', To = p;/pg' =
1 — 1, ki, = 0. This growth leads to the ultraviolet transverse divergences in transition amplitudes. The vertex also
grows as 1/x1 or 1/xo when a1 or x5 tend to 0, which leads to the small- divergences. Additional complexity results
from the ratios kis/z; and kiy/z2. For example, a term with an infrared k* may become ultraviolet when z — 0.
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We use the gluon mass parameter m, to untangle the mixture of ultraviolet and infrared divergences. The regulated
three-gluon interaction term reads

2
H23 =g Z /[123] a{a;ag Y123 512,3 f{273 + h.c. 3 (47)

01,02,03=1
where

flag = ol (Miy=m3)/p{]? (48)

The invariant mass M only depends on the relative motion variables of gluons 1 and 2 , * = x; and k+ = k5,

kL2 4+ mg

2 _
Mz = x(1—x)

(49)
When the invariant mass is finite and r — 0, the regulating factor f{, 3 tends to 1. When the invariant mass diverges
and 7 is fixed, the factor tends to 0. The regulating suppression of the vertex occurs when M?, exceeds the magnitude
of pgr /7 or, for |k*| smaller than mg, when  decreases below rmg / p3+. The presence of m, guarantees that Mo — oo
when z — 0. Thus the small-z gluon divergences are turned into ultraviolet divergences. Without mg, the region of
small x would not be regulated by the factor f, 5, for one could have k+ ~ 2% with o > 1/2. The non-locality of
vertices regulated using factors fi, 5 is analyzed in [32} [33].

All terms linear in ¢ in the Hamiltonian HgéD are regulated using factors f7 ; as in the above example. Such terms
contain two creation operators, one for a quantum of some mass mi and another one for a quantum of some mass mso,
and an annihilation operator for some quantum of mass ms, in correspondence to aJ{, a; and a3 in Eq. l) One uses

the invariant mass of quanta 1 and 2, squared,

ki +mi  kiz +m3
M%Q _ N2 1, M2 2 (50)
x1 T2
The regulating factor is
flag = e~ lr (M3 —m3)/p31* (51)
2. Terms quadratic in g

Regularization of the canonical terms proportional to g2 concerns products of four fields. There are two kinds
of them. One kind results from the constraint Eqgs. (7)) and . These terms involve an inverse of 8. They are
traditionally called seagulls. The other kind originates from the square of G**" in the Lagrangian density. Both kinds
are treated in the same way, described below using the example of a seagull.

Constraint Egs. and relate gauge field component A~ to 1/9%2 acting on the color current J. The latter
involves products of two fields. Therefore, when a color current is multiplied by the constrained A~, the resulting
density term is of the form J(1/072).J. Each J can be though of as creating or annihilating a gedanken gluon that
carries the momentum associated with 1/072. The imagined gluon together with the current .J form a vertex that is
regulated by the factor f{, 3 in the same way as the three-gluon vertex is in Eq. . In the fermion seagulls, the
gedanken quantum is a fermion rather than a boson. In the Hamiltonian term due to the product of commutators,
g*[A?, AT])¢[A) A7), each commutator is treated as a current, even though the inverse of 9% is absent.

The rgularization of terms proportional to g2 is illustrated using the gluon seagull term

1 -1
- g2, .1 a a a a

Hy = [do et SO} + I35 U85 + 5 (52)
originating from the last density term in Eq. . It involves four terms, each of which is a product of four fields. All
these products are regulated according to the same rule. It suffices to describe one product. We describe in detail the

regularization of the term that involves only quark and antiquark operators,

1 1
Hjy,g, = /dm‘dle fJ;;*

2 VS (i0+)2 J@%Jfr ’ (53)
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The current at 27 =0 is

T@ = 0 2 T [

C1,C2 01,02

X I:aplo'lbl;la'lcl zp1z+vplaldp101Cle—zp1w]
X ’Y+ [upszszzazcze lpzx—’—vpzdzd;zazczeszx] : (54)
The spinor products are
ﬂ1’Y+U2 - 617+02 =2 pfp; 501702 ) (55)
w1y vy = v1yTue = —24/pipd G0y 0 - (56)

Hence the normal-ordered, regulated current is
= =03 3 e [l 2eles () (57)
C1,C2 01,02

where the bracket,

{ Y = bibzei(pﬁm)z [91—2ff,2(1_2) =+ 92—1f§,1(2—1)} 01,0

_ delei(Pz—pl)m [82_1f571 2-1) t 91_2']“{,2(172)} 0oy ,00

— deT z(p1+p2)fl’f (1+2)5_01 o2

- d1b2eﬂ(pl+p2 mf12,(1+2)5—01,02 ) (58)
carries the superscript r to indicate the insertion of the regulating factors. The gedanken gluon is assigned the mass

myg for evaluating its minus momentum. The Heaviside’s -function 6;_; = 0(p; — pj) Thus the regulated quark
seagull is

Hy ,, = / do~d*z+ { JiE (zal+) J“*] (59)
— 1 - g2,.L . |. yat . 1 . ojat . " .
= 3 /da: a2t [ e } e [ o } ;o (60)

The colon, a symbol for the normal-ordering, is dropped below. For the purpose of illustration of Eq. . We display
details of the term that transforms a quark-antiquark pair into another such pair.

rqq 1 é e
HJ,f(jw = 592 Z T12T34/[1234] ca{ }4y PiDs P3P (61)
1234
where one sums over the color superscripts ¢ from 1 to 8, and

-2

{1} b1d1d3b2 91—2f{,2(1—2)501,02 W93—4f§,4(3—4)503704
3 4

+ bldldsba 021 f5 12-1)001,00 T3 04-3[1304-3)003,04
(ps —pi)
. 2
+ bldjdsbs f12,(1+2)6—01702( i) 5 f34,344)0 05,04 - (62)

3. Fully regulated bare Hamiltonian

Fully regulated QCD Hamiltonian with the gluon mass m, and field ¢, denoted by HQCD, reads

ot = [ datde Wi (6r.45,9). (63)
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where
Holp = Maep — %mﬁA?uA?#
+ %qﬁ“(—é)u-i-m;)qﬁa [mqu“ (Jg;+J;})y , (64)
and
bop = LT gy a0ty [+ AL

v e foa | - Lo g e ane)
9 f fla+ fYr 4 fus Af, o f

1

a a 1
- {(J e

e (Jor + J;;;)] . (65)

The regularization brackets [ |" embrace all interaction terms. The regularization brackets may be omitted to simplify
notation.

V. GLUON MASS AND SMALL z IN SCATTERING AMPLITUDES

Insertion of a mass term for gluons in the FF Hamiltonian of QCD leads to severe small-z dlvergences due to inverse
of 072, see, e.g., [10], Sec. IX A. In contrast, the Hamiltonian HQ of Eq. 7 with density ’HQCD given in Eq. 7

leads to the cancellation of these singularities despite that my > 0. The reason is that HQCS includes also a kmetlc
term for a color octet of scalar fields of the same mass and an interaction term that couples that octet field to the
“good” color currents of quarks and transverse gluons, proportionally to the gluon mass.

A. Severe small-z singularity
To identify the source of the gluon severe small-z divergences, the current-gluon coupling term, i.e., the Hamiltonian

term resulting from the third density term on the right-hand side of Eq. (65]), is separated into its transverse and
longitudinal parts,

(T TEAS, = (T TEAY — ST+ TEHAY (66)

Only the longitudinal part involves the inverse of . Using Eq. for A‘}_ and integrating by parts, the Hamiltonian
density of Eq. for fields that vanish at large distances is transformed to the equivalent form

pa(E0 e m?) L s

Habp = Vr——5g7 Y+ 54 J(—aﬂ+m§)Afﬂ
G TEDAT + *921/’ff4f7 Ty
1 2 1

= 9 1AL AJAL AR - (Jﬁ +J47) 5 Ay + 755)
+ 7¢a(_6J_2_’_m2)¢a
+ (0T A+ mye") o () (67)

The superscripts j and k take only two values, 1 and 2, for the front transverse directions. The only terms leading to
1/072, or 1/2? for gluons, are

Hi

(0F A +myo”) +77J,«, (68)

1 a a
Hyz = —iﬂJf@ﬁJf» (69)
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where nJ§ = J;ﬁ —&-JZJJZ. The four-vector 1 has components = = 2, 7 = 0, and - = 0. The term H; is proportional
to g and the term H 5 to g2. Integration of these two densities over the front yields the Hamiltonian terms denoted
by Hyi and H,o, respectively. Regularization factors in these terms are introduced according to the rules described in
the previous section. The gluon severe small-z singularities occur due to H, o and square of H;;. It is shown in the
next section that they cancel out in the transition amplitudes for quarks and gluons despite the presence of the mass
parameter my.

B. Cancellation of 1/2? in scattering amplitudes

Scattering of quarks and gluons in the femtouniverse [34] is described assuming that in the first approximation they
propagate as free. Interactions are accounted for using an expansion in a series of powers of the coupling constant g.
Our discussion begins with the small-z divergences in the second-order scattering matrix operator [20],

1 1 1 2
T = HY G — +i€H§ '+ H1® . (70)

Symbols H}l) and H}z) denote the Hamiltonian terms of order g and g2, respectively. P~ denotes the initial-state
eigenvalue of the free Hamiltonian H.

Consider the quark-antiquark scattering in which a pair ¢¢ turns into ¢’¢’. Dropping the overall momentum
conservation d-function, using j, and jg to denote the quark currents, which are free from the gluon mall-x singularities,
denoting the four-momentum transfer from the quark to the antiquark by k =¢—¢ = ¢ — q, k™ > 0, and omitting i,
one obtains the transition amplitude on-shell of total P~ in the form

<q/(.7/|T(2)‘QQ> = janaﬁjq’ﬁ , (71)

1 anf
af  _ - a _*f 77 77
T = ) > e+ . (72)

The first term on the right-hand side of Eq. comes from the exchange of gluons between the quarks. The second
term, proportional to n®n®, is contributed by the seagull term, or H o corresponding to the density H o in Eq. .
Both, the exchange and seagull contributions diverge as 1/k*2 when k* — 0. The sum over gluon polarizations

extends from 1 to 3 because it includes the contribution of the longitudinal gluons described by the field operator ¢ in
Eq. .
3
Yo clocin = =g+ (k§n® £ 0 kg) /KT mon [k (73)

o=1

The first two terms above come from the transverse gluons, with k; = k12/k*, and the third term comes from the
longitudinal gluons. So, the amplitude is

—gP L 118
I~ T(2) D = joa g i 74
(71T qq) = jq w2 Jap (74)
where
% = (k§n® +nk) kT + min™n® K72 + (K — m2) non® [k . (75)

The quark and anti-quark currents in Eq. are conserved, ko, ji = ko jg = 0. The formula k§ = k% + (kg — k7 )n/2
implies

o’ = g™y’ , (76)
II = (kg —k7)/kT+m2/k*?+ (K —m}) /KT . (77)

The key result is that II vanishes. The terms ~ 1/22 cancel out completely. The regularization factors f” do not
interfere with the cancellation because they are the same in the gluon exchange and the seagull term. The resulting
scattering amplitude has the co-variant form of Eq. with TI*# = 0. Moreover, the amplitude is free from any
small-z singularity, not only the severe 1/z2. An alternative way of stating this result is that the diagrammatic rule
(R8) of perturbative QCD in App. A of [14], continues to be valid even though the gluons are assigned the mass m,.
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In order to extend the above reasoning to the transition amplitudes between intermediate states that are off-shell of
total P~, we first note that the severe gluon singularities appear in perturbative calculations due to the operator

1
Tsin ular — H 71—[ H ’ 78
gul +1P——Hf+ze +1+ o (78)

which sums the exchange of a gluon between two color currents and the seagull. The divergences occur in the coefficients
of the tensor n“n?, contracted with the quark or gluon currents. The sum over transverse polarizations of the exchanged
gluon contributes k-2 /k*2, as dictated by H,;. The intermediate quanta of field ¢ contribute m§ /kT2, also dictated

by H.;. Since the eigenvalues k™ of Hy for the quanta of fields A and ¢ are the same, k; = (k+2 + mz)/k"’, the most
singular contribution to the transition amplitude due to k™ — 0, takes the form

. kJ_Q/k+2+m£27/k.+2 1 .
et (P~ —Q- —k,) k2|72

<Tsingular> - (79)

where the second term in the bracket, 1/k*2 | comes from H . The sum of eigenvalues of H ¢ for other quanta in the
same intermediate state, in which the exchanged gluons appear, is denoted by @Q~. Symbols j; and j, stand for the
contractions of the quark or gluon currents with 1. The three-momentum conservation J-function and ie are omitted.
The term k+2/k*2 in the numerator in Eq. is provided by the transverse gluons and the term mg/k+2 by the
longitudinal ones. The inverse of k*2 would produce the severe singularity for & — 0 if the free Hamiltonian H
would include the mass m, for transverse gluons and the longitudinal gluons were absent. When their contribution is
included,

. Q™ - P~ 1
J1 — — J2 7 -
R = Q) = (W2 md) ™ &

<Tqingular> = (80)

The divergence ~ 1/k*2 for k* — 0 cancels out despite that mg > 0. At the same time, mg > 0 regulates the infrared
divergence due to k+ — 0 when kT — 0.

The same mechanism works to all orders of perturbation theory. Our demonstration begins with Eq. (68). Every
numerator term associated with propagation of a transverse gluon, (k*/k%)2, is accompanied by a term due to the
propagation of a longitudinal gluon, (my/k*)?. The transverse-gluon exchange and the longitudinal-gluon exchange
involve the same denominator factor with the same value of the gluon k. The exchange extending over one intermediate
state always appears in addition to a contribution of the Hamiltonian term H,;. Therefore, the cancellation in
exchanges extending over one intermediate state occurs as described above. The cancellation holds no matter how
many additional interactions precede or follow the exchange. When the gluon exchange extends over more than one
intermediate state, the contribution of Ho is absent. However, in that case, the gluon &k, appears in more than one
denominator. The additional denominators provide additional powers of k™ in the numerator, which eliminate the
severe singularity 1/k72.

C. Small z in self-interactions

In the amplitudes discussed in Sec. [V B| the severe small-z divergences of the gluon exchange and seagull terms
cancel each other. But in the quark and gluon self-interactions, schematically illustrated in Fig. [I} the normal-ordered
seagulls do not contribute. The second-order self-interaction sketched in Fig. [I| requires a counterterm. Including the

FIG. 1: Self-interaction of particle of type 1 via emission and absorption of particle of type 2.
2
1 1

counterterm, the self-interaction reads

5(2) 1 @

P (0'[Ha _HfH+1|P> + (Ip) o (81)

®'Ip) W
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where the counterterm contribution is denoted by C(?). The factor (p’|p) accounts for the state normalization. We
obtain

(2) 1
Eq _ g2OF dl‘d2k E +40_(2) r2 (82)
ot ot 20273 | D a ag.p
N = 4k + (1 - oc)mz]/ac2 + 2kt + 22m?) /(1 — ), (83)
D =a(1-2)p"(P"=Q —p; —1,) . (84)

where 401(12) stands for the integrand of the counterterm. z is the fraction of the quark momentum p*, carried by

the emitted gluon, ranging between 0 and 1. k+ = p;- — xp*. For N colors of quarks, Cr = (N? — 1)(2N). The
squared regularization-factor, f;;q, comes from the double action of the Hamiltonian term H,;. The severe small-x
singularities are contained in

2 _
2:z(,ys)ing gch / dx d?k+ |: 4pg /(E

pt pt 2(2m)3

— — + 40_(2) r2 )
r(P~ = Q™ —pg —pg) ! 190
In our notation, p, denotes the free four-momentum of a quark of mass m, after emitting and before absorbing a gluon.

pg denotes the free four momentum of the gluon, of mass m,. It is visible that to counter the singularity ~ 1 /2%, one
needs the counterterm integrand

(85)

o = 1/2%. (86)

Inclusion of the less singular terms than 4p /z, shows that the small-x divergence 1/2% and the ultraviolet quadratic

transverse divergence in E,(JQ) /pT are simultaneously countered by the counterterm whose integrand is
2 2
o = 1/2* +1/2(1 — 2)] . (87)
Similarly, the second-order transverse-gluon self-interaction reads,

(2

2 27,1
nging _ 29°C'a / dxd-k E L@ g (88)
pT pt 2(2m)3 | D 9 | 999
1 1 1 1
N = kJ.? 2 1 - o 2

(k=% 4+ my) +x2+7(1—x)2 m, +x(1—x) , (89)
D = z(1—a2)p*(P™ - Q") — (k**+m2) . (90)

For N colors C4 = N. It is visible that the counterterm integrand

1 1
2 =14+ -9 - 1
g +$2+(1—x)2’ (91)

removes the severe divergences of type 1/2% for z — 0. Inclusion of 1 in Eq. , secures simultaneous cancellation
of the ultraviolet quadratic transverse divergence. The gluon self-interaction due to the intermediate quark pairs
does not involve divergences ~ 1/z%. The self-interaction of longitudinal gluons is free from such divergences as
well. The remaining singularities are only logarithmic, as promised. In orders higher than second, the one-particle
irreducible self-interactions require more complex expressions for the counterterms. Self-interactions in the renormalized
bound-state eigenvalue problems of the Hamiltonian Hgég are discussed in the following sections.

VI. HAMILTONIAN EIGENVALUE PROBLEM

Eigenstates of the Hamiltonian H, gég of Eq. represent hadrons of QCD in the limit of lifting the regularization,
r — 0 and my — 0. The eigenstates are the combinations

h) = Zwim, (92)

where [i) are the basis states obtained by acting on the state |0) with products of creation operators introduced
in Egs. , and . To describe a hadron, one needs to compute the relevant eigenvalue of the matrix
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HZL 9" = <z|Hgé];| j) and evaluate the corresponding set of coefficients v;. Analytic calculations appear not feasible
because of the matrix complexity. To use computers, one needs to overcome several difficulties.

The Hamiltonian matrix has infinite size. One must replace it by some equivalent finite matrix. To begin with,
one could limit the momenta and number of quarks and gluons in the basis states. However, setting such limits is
not straightforward because the matrix elements H:;L 9" diverge as functions of the momenta, e.g., see Eq. for
kt — oo or £ — 0. The diverging matrix elements dominate the dynamics. They need to be dealt with first thing to
gain a computational access to the finite quantities of physical interest [10] [35, [36], including the issue of explaining
the relativistic quantum-binding mechanism for quarks and gluons. The singular interactions can change the number
of quanta. Therefore, the states with quarks and gluons in fast relative motion are degenerate with states of less rapid
but more numerous quanta. Traces of these complexities appear in QCD phenomenology. For example, applications of
the parton model suggest that the gluon distribution in proton grows for small x and requires some mechanism of
saturation. Eventually, one needs a method of estimating the accuracy of a computation.

To overcome the difficulties mentioned above, the QCD bound-state eigenvalue problems are formulated not in
terms of the canonical creation and annihilation operators introduced in Egs. , and . Instead of b, d,
and a, commonly denoted below by ¢, one uses operators bs, ds, and as, denoted by ¢s. The latter are called the
operators for effective particles. The parameter s can be thought about as a size of the particles. The canonical
operators ¢ correspond to the point-like quanta, ¢ = gs—9. When s ~ 1/m, where m is a hadron mass, the effective
particles are meant to correspond to the constituent quarks and gluons. Evaluation of the QCD Hamiltonian in terms
of operators ¢ is carried out using the renormalization group procedure for effective particles (RGPEP) [37]. The
procedure is designed to rewrite the canonical FF of QCD bound-state eigenvalue equations in an equivalent way
using the effective particles, whereby the singular canonical interactions are replaced by the smoothed ones, which
depend on the parameter s and do not create the eigenstate components with unlimited numbers and momenta of the
constituents. To describe how the gluon mass m, and field ¢ contribute to the effective bound-state dynamics, we
need to recall the elements of the RGPEP.

A. Elements of the RGPEP

Quantum numbers of the phenomenological constituent quarks [9] are the same as those of the bare quarks in the
canonical QCD, with the exception of the mass parameters. Therefore, the RGPEP for QCD assumes that the effective
particles are unitarily related to the bare particles,

g = UlqUs (93)

and the quantum numbers of g5 and ¢ are the same. The Hamiltonian remains unchanged. Consequently, the products
of operators ¢s in the Hamiltonian have different coefficients, say c,, from the coefficients ¢ of the corresponding
products of operators ¢, but

Hcs,qs) = H(e,q) - (94)

The renormalized expressions for the coefficients cg, are obtained by solving a first-order differential equation in s,
called here the RGPEP equation, see Eq. below. The initial condition at s = 0 is provided by the canonical
coefficients, ¢, including the modifications resulting from the counterterms determined while solving the RGPEP
equation, according to the rules of the similarity renormalization group procedure (SRG) [38, 39]. Computation of the
coefficients c; is carried out using the operator

H = H(CS, Q) = USH(CS, QS) UST > (95)
whose structure implies
H = [gvH] ) (96)

where prime denotes the derivative d/ds?; the differentiation with respect to s> will be needed for dimensional reasons.
The anti-Hermitian operator

G =uut (97)

is called the generator of the RGPEP transformation of the Hamiltonian. Whole class of generators can be considered [40),
41]. Hamiltonian operators we discuss have the form H = Hy + Hy, where H;y is given in Eq. . The anti-Hermitian
commutator [#;,H | can be used as a generator of a unitary transformation,

G = [Hy, M1l . (98)
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Evolution in s with such generator tends to bring the matrix of H; to a band diagonal form in the basis of space of
states provided by the eigenstates of H¢. The width of the band decreases as s increases. With this generator, Eq.
takes the double-commutator form,

H = [[Hs Hil, H] , (99)

developed by Wegner for Hamiltonians in condensed matter physics [42], see also [43H49]. The double commutator
structure implies that # fulfills the cluster decomposition principle [27], there are no disconnected interactions. Model
studies of the RGPEP equations with various generators show a need for alterations of the generator G of Eq.
when one seeks to achieve convergence of solutions for H obtained using the weak-coupling expansion [50, [51]. Here we
are concerned with the lowest orders of the expansion and no need arises for altering Eqgs. and ((99).

B. Renormalized effective eigenvalue problem

Assuming a solution for H as a function of s is available, the QCD Hamiltonian is obtained in the form
H, = H(cs,qs) = UI[H = H(cs,q0)]Us . (100)
The eigenvalue problem for hadrons as bound states of effective quarks and gluons reads

Hylp) = P~ Jy), (101)
) = Zwi(sﬂm, (102)

where P~ is the eigenvalue. The basis states |i); are created by applying products of the creation operators gs to the
state |0). If one solved the RGPEP equation for Hy exactly and found exact eigenvalues and eigenstates of Hy, the
coefficients v;(s) and basis states |i)s would depend on s but the eigenvalues and corresponding eigenstates |¢) would
not [52]. Approximate calculations yield results varying with s. The magnitude of such variation indicates how large
the theoretical error of an approximate calculation may be. Another measure is provided by the accuracy of obeying
symmetries, such as the rotation symmetry.

VII. WEAK-COUPLING EXPANSION FOR H;

Given the initial condition at s = 0 in the form of the regulated Hamiltonian HQCS of Eq. , the differential
Eq. (99) can be solved order-by-order in the expansion of the coefficients ¢, in series of powers of the coupling constant
g. Such expansion is valid when the coupling constant is made so small that all computed interaction terms are small.
But solutions for the coefficients ¢; may contain inverse powers or logarithms of the regularization parameter ». When
one lifts the regularization, taking the limit » — 0, such coefficients become infinite despite that s is finite and g small.
Consequently, the corresponding matrix elements of H; between the effective basis states of finite momenta diverge and
the eigenvalue problem is ill-defined. To formulate a soluble theory, the initial condition at s = 0, given by Hgé]; in
Eq. , needs to be modified by adding terms, called counterterms, determined by the condition that the divergences
in ¢4 are eliminated. Thus, the initial condltlon for solving the RGPEP equation is changed from HQCD of Eq. to

HEhe = / do™dat (Hoeh + o) - (103)

The subscript C indicates the inclusion of the counterterms, denoted by CQCD Perturbative solution of the RGPEP
equation for H,, including the counterterms in the initial condltlon at s = 0, becomes calculable order-by-order for very
small coupling constants, though the radius of convergence is not known. To describe hadrons, one needs to extrapolate
the weak-coupling expansion to the realistic values of the interaction strength [10]. The realistic magnitudes ought
to match the running interaction strength fitted to high-energy data within the same scheme. Outlines of the entire
procedure, using simple models, are available in [50H52].

A. Solutions of lowest orders

This section illustrates the weak-coupling approach to solving the RGPEP equation for terms up to the third order.
The second-order formulas are used later on to discuss the bound-state eigenvalue problems in QCD of heavy quarks
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including the mass my and field ¢. The third-order solution shows how the RGPEP computations proceed beyond the
second order, cf. [53].
In the series expansion of the operator H in powers of g,

H o= Hr+HD+HD + U1 +0(g") | (104)

where the terms H(™ are proportional to ¢”. The operator H(™) obeys the equation obtained by equating coefficients
of g" on both sides of Eq. . For the terms of first 3 orders, besides H(®) = ‘Hy¢, the equations read

HO = [[Hy, 1D ] (105)
HE = ([, 1] 3]+ [ [, 1O 1O (106)
HO = [, 1O ]+ ([, O] 1D+ [ [, 1O 1@ (107)

In general, the derivative of H(™) only involves operators H*) with k < n, which facilitates solving for H order-by-order
to all orders.
The solution for terms of the 1st order reads

7‘[(1) = fLRH(()l) , (108)
where the subscript 0 refers to the initial condition at s = 0, and

frr = e~ (sALR)? , (109)

Arr = pp — PR - (110)

The subscript L refers to the product of creation operators in a term in H, standing on its left-hand side, and the
subscript R refers to the product of annihilation operators in a term, standing on its right-hand side. Using the
notation introduced in Egs. - for an interaction term H,;, action of frr on any term in Eq. , and on any
other operator at any value of s, is defined by

forMs = [1‘1 / [pm]a;m] [H / [qn]aq"] e Ti5) fg - (111)

In words, the action of fLr on H; implies insertion of the factor f7; in the integrand of H;. Correct for the difference
between f" and f°: The first-order solution explains our earlier adoption of the factor f7 . as a regulator in Egs.

and 1) since p; = p, and p, = p, . Namely, the regularization factors match the 1st-order solution of the RGPEP
equation with s set to r.
The solution for terms of the second order, obtained using solutions for the first-order terms, reads

HO = frrHS + (for — foifir) Aorr HY HY (112)

The subscript I refers to the labels of the annihilation operators in fy, 17—[(()1), or to the labels of the creation operators
: (1)
in firHy .

Apr—Arg
Apig = . (113)
A7+ AT — Al
When the denominator in Ay ;g vanishes, the difference of the form factors, frr — fr1frr, vanishes, too.
The solution for the third-order terms reads
H® = (fur — frrfir) ALir [AIJR 7'((()1) H(()l) 7—[(()1) + 7—[(()1) 7—[(()2)}
+ (frr — frifir) ALir {ALIJ HO H 1Y + 1 7—[61)}
— (fer — frifrofir) ALiir 7'[61) H(()l)Hél) ; (114)

where

Aprp = (Ars—Ayr)Arry + (Arr — Arr)Arsr (115)

AL+ AL+ AR — AR
Subscripts I and J refer to the intermediate configurations of the particle operators involved in the interaction terms.
Solutions for the Hamiltonian terms of orders higher than 3rd are obtained following the pattern shown by these

examples.
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B. Counterterms

Computation of the counterterms in the initial Hamiltonian, Hgélgc, is outlined above Eq. 1} It is illustrated
below in the case of the quark self-interaction, which contributes to the quark bound-state dynamics. The self-
interaction appears first in the second-order Hamiltonian in Eq. (112). The right-hand side contains a product of
two first-order terms, 7—[(()1) ’H(()l). Consider the part of that product corresponding to Fig. |1} where a quark emits and

absorbes gluons. The part involves the product b.{agbg b;agbi. Commuting by to the right of b; and as to the right of

ag yields 095043, according to the commutation rules specified in Eq. . Integration [[123] results in the operator
C = [[1] ¢y blby, with the coefficient

2 27.1
g°Cp [ dxd’k N .9

= - — fre . 116

cl = / 32y (fLr — frifir) D Jagw (116)

The numerator N and denominator D are given in Egs. and , cf. Eq. . Integration variables x and k+

are defined below Eq. . The color factor Cr equals 4/3 for SU(3). The operators b]{ and b; correspond to the
same quark p; . Therefore, Eq. impllies frr = 1. In contrast, the four-momenta ps and ps, corresponding to
the labels of the contracted quark and gluon operators 2 and 3, yield fr; = fir = exp {f(s/pT)Q[m% — (p2 + p3)2]2},
which results in

frifir = eXp{—Q(SD/pT)Q/[ﬂU(l _95)}2} . (117)

This factor vanishes for small z and large k*. Therefore, the integrand involving fr;frr contributes a finite quantity
to the coefficient ¢1(s > 0) in the limit r — 0.

The only source of severe small-x singularity in the coefficient ¢; is the term 4(k*2? + mg) /2% in the numerator N,
in the integrand with frr = 1. This term is also singular as a function of k- — co. Both singularities are regulated

by the factor (;«gz,p. When the regularization is lifted by going to the limit » — 0, the quark self-interaction diverges

to negative infinity proportionally to 1/r. But the solution for H® in Eq. 1D contains also the term frr ’H((JQ),

where 7—[(()2) is the initial condition for solving the RGPEP equation. The initial condition can be set to contain a part
canceling the divergent dependence of the self-interaction on r. It is visible that the integrand frzrN/D needs to be

replaced by frr[N/D + 40,(12)], where 0,52) is given in Eq. . Indeed, the RGPEP explains the guess made in the
scattering theory. The resulting integrand,

fLrIN/D +40f?] = —(4mf +2m2)/D , (118)
integrates in the limit r — 0 to a logarithmically divergent term in the quark self-interaction,

_92017

(27)?

Consequently, the Hamiltonian 7—[(()2) is further supplied with a mass-squared counterterm ém?, . The result of including
these quark self-interaction counterterms is that the quark masses appearing in the eigenvalue problems for effective
Hamiltonian matrices, such as in Eq. , are the ones introduced in Hy in Eq. . Similar analysis can be carried
out for the gluon self-interaction counterterms.

—om?,, = m? ln(\@rpm%)—&—w;/ﬂ ) (119)

VIII. GLUON MASS AND SMALL z IN HEAVY QUARKONIA

To discuss the cancellation of gluon singularities ~ 1/22 in the QCD eigenvalue problems with mg > 0, we consider
the theory with only heavy quarks, i.e., the theory in which Aqcp of the RGPEP scheme is set to values much smaller
than the quark masses, c¢f. [64]. In such a theory, the running coupling constant for the parameter s < 1/m, where m
is the quark mass, is sufficiently small for using the weak-coupling expansion of Sec. [VI] to approximately compute the
Hamiltonian H; in Eq. .

A. Eigenvalue problem for the dominant component

According to Egs. (101)) and [102), the quarkonium eigenstate of the Hamiltonian H, has infinitely many components
with various numbers of the effective quarks, antiquarks, and gluons, cf. [52]. However, the interaction terms that
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change the number of effective particles include a small coupling constant and the vertex factors f®, which implies
that a quarkonium eigenstate of the lowest mass is dominated by its quark-antiquark component,

P) = / 1245 (1,2) [12), | (120)

where [12), = b!,d',|0) and P indicates that |P) is an eigenstate of the operators P+ and PL with the eigenvalues P+
and P, respectively. The assumption of dominance of the two-body component in heavy quarkonia is successfully
used in interpreting data [9), 65H60]. In our approach, the two-body component can, as a first approximation, be
described by solutions to the eigenvalue problem for the part of the operator Hg whose structure has the form

Hoo = /[122’1’]5(12\H5|1’2’>5 bl dl dsobar . (121)

The integration includes summing over the discrete quantum numbers. Without losing generality, the wave function is
given the form
Yp(1,2) = P+(§12.P ¢12($1,kf'2) ) (122)

where 512‘ p constrains the quarks to carry together PT and P, see Eq. . The relative momentum variables x; and
k:llQ are defined as in the case of an interaction term in Eq. . The eigenvalue equation for the wave function reads

/[1'2’} $(12|H |12 s wp(1,2") = E4p(1,2), (123)
where E(PT, Pt) = (P12 + M?)/P* and M denotes the quarkonium mass, E(M,0+) = M. In the leading order of
the weak-coupling expansion, H, = Hy + H§2)7 where H§2) is obtained from #(? of Eq. lj using Eq. l| Hence,

S2HS V), = (2] [Hy + MO [12) (124)
which allows one to directly obtain the interaction matrix elements in 5<12|H3(2)|1’ 2')s from Eq. 1} for H(?). The
direct relationship between matrix elements of Hy and H and is a general feature of the RGPEP. Also, notice that

there are no first-order terms in Eq. 1’ corresponding to H) in Eq. 1| because such terms change the number
of quanta.

B. Hamiltonian matrix for dominant component

According to Eq. , the Hamiltonian matrix of Eq. reads
S(12|H,(1'2)s = (12| {Hf + forHP — forfrr Arr HY 7—[81)} 112y, (125)

where
H® = 1P+ A HOHY (126)
Quark self-interaction counterterms in 7-[62) cancel the divergent self-interaction terms resulting from Ajp;g ’Hél) ’Hél),

as described in Sec. [VIIB| The term Ayrgr 7—[(()1) H(()l) in H$-2) in Eq. |i contains also the exchange terms diverging
like 1/22.

C. Cancellation of 1/z? in bound states

Besides the gluon exchange terms ~ 1/z2, contained in Azrg ’Hél) /H,((Jl), Eq. 1) includes, in 7-{,((32), the equally
singular seagull term. We now describe how these two terms cancel each other in the bound-state eigenvalue problem
for the matrix (12|H|1'2")s despite that mg is not zero. We focus on the matrix elements (12|#,.|1'2"), which is where

the small-z singularities reside.
*oHok koK

J121H, |12, = (12| {Hf t frrHe — frifir ALrr Hg”Hg“} 2’y (127)
", = HP + A HOHY (128)
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1. H,: small-z divergences in the seagull and exchange, and the ultraviolet divergences in the quark self-interactions.

2. 7—[(()2): the seagull, the seagull counterterm, the counterterm to gluon xchange, the quark self-interaction
counterterms.

3. Arir ’Hél) 7—[61) in H,: the gluon exchange, the quark self-interactions.

4. frifirALir H(()I)H(()l): the finite gluon exchange between the quarks and the finite quark self-interactions,
depending on the gluon mass my.

The terms in H, are independent of the gluon mass my — 0.
The terms in frrfir ALIr 7—[(()1)7-[(()1) depend on mgy — 0 in a useful way.

1. The Coulomb and other terms in H.

The quark self-interactions are canceled by the self-interaction counterterms. The only quark masses in the projected
2-body dynamics are the ones introduced in the eigenvalues of H ;. The seagull and exchange counterterms in H,
cancel each other. The gluon exchange and seagull together contribute the kernel

1 /-1 -1 o
frr(=1)j; {[—SJW + 00" (o1 + p2)/(2¢+2)] 3 (,01 + pz) + ZJZ?Q} J11a/3.9¢ - (129)

The term with —g"” provides the Coulomb potential term in the Hamiltonian for the 2-body component in the limit

mg — 0, with the kernel
1 /1 1
— =4 — . 130
Jen 97 5 <Pl Pz) (180)

This kernel is contracted with the quark and antiquark currents providing spin effects. The factor f;r deviates from 1
in the non-relativistic limit only by small amounts discussed in [61]. In that limit, p; = py = ¢* +m?. The terms with
7 sum up to

11 n'n” (p1 — p2)® n'n”
tin [ (5 +5,) =] s = s PR 1
Using Eq. (?7?), one obtains
(p1 — p2)* n'n” (Miy = M35)* "
_ , 132
Jir pipa  Agt? Jir p1p2 4P (132)

which is a spin-independent interaction kernel integrated with the measure d>k;/o- and the wave function wlfgf(Elzgl)
in the 2-body eigenvalue equation. This term vanishes on shell of the free 2-body P~ and hence has no counterpart in
any classical approximation for the quarkonium dynamics. Its magnitude can be illustrated with the case of equal
quark masses, in which M3, — M2,,, = 4(k2, — l;%@). In the non-relativistic limit, p; = py = (k1o — ky/2/)? for mg — 0.
The term is suppressed by the factor ~ K202/(2m)2 in comparison with the Coulomb term, where K= Elg + El/gl

and ¢ denotes the cosine of the angle between ¢ and K. Its quantitative role in the eigenvalue equation requires a
study. For example, it contributes to the quarkonium mass splittings between states with the same spins.

2. Contribution of —fr;fir ALIr 7-[81)7-[81) to Eq. |}
The last term in the 2-body Hamiltonian matrix in Eq. (125) is

Hopoay = *fLJfIRALIRHél)Hél)- (133)

It includes the effective self-interaction of quarks and an exchange of an effective gluon between them. These terms are
all finite because the vertex form factors prevent production of singular configurations from regular ones. But they do
depend on the gluon mass mg. The question is what happens in the limit mgy — 0.
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The exchange terms

The exchange-term kernel has necessarily the form shared with the exchange term in Eq. (129)). To interpret these
interaction terms, I need the operator —frrfir ALIr ’H((]l)?—[él). Using Eqgs. and , I have

1 — a apL . a 1 "
Hé ) = /deJ-de |:I fu(—z]w'ff) + ng¢ Zaj(]i—}_ Z:| (134)
_ 2 L — . a . 77#« a n a . "
- /d otds [ ( Gt iy ) g T, } (135)
and according to Eqs. (28)), (29), and (30)), I insert

3 2
o 7 —ipx 7t ipx
dr = 325 [0l [tpxcbymee 7 vl (136)

c=1o0=1
8 2
A = S5 [ T + Tl (137
c=1o0=1
1 M 5 : anQTC ~ —ipx ~T ipx
zmgiai¢ = Z/MT [apsce PE+ a5 Lﬁ:o . (138)
c=1

I can introduce the third polarization vector for the longitudinal gluons, by writing

AL = ii / [p] [ehy TClpgee™ " + elaT 0, 7] |, ehy = mgn®/p* . (139)
c=10=1
The current is
I = gl Ty (140)
= /[pp’] [ﬂpxzbzeimT‘W“uyxp/b,,/efip,"” + T)px;dpefimTq’y“vp/xp/dL,ei”,m} . (141)

The Hamiltonian term is
HY = g/[pplﬂﬂ Oca I' (ap’Yuup’ XET Xy by — Ty Yutp XL’TqXP d;fvdp/) (ehaq +ef7al) - (142)
Consider only real polarization vectors for gluons; I sum over their polarization anyway.
7—[(()1) = g/[pp’q] bea f” {ap'yusg‘up/ XLTqXp' (aqg + a:r])b;;bp/ — Uy YuEhvp X;/qup (aq + ag)df,dp/} . (143)
So,
Hopoay = —f1f Atogor1 7'[(()1)7'[(()1) (144)
involves the product Hél)Hél) reading
g/[pp’q] bea f” {ﬂp’yﬂsgup/ XLT‘IXP, (ag + ag)b;f)bp/ — TpYuehvy X;/TqXp (ag + a:g)d;dp/}
X g / P9'a) S S |l XETNX (ag + al)biby — Bty Xh T (ag +a)didy | . (145)

The gluon operators need to be contracted and only terms with b'b, d'd, and bTd'db are kept. The products that
contribute are

g/[pp’q] bea f” [ﬂp'yuagup/ X;qup/ b;r,bp/aq — Tpr Y€l vp X;,qup d;dpraq]

X g/[pp'q] dea fr [ﬂpvusgup/ X;qup/ agb;[)bp/ — Uy YuEhvp X;,qup a:gd;;dp/} . (146)
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The exchange terms between a quark and antiquark come from
g / PP'q) bc.a £ [pyuehiuy XET X bibyag] g / [pp'q] bc.a fT [—@p%fsfjvp Xh T aldldp/]
+ g/[pp'q] bea f” [—@pqusgvp X;,qup d;f,dp/aq} g/[pp'q] bea f” [tpyuehiugy X;T,TqXp’ agb;bp/] . (147)
In the notation 123, the exchange terms read
g/[ll’?)] b1as f" [ﬂlvuaguy XIT?’XI’ b{blfag] g/[22’§] 523_2, fr {—@2/’}/#6;2:’[}2 X;TgXQ agd;dg/]
+ g/[22/3] bo.0rs f7 |:_172/'YME§U2 X;,T3X2 d;dg/a3:| g/[ll’f’)] 513.1, fr [ﬂﬂuagulf XIT‘S’le a;biby] . (148)
Contraction of 3 with 3 yields the exchange terms
—92/[11/3] Srus f" Uy yuelur XIT?’XI’ /[22/] O30 [T Ty, elv2 X;/T?’Xz b];d;dz'by
— gz/[22’3] bo.003 " VoYl va X;/T3X2 /[11’] d13.1/ f" W yefuy XITSXl' bid;dgfby ) (149)
Integration over 3 yields 512_2/1//]3;' and 6y_1, in the first term and 6y,_; in the second term.
—g° Z/H??'l'] d12.v2 01 /g 7wy XJTx 0 f7 By ywehve x5 T3x2 bldidaby
3

- 922/[122/1/] 12,172/ 01 —1/py " Vayuebv X;TSX2 /[11/] Or3.10 7 Arype Uy XITBXP b];d;dz'bl/ .(150)
3

Denoting

Ju = Wyur , o = Vs, (151)
I obtain
Hopody exch = —[f1f5 A1agar H(()l)H(()l) (152)

= > i3 Arogarrs Z/H??/ll] 12,112 6’1—1'/1?; I wyuesuy XIT3X1' " varyezva X;T?’Xz b{dgdwby
3

+ 9P f115 Avagarn Z/H??'ll] S12.v2 01— /pf [ Dayuehve XHT3x2 [T a1 yweiur X1 T?x1 bldhda by
3 (153)
Introducing the color factor and sum over gluon polarization,
C = T X Txa (154)
3

d" = —g" + (phn” +0"pl) /oy (155)
(156)

and neglecting factors f” in the presence of the factors f?, I have
Hopoay = —f1f4 A1agor1 7‘1(()1)7‘1(()1) (157)

= g*fifh Aragarr /[122/1/} C 011 /p) jud"j, 8191120 bldbdy by

+ G115 Aragor / [122'1] C 611 /D] jud™ Gy 12102 bldbdarby (158)



The two terms can be written together as

Hovody = —f1f3 Diagar1 'Hél)'H(l)

= 20/ 122 1 1f2 A12q2/1//pg j‘udu jy 512 179/ b d d2/b1/ .

Contribution of this term to the eigenvalue Eq. (123)), ¢f. Eq. 77?), in the form
<12‘H2bodyexch|P¢>> = /[211/] Kexch(127 2/1/) P;SP¢.1'2’ ¢1’2’ (-7;1’, k#Q’)

with the kernel of dimension

+L2’
Kexen(12,2'1) = ¢g*Cjy) F1 o115 09 Dr2g2v [Py Gud™ ju S22
1 1 1
iy (11
12¢2’1 /pg 2 \n; pe
A" = —g" 0" (o1 + p2)/(2p7)
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(159)
(160)

(161)

(162)

(163)

(164)

The exchange interaction is finite for ﬁnite s despite that it includes the factor 1/¢q*2. It is finite because of the

: t
presence of mg > 0 in the factors qu’ 799"

inclusion of the self-interaction terms, which also diverge in the limit my — 0.
The self-interaction terms

The self-interactions are one-body operators which I reevaluate below.
Hopoays = {—fLIfIR ArLrr H(()I)Hél)} .

The products contributing are

/[pp q 5ca ft [up'yus Upy XTTqXp/ al;b;bp, — Up Y€l vp x;,TqXp aj;d;,dp/}

9/[1919,‘]] Oca f* [UP'VME Up XTTQXP’ a:gb;bp’ — Up YuEq Up X;’TqXP a:;d;[)dp’} )

but for the self-interaction count only

g / PP'q] dc.a 1 [@p ety X5T Xy bibyag] g / [pP'q] Oc.a 1 [T ety XET X alblb,]
+ g/[pp’q] bea It [ Vp' Yl Up Xp T, d d raq} g/[pp’q] Sea ft {_@p,'yuefl‘vp X;/qup afzdldp/] )
Using the parallel with the exchange calculation in Eq. , the notation in terms of 123 yields
g/[11/3] S ft [ﬂlfy#egul/ XJ{TBXl/ bl{bl/ag] g/[22'§] 523_2, ft {uyyﬂs U XQT Yo al bTb2/i|

+ 9/[22/3] d2.913 f* {—172’%5502 X;T3X2 dgdwas} 9/[11/3] 5.1 f* [ V1 YuER VL Xl/T3X1 aTdel’}

Contraction of 3 with 3 and ignoring (—1)? for antiquarks,

9/[11/3] o3 ft {Uﬂ;ﬁgul' X1T X1 bTby /
+ g / [22'8) S f* v yuclivs xb Txe dhda| g /

Contractions of 2 with 1°, and 1 with 2’, produce

9/[11/3] o113 f! [ﬂlmeé‘uy XITSXP bT g/ ] d130 f ulmﬁgw XJ{/T3X2' bzf}

+ 9/[22’3] 02,23 f* [772"}’“55’02 Xo X2 dT g

] daz.00 f [Uz’)’p%uw X2T X/ bszf}

] b1z f [vv’ma?m XI/T?)XI d]{dy} .

dor3.10 f Ul"7u53U2’ X1/T X2 d1'} .

Discussion of the 2-body eigenvalue equation in the limit my, — 0 requires

(165)

(166)

(167)

. (168)

(169)

(170)
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Integrations over 1’3 and 2’3 yield, replacing the second u by v

QZ/ [12] /xsk’gy] oo /pF f {ul'YuggUl’ J{T?’le bﬂ It [@1'VME§U2' XJ{rTSXz' b2/]
31/

+ 922/ 21 /l‘gkﬁgg/] (52 1//]92 t |:122/’)/HE3U2 XQ/T X2 d :| ft |:171/’}/V€g’l}21 XI/TSXQ/ d1/:| . (171)
32/
Sum over colors, integrations over 2’ and 1’, and rearrangement, produce

1
9°Cr > / /$3]€31/ o7 F2 el uy e uy bib
1

3112/
1 _ B .
+ 920F Z / /:L'gk?ggl ) fzt 1)2/’}/“6';’02 Ull’yyé‘gvg/ d;dg . (172)
32721 P2
Sum over intermediate spins yields

1 o
9°Cr Z/ /903/%‘31’ = £ Grvud™ jian biby
1

1172/

1 . v
+ ¢°Cr Z/ /$3k32' 32 £ o d™ oy dids . (173)
2

221/

With this result for the product 7—[(()1)7-[(()1), the self-interaction operator is

Hopodys = {_fLIfIRALIR/H(l)/H(l)}E (174)
1 ] !’ dul} ’/ /V
— 20y Z/ /x3k31/ R Jwp@ 2y gy,
1172/ 25\ P1 — Py —P3
191 d ’
— g2Cp Z/ /x3]<;32, g Jvzediye gy (175)
22/1 P Py — Py — D3

The matrix element of quark self-interactions in the eigenvalue equation is

QCFZ/ / [akay] +2 g Pl v

(12|Hapody =|Pg) = (12] |-

1179/ pl _pl’_p3
197 d ’
— gQCF Z/ /x3]<;32/ +2 th M de2
2971/ pQ _p2’ _p3
y / O] PFop, 1o du(wp, kg )I172) (176)

Evaluation of the matrix element proceeds by

Jrupd? jrrg Jrarwdt jaro
20FZ/$3]€31/ —3 i %—QQCFZ/%]%? —3 5 =

(12|Hapody s|Ps) =

179/ 1 pl _p’_p3 271/ 2 p2 _pQ’_p3
x (12| / [2'1) P+6P¢ 3 015 (21, ki, ) 1'2') (177)

2 ot J1pd" jrrary 2 2t Jrrand" joro

= g°Cr / [r3k31/] J1 f —9°CF / [z3k32] I —

; pi?" pr —pn —ps ; R
X P¢ 5P¢.12 ¢1’2’ (xl,ku) . (178)
The self-interaction factors preserve spin. The quark contribution of m; is multiplied by @;u; = 1 and the antiquark
contribution of —my is multiplied by vove = —1. Therefore, the self-interactions of the quark and antiquark differ only

by the mass.
E1 E2 + 5 1
(12|Hapodys|Ps) = | — + oF Py op, 12 ¢r2(21, kiz) (179)
T 2
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where for the quark or antiquark of mass m and momentum p the self-iteraction contribution reads

o v
Y = —QQCF/[CU/{] em2 (0" —pg —py)* T v (180)
pt(p~ —pg —Ppg)

Summary of the 2-body exchange and self-interaction terms

(12 Hapody excn| Ps) = /[2’1’] Kexen(12,21") P op, 130 s (217, ki) (181)
with the kernel of dimension ﬁ,
Kexen(12,2'1) = ¢°Cjy) figjf%,zg Avag21 /D) Gud™ j, d12.172 (182)
1 1 1
A ,,+:—(+>7 183
12q2'1/ /Py AV (183)
d" = —g" + 0" (p1 + p2)/(20)7) - (184)
and
(X X 5 L
(12|Hapody s|Ps) = | — + oF Prop, 12 ¢ (21, kia) , (185)
1 2

where for the quark of mass m and momentum p the self-iteraction contribution reads

judlel/
P —pg —pg)
The self-interaction ¥ is positive and kernel Ky, is negative. Both diverge in the limit my, — 0, see below. The
question is if the divergences can cancel out in the eigenvalue equation.

Using total-momentum conservation in the eigenvalue equation

First 1T eliminate the total eigenstate momentum from everywhere except factors f* where it is stuck in ratio ¢/ Pg.
I divide the matrix elements by the factor P(;'S Py.12 SO that the eigenvalue-side of the 2-body eigenvalue equation is
(Py% + M?)/PJ, and

12| H. ody exc P, 1 x
W ovexalle) L [lrki] K2k (12,21 g (ovsba) (187)
¢ P¢.12 ¢
12H o P Eml Em
< | ib~dy2| ¢> _ < - + +z> ¢12(l‘1,k’f‘2), (188)
PJop, a2 Py D2
where
S . 11
K7, (12,21') = —g2Clyy et 1 —PL =) o=ty —py —p;)° <+>
n ) g U2 2% 2
X G [=g" 0" (o1 + p2)/2pd )] G 5 (189)
o420 — o —_—\2 T v v .
S = ngF/[wk] e 2 mrapy) L [—g"" + 00" p/p$?] du - (190)
I use identities
_ _ _ —p _ — _ —pP1 — — — —pP2
PT =Py —Pg = —¢ P —PL Py = —3 Py — D2 —Pg = —1 (191)
q g p; 1 1 g p;’ 2 2 g p;}'r
to obtain
- 420,20 2y 42 + . v v -
K28, (12,2'1) = —g*Clgy =" (PrFr2)/7g % gu [=g" + 00" (p1 + p2)/ (205 2)] G (192)

_ o032 2/ 42 T | v v .
S = gQCF/[wk} e 2P /P L [—g" + "0 p/pF?] v - (193)
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I introduce

Sy = SpI4ED (194)
Kévfch = K:ﬁc}:g +K§fcg ’ (195)

where terms with superscript —g are the ones containing —g"” and terms with the superscript n are the ones containing
ntn”.
Analysis of the terms with —g"”

The terms with —g"” are

DI D 1 ok —
< +1 + +2> ¢12(I1’ kf_Q) + Dt /[xllkl’zl} Ke}fchg(1272/1/) d)l’Q' (1‘1/7]€f72/) ) (196)
pl p2 P¢
where
2. = —g°Cr / k] e 200 g (197)
K" (12,200) = g°Cy) o Ol 008 (198)

The products of quark currents are finite for quark states with finite invariant masses. The ps depend only on the
quark momenta. Large values of ps are exponentially suppressed. The issue is what happens when p get small, or
when ¢+ or z get small. I need to express p and p;' in terms of useful integration variables.

The case of X9

o ¢ -

= = prp™ —p; —py) /Py = Tg = —p/py (199)
M?]g -m? = p/z. (200)
x = pf/pt ., kT =py—ap. (201)

In the quark-gluon rest frame,

Py E,+k , pl =E,—k , E=E;+E,, (202)

E, = \/m2+ kL2 +k72 By = V/m? + kL2 + k2 (203)

The g"” terms contribute to the quark self-interaction

Bk 1 1 N2 442 212 ‘]'U"]
Y9 — _q2C /7 -y —2(t/pT) Mgg—m™)* __ J I 205
m 7Cr | 5eap \E, " B,) ° M2, —m? (205)
The fermion and antifermion factors are the same,
3H. = UV (g + )Yy = Up(—2y + dm)u, = —4dpp, + 8m? (206)
= —202m® — ¢*) + 8m® = 2¢° +4m® = —2(m} — ¢*) + 2m + 4m® (207)
= —2p+ 2m3 +4m? = —22(E* —m?) + 2m§ +4m? . (208)

Therefore,

3 _ 2 _ 2 2 2
d°k 1 1 > 672(t/p+)2(E27m2)2 2x(E m )+ 2mg +4m . (209)

N9 — g2 e e
m g CF/2(277)3 (Eg TE, B2 —m?
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The term with —2x(E? — m?) provides in the limit mg — 0 the angle dependent contribution,

-2z = —2(E,+k°)/E — —2(k+k°)/E = —2k(1 +cosb)/E , (210)
implying
dgk 1 1 +12 2 242 2m2 —+ 4m2
Y9 = —?Cr | o | = = | e 2WPE T okl 0)/E + —L—— 211
m g F/2(27T)3 <E9+Eq)e (1+cosb)/E + T2 2 (211)
Integration over angle 6 eliminates the term with cos . Therefore,
_ —g CF47T _ V2 (2 _m2)2 2m?2 + 4m?
$9 = /k;zdk; ( + ) e~ 2/PT) (BT =mY) [—Qk/E—% N (212)
2 2 2
—g°Crpdrm 1 / —o(t/pT)2 (B2 —m?2)? 2mg+4m
= ———— — [ 2kdE p m —2k/FE + ——— 213
22n) 2 ¢ [E+ —— > (213)
and, using the trick in Eq. (?77?),
2k = (E*—m?)/E , (214)
I get
2 2 2 2 2
_ —g°Crdrn 1 EdE , _, o 9t/ 2 (B2 —m2)? E“—m 2ms + 4m
9 — 4 =7 - 2 (E? — (t/pT)"(E"—m~) _ 9 21
m 2(2m)3 2/ E2 ( m) e E? + E2 —m?2 ’ (215)
or, using u = E? — m?,
2 ) 2
_ —g OF47T 1 / du _o(t/pT)242 u
50 = - g (/P | 2m?2 + 4m? 216
m 2273 4 Jy u+m? € wrmz T2mg HamT (216)

which is finite when my — 0.

zk
The case of % f[aclzkyg/] Kexchg(12 2’ /) (;51/2/(301/, kf72/)
The kernel of Eq. (198)) involves spin dependence, which contributes to the result of integration with an unknown
eigenfunction. But we can assume that the wave function falls off exponentially for extreme quark momenta, because
the RGPEP factors force it to have such behavior. The integral to inspect is

1 1
Flexch = F/[xl'kl’?][(efchg(m 2'1") dpro (w17, kirgs) (217)
¢ ¢
1 202, 2y, 42 1 1 1 . -
= P* [w1/k1r21] g7Clay et P1Hr2)/Pg 3 (,01 + p2> b1 (T, kg )jora - (218)
The gluon mass m, appears explicitly in p; and p» only,
1 n 2
p1 = mf] — ¢ = mz + — [(mlk’ - xllkL) +m? (zy — x1)2] , (219)
T
2
pa = my—qi = m+ Py K@’kl - $2k‘/L) +mj (z — ffz/)Z] (220)
2/ T2

The question is if the integral is finite for m, = 0. There is no issue for large ps, given the exponential damping. The
issue is what happens for small ps appearing in the denominator. For my — 0, using

Ty = 1+ 2, kg = ks +qt (221)
I get
! 1+ 2/ ’
mi(z/x2)? + (¢ + kinz/x0)?
py = 5(z/z2) (q 122/72) _ (223)

1—2z/x
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In the integration region where p; is small, z/z; is small and ¢* is close to the small vectors +zkis/z;. I neglect z/x;
in denominator. For small z, ¢ is short, since it is close to a short vector. The integral is

2 x
chch = g C‘2> / : dz /dqu 6_(t/Pq§r)2(p§+Pg)/22 <1 —+ 1)
42m)3 ), (w1 + 2) (22 — 2) o1 pa
X gty (1 + 2, ks + ¢ ) oo - (224)

In the small-p regions, the factor j1, ¢1o (21 + 2, kis + ¢F)jora, is a finite 4 x 4 table of spin amplitudes. Consider
small p;. Substitute

udt = 2myfry, ut = ¢t —zkiy /2, WP = ¢F — zkiy /7 (225)

z = wday/my, ¢ = ul +z2kiy /2, ¢ = U+ 2kl 1, (226)

dzd?q = 2 Py L pL~Ud2 . (227)
ml

Thus, for small pp, the essential form of the integral is

*2 1 d3u
—T1 pl U
Such integral is finite in the limit my — 0. Its limiting value does not depend on mgy. The only terms that are sensitive
to mg — 0 are the terms with n*n".

There is a strong argument for ¢° to never approach 0 if the momenta of fermions are limited and ¢;
itself is not 0. ¢ = p’ — p is a space-like four-vector that can be looked at in any frame. Let

B |:pl2 + m2

p mﬂf} , o= [m,m, 0] . (229)

Then,

12 2 12 2 12 2
p—-+m p—+m p—+m
¢ = @p-p)7?=@p" -m) ( —m> —pt? =p" —m —ptm+m? —p? (230)

pt pt pt
12 2 12 2
= m?— mw —ptm+m? =m {Qm - w pﬂ = m(2m —2E) = —2m(E —m)  (231)
p p
2 2 -2 mg>
= 2m(E*—m)/E+m) = 2mq*/(E+m) < ——F——— . (232)
/m2 +q_‘2
Hence ¢ approaches 0 from below only when ¢ approaches 0. For || < m,
¢ <= (233)
for a particle kicked from rest. For |§| > m,
¢ < —mld] . (234)
Analysis of the terms with n*n”
The terms with n#n" are
E?nl Z?nz € 1 zkn 11/ 1
T + 7“1’ (;512(1'1, k12) + F [.’1,'1/]{1/2/] chch(12’ 2 1 ) ¢1/2/ ($1’7 k1/2/) 3 (235)
) P ®
where
S = ¢2Cp / k] e=200 0?20 g (236)
PPg
zkn 11/ 2 —t*(p+03) /P> (p1 +p2)2 s
]:(exch(]'2’2 1) = -9 0\2) € 1Th2l e J - (237)

4p1papy”
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The currents 1 and j1 conserve spin and provide pt-dependent factors, j1+ j; =2 pfpf,2 pjp;. Therefore,

1 = ¢%Cr / k] e=200 0" 20 gyt (238)
9
wkn 2 —t2(p3+p3) /P2 (p1+p2)° R
K7:1(12,2'1) = —g°Clay e a2V 2 205 2 S0 (239)
4p1p2pg
Simplifying,
St = 0 [l oo 10221 -
X
Kizonr = Kffcﬁ(m 21) = —g C\ 2) € R (4p1 +p2) 4/mry ety (241)
Plﬂzx

with the potentially diverging terms, in the limit mg, — 0,

anl E:an 1 1 1
T | o(z1,kiz) + Pf(; /[$1/k1'2'] K91 d(x1r, kyigr) (242)

D1 P2

where spin labels are dropped because they are conserved by the singular terms. The eigenvalue-equation terms are of

the form
1 1 1
g4+ — [ Ky = (x4 — [ K7 — [ K" (¢ — ) . 943
¢>+P;/ 6 ( *p;/ )‘“pg/ (& — ) (243)

The case of [ K" (¢ — ¢)

The first question is if the integral I = [ K" (¢’ — ¢) depends on m, when m, — 0. For fixed ; and ki, I change
variables according to

= o1+ 2, ki = ks +q (244)
and obtain
) 2
7 9 CI2 / dz/d2 L o—t3(pi+p3)/pg” 2 (p1 —|—p23 Tz Ty (¢ — ) . (245)
. 4p1p2 2 Ty Ty

Using p1 = 21 P + k, p1r = 1/ P + k’ etc., and introducing
= VK, (246)
according to Eq. (848)), I get, following Eqgs. (850) and (851)),

o mi(z/z1)? + (V7] |kt — kisz/x1)?

p1 = ml+ Tt 2/ ; (247)
p2 = m3+mg o) 1@2% /m) (248)
Then,
2 (ma/z1)?|z] + (k' — s5.1/]2] kiz/21)?
pro=my+ 2 1+ 2/m1 ’ (249)
y = mg el (ma/22)?|2] + (k* + s.4/]2] kiz/22)? (250)

1—2z/x9)
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It is visible that p; and py are non-negative, they can be 0 only when mg = 0 and z = 0, and they both approach mz
plus terms that tend to 0 as |z|k2 when z — 0 and |k*| > 0 is kept fixed. Consequently,

~ my | milz|/a} + kizs.\/I2]/%1)?
pr/lzl = — + (251)
! 2] 1 —|—z/ac1 ’
2
o/l = me N m2|z| /2% + (bt 4 kiss./|z|/22)? ' (252)
2| 1—2z/xy

It is also visible that p; /|z| and ps/|z| behave for fixed z and large k* as k*2/(142z/x1) and k2 /(1—z/x5), respectively.
The range of integration over k2 is limited from above by a finite value when s is finite and z; and z, are limited,
which is the case in the Hamiltonian matrix elements between effective 2-body states of finite invariant mass. Is the
inspection and conclusions below correct? I inspect the integral in Eq. ,

. 2 &g - 9 D < 5 2 ’ ’
I = 729 C2) / ) dz/\z\d“zz# /PPty (LE p2)T ATV TSy (253)

4pypo 22 T T

The singularity for small z is changed from 1/22 to 1/|z|. But the difference ¢’ — ¢ is expandable in the Taylor series
and the leading terms are

Olav, ki) — Bler,kiy) = (@1 + 2 by +0%) — 0o, ky) = 26. + -6 +O(% 24, ™) (254)
= 26, + VIR 6L + 02, 22k, 2k2) = O(VTRD) (255)

which means that the integrand behaves as 1/4/]z|. The integral is finite for m, — 0. Therefore, in Eq. 7 repeated

here,
n 1 N4 — ny 1 n 1 UN
Zd)JrP;_/Kd) <E +P$/K>¢+PJ,/K (o' — o), (256)

the second term on the right-hand side is finite and independent of m,, in the limit m, — 0. The question of what
to do with 1/(p1p2) that leads to the 4th power of momentum transfer in denominator requires inclusion
of the RGPEP form factors. 20250906 20:24 sob San Dimas: the reasoning and conclusion are correct.

Subtraction of wave function with the full kernel
The purpose of the subtraction is to reason in terms of the potential, which applies only in the non-relativistic
systems. In Eq. (192)), repeated below,
K2k (12,2'1) = —¢°Cly ot (03 +03) /02 w G [=g" 4+ 00" (o1 + p2)/ 2052)] G (257)
P1P2

the kernel can be written as

K2k

exch

2 —9gHV moV ]
(12,2'1) = —g?Cjyy e ¥ (Pited)/py” (prtp2)” [ g 1T ]jy . (258)
4p1p2 pLtp2 pg

In the non-relativistic limit, valid because the RGPEP form factors limit the quark relative momenta in the bound-state
rest frame, the current factors j reduce to 2m; and 2ms, preserving spin projections on the z-axis,

p1 = mj+z°mi/a} +qt%, po = m; + 2°m3 /3 +q*?, Py = z(mi+my) , (259)
m; 2 2 2 12 2 | =2

z e =P my + 2 (m1 +m2)” +¢ p=my+q (260)

g = z(m1+ma), (261)

and the kernel becomes

-1 1
Kk, (12,21) = —g*Clay e 207/9° gy, {q w} . (262)
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The right-hand side of the eigenvalue equation is M?/ PJ. The exchange interaction term can thus be written in the
non-relativistic limit as

1 1 zkm - 5 -
F/KW —¢) = F/[xl'kl'z'}f(efchg(m 2'1) [¢1,2,(k+q) — pr (k) (263)
6 6
2 3
_ 9 CI2>/ g (1 1\ _a0q2/q.)
B P(;' 2(2m)3 \'mq +m2 ¢ dmamg
1 1 L, 7 404
X 2 541 0:0j¢12(k) + O(q" 0, )| » (264)

where 9 denotes the gradient in k. This result matches Eqs. (67) in [54] and (95) in [62].
The case with (Z" + # fK") )
s

The sum of integrals that multiply the wave function ¢12(z1, ki5) is

sn = 92€F /[zk] 2oty AL 2) 92? /[xk} 2o pt? A=)
X

Do by x
2C

9 2 / oy ]e— R +e3) /01" (pr+p2)” +p2) Wz (265)
P Ap1paag”

The range of integration variables is illustrated in Fig. [2| (20250824 09:10 nie Bukowina) I take advantage of Sec. 77,
beginning with Eq. (??). The antiquark, 2, self-interaction term and the corresponding exchange term in the considered
sum, using z = xy — 21, are g>(Cp or Cyy)/[2(27)%] times

1 21,1
Z” _ i/ d.Td k? e 2t2p2/p+2 4(1—1‘) (266)
e Py (1 —2x) x ’
-1 (Y day d?kS., 20,2 2y, +2 (p1 —|—p2)
KT = 127 —t*(pi+p3)/P YN on ; 267
2 P+ /QC1 Ly Ty e 9 4p1p22’+2 T1T1/T2X2 ( )
In the integral K;’, one can equally well integrate over xo = 1 — x1/, with dx1, = —dzo/, and
/1 deyd’kiry /ﬂ” drg d?kify, ' (268)
1 T XTor 0 X1 Tor

The momenta in K are
Ty = Xy — Ty = aTo , Py = x(—kip) + kT, (269)
xg = zy = (1 —2)zg , pj = p = kllg, = (1—36)(—1#2) — Kkt (270)
The Jacobian is

8(1'2/7 k%/Qz, k%/Ql _

—1 . 271
O(z, k', k?) 2 (271)
Therefore,
/1 dryd®kiig /x dry kg _ /1 dz d?k* B /1 dx d?k+ (272)
1 T1/Tor 0 T1/Tor 2 0 (ml + xl‘g)(l — x)a’:g 0 (.T/'l + .Z'.'Ifg)(l — x) ’
The integrals to compare are
1 27.1
Z” _ i/ d{Ed ]i) 6*2t2P§/P;—2 4(]. — l’) (273)
m2 Py (1—2x) x ’

-1 1 dx d?k+ 2, 2, 2y, 42 (,01 + p2
Kl = —— —t*(p1+p3)/pg” W1 T P2) 4 = . 074
2 P+ / (x1 +222)(1 — ) € 491 2z V(1 + 2w2)w2(1 — )20 (274)
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Simplifying,
Lot o222 4
= o de d*k+ et P2/Pg = (275)
271 2
Ky = ded’k V& ity (it o) 4 (276)
P+!E2 \/ (71 + z22)(1 — x) 4prp2 a2
In both integrals,
Py = @p3 - (277)
So,
wo— / do PrL 2y 4 (278)
x
271 2
Kl = drd"k™ VT _ep)rpieedyser (PLEP2)” 4 (279)
0o (z1+z22)(1 - x) 4p1py 2
I have to work out ps in both integrals. In X, I have
_ _ mix? + k12
p2 = my —(p2 —px)® = my —pf(py —py) +p,° = ms27+217 ' (280)
In K, I have
m2z2 + kL2
p2 = (p2 — p2r)? = m; 21 (281)
-z
p1 = mj—(pv —p1)* = m)—pl(py —pi) +p,° (282)
12 2 12 2
pyo+m +m
= my — x[py = (v2/21)p]] { e 1} +pg? (283)
Dy b1
2 ki +mi 1o 2 L 1\
= mg — (.T-’L‘Q/-’I:l) m k12 — my + (xklz —k ) (284)
kis + k)2 +m
=~ e/ (LRI e ] 4 (ot — 1) (285)
m32:
1 T
—(xxo /1) [(xlf/xl) - 1] = —(zxo/x1) (mllz - 1> = (zx2/21)2/21 = (TH2/T1)TT2 /(21 + TT2)  (286)
2,2
I A (287)
x1(x1 + z22)
k+2:
—(xxa /1) i1 =12 ! = xl (288)
200 o 2p1+ary T+ awe
kiz?:
1) 2 2 2 2
(xxa/x7) (@1 /) 1 +2® = zas [1/21 — (1 —2)*/ay] + 2% = zas [1/21 — (1 — 2)? /(21 + z22)] + 21289)
_ xmle +zry — 21(1 — 2)? 422 = g2 xzmg + 211 — 112 i1 (290)
x1(x1 + 222) x1(x1 + z29)
_ 2 T3 + 23179 — 21727 + T3 + TT1 T2 _ z? (201)

x1(x1 + 222)

x1(w1 + 222)



ktkis:
(waafor) |2 2g = 2z fas(l —a)/ar + 1] 2 a1~ ) + a1 +awa]
—(zxo/71) | ———%| — 22 = 2z [22(1 —2)/21/ = —— [zl —2)+z1 +2x
2/%1 (v /21) 2 1 P 2 1 2
_ 2x
C r 4z
The result for pp is
2,2 2
2 2 LT 12 T 12 1.1 T
= m-+m k kiz ——————— — 2k~ kjy—— .
1 g lxl(xl + xx9) T + T2 12 1 (1 + z229) 1200 + 2
or
z1(x1 + zx2)(p1 — mg) = m22?23 + k222 + kia? — 2kt ke

It looks right because of the simplicity.

p1 = m

m2x?x3 + (v1kt — xkiy)?

z1 (21 + z22)

_|_

QN
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(292)

(293)

(294)

(295)

(296)

I am sure this is a correct expression. 20250825 00:23 pon Bukowina — 20:36 pon Ekologiczna Now the integrals,

gQ(CF or C‘2>)/[2(2ﬂ')3] X

1
s i+ de dPkt e—20/mi it 4
: P2 Jo x?
e — 'l d2ht o= ) V1 (pr+p2)* 4
P Jo V(e +xze)(1—2)  4pipz 22
by = m? g BT AR
9 1—=x ’

The question is how the sum,

behaves in the limit m, — 0.
st sk sk sk ok sk ok ok sk

I may have an error in my logic

Both terms involve the gluon spin

The term +1 on the right-hand side leads to the same singularity that appears in the seagull.

difference between p; and p- is

(p1 + Pz)2

5  mizix3 + (w1kt — wkis)?

21 (x1 + 2229)

Sg = EZLQ+K;]7

in Eq. (?7?) etc.

_60 Nea /50 1,07
= %4\/ [
+50'1 0'1/50'2/.0'2 (pl + p2)2
= TR p g
q+2 1 71772/ 172 4/)102

singular factor 1/22. One can subtract and add 1,

_ 2
—14+1 = M—l—l.

4p1p2 4p1p2

p1—p2 = 2y(MIy — M)~y .

(297)

(298)

(299)

(300)

(301)

(302)

(303)

(304)

The

(305)



In the limit y — 0 I have

2 dam? + A(xlt — ykt)?

p1 = m R — m?, + 4112 — 8yl kt Ja
4 2,,2 40(1 — ZL kLZ
p2 = m3+ Yy Jr(lgx)f_)y;ry ] —>m§—|—4lu+8ylj‘kj‘/(l—x) ,

In the quark-gluon rest frame,

Py Ey+k* , pf = E,—k , E=E,+E,,

Eg — /ml(27+kL2+k22;Eq:1/m2+kL2+k22’

o = [ = [ st (54 %)

There is another relation worth knowing and remembering. Namely,

@G —a = (pv—p1)?— (p2—p2)?
= (pv —p1 —p2 +p2)(Prr — p1 + P2 — P2)
= (Pro — Pio)(qn + q2) -

But P15 and Py, differ only in their minus components, while qf = q2+ = szg. Therefore,

1 M%/Q/ - M2

2 12 +
2z2P5
2 Pl—g 12

%iqg =

which amounts to the universal relation

Qf - qg =z (M%’Q’ - M%Q) :
Generally, I change the definitions of momentum transfers to

a1 = PT—P1, @2 =Pz — P2 -

These momenta match the exchanged gluon momentum except for the minus component.

G -6 = (1— @)@ +a) = (pr—p1—pz+p2) (@1 + @)
= (pr+p2—p1—p3)(a1 + @) -

sk ok sk sk sk sk skosk skok

Substitution kt = /z ¢t yields, with t, = t/p3, the sum in the form
g*(Cr or Cg))/[2(27m)%] %

1
§1 = L [drdrgt e B3 L |etod _otiot v (o1 + 02)°
? ps Jo z Vi(zr +zas)(l—xz) 40102
2 2 12
m msT + ¢q
9 2
(o2 = r = —= _|_ _
? P2/ T 1—x
2
oy = pi/r = ﬂ + m%xx% + (xqu — ﬁkf—?)Q
x x1(21 + z22)

Because of the exponential factors, |¢*| is limited. The dominant behaviors of os near = 0 are the same,

2
m
9 12
02 = L 4q'?,
T

m
o) = 29 4412
xT
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(306)

(307)

(308)
(309)

(310)

(311)
(312)
(313)

(314)

(315)

(316)

(317)
(318)

(319)

(320)

(321)

(322)

(323)
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Therefore, for small x, the large square bracket vanishes and the small-x logarithmic divergence is actually absent. But
there is also a divergence due to a small ¢ in the denominator. Ide spac 20250826 wto 01:10 Ekologiczna.

20250901 16:42 pon San Dimas: I need to solve the small denominator problems but now I continue with evaluation
of S for a moment. I recall the option to write

(01 4+02)°  (01+02)
= 141 =—+41. 324
4010’2 40’10’2 + 4010’2 + ( )

The difference o1 — o5 vanishes for z — 0. Therefore, the integral with that difference is not diverging when = — 0,
which means I could set mﬁ to zero in this term as far as small x is concerned. The remaining term of 1 contributes to
the difference involving the form factors and a factor with square roots that also tends to 1 for z — 0, which implies
the logarithmic small-x divergence is canceled.

20250901 17:30 pon San Dimas: To complete the thesis of the paper I need to do 2 things; explain what happens for
small denominators, which is the genuine infrared problem, and calculate how the gluon interacts with quarks in the

3-body component.

FIG. 2: Effective gluon exchange and self-interaction terms in the two-body component of a heavy quarkonium with
the RGPEP vertex factors fr;frr represented by the black dots.

P1 . _ N P
P12 %3 D3 N WPNT
—_— —Q— @

b2 P

IX. INCLUSION OF QUARKONIUM COMPONENTS WITH EFFECTIVE GLUONS

Two-body component is coupled to the three-body states containing an effective gluon in addition to the quark pair,

|Q81QS2GS3> = bild12a13|0>7 (325)

and to the states with more effective gluons. States including additional quark-antiquark pairs are assumed so heavy
that they do not significantly contribute to the ground and low excited eigenstates. All these components correspond
to the basis states |i)s in Eq. , while their coefficients ;(s) are the eigenstate wave functions. Thus, the effective
eigenvalue problem differs qualitatively from the equations derived using the Tamm-Dancoff approximation [63H66].
Namely, the Hamiltonian H, is independent of the regularization parameter » — 0. Instead, the effective interaction
terms in Hy include the vertex form factors f; ; computed according to Eqgs. (108) to . As a result, the eigenvalue
problem for H, does not require the so-called sector-dependent counterterms [65]. Nevertheless, the eigenstates have

components with different numbers of effective constituents. [i)) can be written as
V) = |2)+(3) + ..., (326)

where dots indicate the components |n) with n > 3. The interaction that couples the component |3) to the component
|2), is proportional to the coupling constant. Therefore, the contribution of the component |3) to the dynamics of
component |2) is at least of order g2. The components |n) with n > 3 contribute terms of at least 4th order. When
the coupling constant g is very small, the effective coupling constant g, is also very small, since the difference between
them is of the third order. Up to the 2nd order, the coupling constants g and g, are the same.
Self-interactions: the same Eq. for quarks, and Eq. for gluons.
Seagulls: similar to Eq. for quarks but with different color factor, and a new seagull for gluon-quark interaction.
Terms f — ff: for qoark-antiquark interaction with different color factor, and new for the gluon-quark interaction
Seagull of quarks: These are new due to the instantaneous quarks

A. 2nd-order seagull interactions in the 3-body space
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2025006 21:11 sob San Dimas - Start here tomorrow : In the 3-body space I have the 2nd-order interaction terms . .

2025007 12:18 nie San Dimas
The initial expression for the quark-gluon seagull term is given in Eq. repeated here

-1

1
Hyy = / Aot (T + T80 5o (5 + T8 (327)
The quark-gluon seagull is only
_ -1
Hoyy = / de~d*z* Jff‘;{ﬁjﬂ : (328)

The seagull term structure in our notation is illustrated in Fig.|3] Using Eqgs. and ,

.ogat .
'wa'

93 Y T / pipa 2/otod L} (329)

C1,C2 01,02

LY = Bl [0 o o)+ 021 ey Do
— Al P [0 4 £ 1)+ 012 a1 o (330)
I dropped the pair creation and annihilation terms from [: { }:]". The gluon current is given in Eq. , or
Iy = iglotAp, AY)Y ISt = —igloT Af, AF]t = —igfete(ioT AYH)AG (331)

Using Eq. , knowing that ™ is set to 0,

(0t A4 A = Z/[lQ}pf {sf‘awe*“’”—af*ahe"plz] [ezlagce*i””+5j‘*a£ce”’”] . (332)
12

For the seagulls in the 3-body space, I only keep terms of the type afa. The gluon spin is conserved. Its spin
conservation is assured by the products

e1*ey = —eley  or  efert = —ei€} . (333)

Since components + of € are 0. Further,
(i8+Al}J‘)A?‘ — Z/[l?]pf [agacalgbe_iplweipﬂ —a{obaggceip”e_ip”] . (334)

ag

The current is normal-ordered and regulated, a la Eqgs. and . I can simplify notation, keeping 1 for quarks, 2
for antiquarks and 3 for gluons.

Jis = —igfete(iot AYR) A (335)

— figf“bCZ/[33/] ps {a;,ﬂcagabefipgmeipi‘”z - a;aba:‘;/aceimme%pym} fgré(g_;) . (336)
o
I change 3 ++ 3’ in the first term.
JZ‘J’Z — —igf“bCZ/[33’] {p;agocagnge_ipyxeimx —p;agabagﬂoceimme_i?s/f} fgré(gf;) . (337)
o
I change b < ¢ in the first term.

735 = —igr e [19) [pialasore o memt ol a6
o
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FIG. 3: Hamiltonian seagull interaction term of a gluon (3) and a quark (1), with a momentum transfer py.
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P31 — P4 P3’1’

P1 P’

The result is

Tot = igfeey / [33'] [p;agabag/gce*ipweim +p;agabaglgceiwe*%'ﬂ 5 3G-3) (339)
= igf™ ) / [33'] (3 +p3)) b yazoce™ Py (340)
The seagull term, including both quarks and antiquarks, is
HS‘]Q = /dm*dQl’L Z'gfabc/[ggl] (p3+ +p§r’) agba3’c eii(pyip?’)z 50’303/ fgé(g_&)
y 1
(p3 —1p3)?
x (—g) xiTw /[11’] 2\/piwt [bbyel e — df, dyeiterpe]
X Ooroy Sy - (341)

Compacted, the gluon-quark seagull is

(pd +p3) 2¢/pi P}
(pd — p3)?

Hyy = —g° / [3311] be.o Gupins ST 7_1) Fiaa-9) AT X if ™ alyazcbiby,  (342)
and the gluon-antiquark seagull is

(pd +p3) 2¢/P3D3

Hay = +9° / [33'22'] bc.a Gspins S5 55_2) F33:3-3) X5 T2 f% al,azedbdy . (343)

(p3 —p3)?
The wave-function color factor for the globally colorless 3-body states is
Chtaay = XIT%xs - (344)
The color action of the quark seagull H,,, on the globally colorless 3-body states is described by
. . / ’ 'L s33’ ’
XJ{TSXNfSBg X1/T3 Y2 = Zf333 XJ{TST3 Y2 = *f‘ 33 XT[TS,T?’ Ix2 = fs33 fa33 T (345)
1 / ’ 1
- 5JcsSB faSS X’{ f393 fa93 X2 _ 2 . XlT Y2 , (346)

which means multiplication by N/2. The color action of the anthuark seagull Hyg, on the same globally colorless
3-body states is described by

X T xaif3% AT xo = if™ LT XIT¥ xor = if™¥ 7% Tox, = f333 if e AT (347)

1 ’ ’ ]. ’ ’ ].
_ _ 5 fs33 f3 sa X];TaXQ — _ §f3 53f3 sa XITGXQ _ _ 2 Nc X1T3X2 (348)
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which means multiplication by —N/2. Including the sign factors in front of the operators, the net factor is the same in
both cases, —1/z%. The sign of the seagull term in the colorless 3-body states is the same as in the colorless 2-body
states. The strength is slightly increased from 4/3 to 3/2, by the factor 9/8.

20250908 21:27 pon San Dimas: Start tomorrow from checking what the gluon exchange does.

B. 2nd-order quark-gluon interactions through gluon exchange in the 3-body space

The interaction of a gluon with a quark or an antiquark in the 3-body space, proceeding through the exchange of a
gluon, results from the double action of the term —(Js+J3") A%, in Hqep in Eq. and the term mg¢aai+(JjJJ£+JfZ}')
in Eq. , using the currents

Joli = =g Ty ey (349)
T = igloh Ay, A (350)

The exchange term formula in our notation is illustrated in Fig. |4} The formula follows from #; and the renormalized

FIG. 4: Hamiltonian interaction term of a gluon (3) with a quark (1) through the exchange of a gluon carrying the
momentum transfer py.

D3 D3 P3 D3
Psy ps Psy Pa Pa Psy
D1 P ;b Dby

interaction Hamiltonian terms given in Eq. (112). The gluon exchange in the 3-body space is contained in

HP = frr 7'[(()2) + (frr — frrfir) Arvir 7'[(()1) 7'[(()1) ) (351)

where we recognize analogs of the 2-body terms present in Egs. (125) and (??7). We identify the the 3-body-space
gluon exchange terms between a gluon and a quark in

HS = Hf + fLR [EQ sing + Smg In + Eqsing + 5m§ In + frfrHsggq + FrSsggq + FrScxch]
+ (ftr — frifir) ALir frH(()l) fAH (352)

Question: Do the divergences of gluon-quark seagull fr g f, frHsgeq and gluon exchange in frr Arrr f,,”Ht()l) fﬂ-[él)
cancel each other? Gluon-quark seagull operator is given in Eq. (342). The gluon exchange interaction between a

gluon and a quark follows from the product "H(()l) H(()l), in which 7—[(()1 includes the following terms from Eq. ,

a a a a ]' a a
HyY = /F [(Jw;+JA’;) G+ Mg W(JAJ]?+J¢}”)} . (353)

Integration by parts yields

= = [ (g ) (g + Ter) (354)

I called a file toolong on 20250912 16:00 in San Dimas and start from scratch evaluation of the interaction terms.
There are 4 terms to evaluate

Hya = — /F JonAs (355)
ap Mg

Moo = = [ TS (356)

Haa = _/FJ:‘I\;;”A(JZ"M’ (357)

a m a
Hao = = [ Tt (358)
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Reminder
Mgy a ngnu rum —ipaz t ipaz
9+ ¢ a9+ & / [4] = (a4ae Pat 4 ay, ettt ) . (359)
Evaluation of Hy4
Hya = / T A (360)

- T
—9u(—9) /[124] Oca | [U1X1b1 + leldﬂ e [52T4a4 + £Z*T4aﬂ [ugxgbg + vzxgdg (361)

In the 3-body space, two terms count: quark or antiquark emitting and absorbing a gluon, while the pair creation or
annihilation are ignored as too far off shell.

Hopa = —/ Jg?Ah = g/[11’4] beaf [ulxlbl]Tvofyy {5ZT4G4+5Z*T4GH [u1:x1/b1/]
F

. T
+ g/[22’4]55_af |:1)2/X2/d;,:| vy, {€ZT4G4+€Z*T4GH |:'U2X2d;:| . (362)

Hypa = g/[11'4] bca fia X1T4X1' U1y, U1 (54 bl 1bras+ei*a bJ{bl/)

— g/[22'4] Sea fg% X;T‘l)@ Va1, 2 (SZ d;dg/a4 +ey” ald;dzl) . (363)

Evaluation of

ap Mgl
Hyp = / Tk 5+“ (364)
~ T m v
= —gl“,(—g) /[124} §c.a f |:’U,1X1b1 + UledJ{] ’)’O’Y”pgij_]TLL [ai + aﬂ [UQXQI)Q + U2X2d£:| (365)
4

Again, in the 3-body space, two terms count: quark or antiquark emitting and absorbing a gluon, while the pair
creation or annihilation are ignored as too far off shell.

myn s o i _ m
oo = — [ g — g U0 g T oy 2 (i + o)
i
— g/[ 21]5 fg 2,T X2 U2y g p— (deg/a4+aTde2/) . (366)
4

Below, I tend to omit regularization factors f7 ,, till I come to the final expression for the gluon-exchange
interaction between the gluon and quark in the 3- body space.

Evaluation of H 4

Haa = /JZ’;Af“7 (367)

‘}.M = Z/[?)I} E3/ua3/a€_ip3/w+€§rua§/a€ip3/lj| 5 (368)
3/

T = glio" Ag,, AY)" = igfet(ion Al ) AY (369)

= igf“bCZ/[34] ph |:83a3b6_ip3x — E*aT e } [54(14 e AT 4 exal ! ”’“] (370)
34
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Haa = /ng‘“’CZ/334 ezagpe” P —E*aT Le'? } [54a4ce_ip4x+gjaflceip4x}
33'4
X {pggglaglae_”)yI +p3€§/a;, e”’yz} (371)
= lgf“bcz / [334] bc. [5361317 egagb} {s4a4c+s4a£c} {pgi‘?g/ag/ + paeyal, } : (372)
33'4

There are 8-2=6 terms to evaluate.
112 [e3a3p] [e404c] [pgsg,ag,a} + 121 [e3a3p)] {sja:ic} [p3esrasq] + 122 [e3a3p) [sjaic} [pgsg/a;,a}
+ 211 [*&?3@;1)} [eaaac] [p3esraza] + 212 [*Egagb} [eaa4c] [p3€3/a3/ } + 221 [—5§a§b} {ﬁaj@} [psezraza] . (373)
Clean.

Han = zgfabCZ/334 ea X, (374)

334
X = e3¢ €5, A3pa4cal,  + E38F Pacy aspak asia + 3k pact aspal al
= 341033' 3643/, 3&4 P3€3 3b04.03'q 3E4 P3€3r G3pA4.A3/,
* t " «  f f - tot
— £364 P3E3 ALA4cA3rq — €364 P3EZ ALy A4cQl,, — €34 P3EY QY Ay A37q - (375)

Separate terms with 2 daggers and 1 dagger.

_ * i * 1 * I
X = €364 p3ey a3pA4czr, + E3E4 P3EZ A3pAy 03/q — E3E4 P3EF QA3(4cA3/q
* * Tt * * T I * % Tt
+ €36} P3E3 A3pAY.A%, — €364 P3E3 A4 Q4cy,, — E3E4 D3ER Gy 04,03 - (376)
check
_ * 1 * oot
X €384 P3€3r G3pA4cl3/, — E3E4 P3E3 Agp0y,.A3/q
* f * U | f
+ €364 P3E3 Q3p04.a03'q — E3E4 P3E3 G3,A4cl3i,
— it . i
+ €36} P3EY A3p0y, A3, — €3E4 P3EY  Aly04cA37q - (377)
_wx Pt " t
—X = €3¢} P3E3 Q3,04.03/q — E3E4 P3E3  A3p04cls,
3
* T T * T
+ €364 P3E3 A3,Q4c03:, — E3E4 P3E3 A3p04.A3/q
* t ot
+ €364 P3E3 Q304c037q — 83<":‘Z p3€§/ a3y A3/, - (378)
Arrange h.c.
—X = g¥e* pae- Tal dar — e *q i
= E€3&4 P3E3 Q3pQ0y.A37q — €3E4 P3E3 A3pA4ch3r,
3
* T T * T
+ €3E4 P3E3r Qg3,A4clz/, — €384 P3EI A3pA4.A3/q
* * Tt * T
+ €36 P3€y A3pA4.A3,, — E3E4 P3EY A3 A4c3rq - (379)
Rewrite.
ok Tt * * T 1 * * Tt
—X = €364 P3E3 Ug,04,03/q + €364 P3EZ  g,Aacly, + 364 P3E3  A3p04.03,
— €364 P33 3bQ4clz, — E3E4 P3EI G3pA4.03q — E3E4 P3EY  U3,04c037q - (380)
Notation.
Haa = 9§ :/ [33'4) 8c.q i > Zggia + hoc. (381)
3374
Zagg = sey atalay + e} 5 alasal, +esel paeh asalal (382)
33’4 — 6384 p3E3r aza,as: E3E4 P3E3s G30A40G3, €3Ey4 P3E3r G3A4G3, .

I change notation in the terms second and third to make them look like the first term. I rename Z33/4 to Y343/ including
ifesc4¢ | In the second term, I change 4 <+ 3/, and in the third term I change 3 <+ 3’. The result is

Han :92/334 ]0c.a Yaaz + hec., (383)
334

__ s recseqc * _k Tt . pescyac * * T T, . peseqc * * T
Y = if©3 ehel paey ajajay — if4% eiey psey alayal+ife eyel pyel agayal . (384)



Normal ordering.

Has = 92/343 Oca Yasz + hec. ,

343/
Vaay = if% (ehe} eyps — eiey eipsteiey e3py) ajalay .
crosscheck of H 4
Han = —/ igfee E /343 e3azpe” P3° —s*ag; e’ } [s4a4ce*""4””+62alce”’“}
343/
X {p:sé?g/ag/aeﬂpa’x +pselial, ewgﬂ
b
= —igfe° E /343 c.a [63031)—63&;1,} {54a40+64a4c} [pg&‘g/a,g/ +p353/a; } )
343/
X = |esasp —elal, | |eqase + etal E3a3q + p3cal
343b 33y 404c 4Q4c| |P3€3A3/q T P3E3/A3g/,

= 112 [ezasp] [c404c) [p353,a3, } + 121 [e3ass] [54a4c] [p3esraga] + 122 [e3asp] [EZajlc} [pgsgla;a}

— 211 {5§a§b} [e404c] [P3esrasq] — 212 [sgagb] [e4a4c] [p353,a3/ ] 221 [53(131)} {d;au [psesragia] -

Clean check:

_ T T * T
X = [83&31, — 5§a3b} [64a4c + sZa4C} [pgaglagla +p363,a3,a}
= €303bE4Q4cP3E3 A3/, + €3A3bE404,D3E3'A31q + €3A3bE4Ay P3E3 O3/,

— 211 5§a§b54a46p353/a3/a — 212 5§a£b54a4cp35§/a;,a — 221 €§a£b61aicp3€3/a3/a
Move of operators and change of sign:

-X

- [€3a3b - €§a§b] |:54a4c + EZGZC] [p3€3/a3’a +P3€§/a;/a
= —112 e3eqpsesy agba4ca£,a — 121 e3eipses agba};cag/a — 122 Egsngsg,agba];ca;,a
+ 211 eieqpses a;ba4ca3/a + 212 e3e4psey agba%a;,a + 221 eieipses a;ba}lcagla
Renaming color scripts a — c3/, b — ¢3, ¢ — c4:

Han = 92/343 a O (—iXaus)

343/

; _ * 1 T w f
—1 X343 = —1 |ezasp — 53a3b:| [84(145 + E4a4c:| [pg&‘g/ag/a + pgaglag,a}
_ 112 4 * I . * 1 ; * * Tt
= — 1 €384 P33 azasas — 121 1 36y p3es azayaz — 122 1 e3e; p3ezazazas,

+ 2114 e5e4 paey a§a4a3/ + 212 ¢ e5e4 p3ey a§a4a3, + 221 i e3¢} pses agalagl .
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(385)

(386)

(387)

(388)

(389)

(390)

(391)

(392)

(393)

(394)

(395)

(396)

(397)

All terms are always normal-ordered and the changes of order are meant to be under the sign of normal ordering.

Collecting h.c.

: _ : * T * T *
—iX343 = —1 |€3a3p —€3a3b:| [€4a4c+64a4c} [p353/a3/a +p363,a3,a}

—112 4 €364 €33 a3a4a§, — 121 i ese) e3/p3 agajlag/ — 1224 e3e) €3p3 (1130,}104;/

+ 22174 e5e) e3ps a;aiagr +212 ¢ €564 €53 azﬂ,a4a£, + 211 i €5e4 €3/p3 a§a4a3/ .

—iXs430 = 221 i €5e) €3/p3 agalagf + 212 i €564 €5/p3 a;a4a;, — 122 4 e3e) €5ps agalag, + h.c. .

(398)

(399)

(400)
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Haa = QZ/[343/] Oca Zaaz » Zaay = [ (—iXauw) (401)
343/
Zgagr = 1f94% giel e3ps a};alag/ i fe34 gley €5p3 a§a4a§, — 1 f934% g3e) €53 agalag/ + h.c. . (402)

I change notation 4 <+ 3’ in the second term and 3 <+ 3’ in the third one.

Zgag = 1f9% gie) e3ps agalagf +ife3° gles €)ps agag/al — G f/ B gqe) €ipy a3/ala§ + h.c.  (403)
= §fe% glel egps agalagf — i fO3% gleg eips agag/ajl i fOU eqe) €ipy ag/alag + h.c. . (404)
In the third term, I also change 4 <+ 3 to have ¢} contracted with ps/. As a result,

Zaaz = 1f eiey e3ps agaiagf — i fO319 ghes eyps agagfal — G fO3CA g5 4Py ag/agaz + h.c. . (405)

Normal ordering, harmless because |’  reduces terms with normal-order commutators to zero modes, which are
eliminated in the regularization procedure, yields:

Zaazy = if%% Yauy alalay + hec. | (406)
Yau3 = ehe) exps — €56y exps—ey ey eapy + hec. . (407)
Result prior to the check:
Yaaz = if5 (e3e) €3p3 — €363 €3P3—E3E3 £4D3/) (408)
which is also
Yasy = if3% [ehe) eaps — eses €5(ps + py)] (409)
_ if(:3(:4(:3/ [5281 ezps + (50_303/ 52(]93 —|—p3/)} , (410)

Above black text is verified as correct
** new version check for p3 + ps/

eips = €4(p3r —pa) = €4ps . (411)

- PC3C4Ce * % * * * *
Yaug = if (e3e) e3ps — €563 €4p3—E3E3 €4P3) - (412)

Now I use the usual relative momentum variables for components + and L,

Yo = xa/T3 , Y3 = x3/T3 , kag = Yysps — yaps , (413)
Pa = Yaps + kaz , p3 = Ysps — kas . (414)
In these variables,

eyps = e3(yaps — kaz) = —es3kaz (415)
€ips = cipy = %62‘[29; —eitry = %Qd‘ﬁpi/m — &Py (416)
= €Zl(?/4p3$ + k’j?,)/yzl - 5?1’? = 6ZLki‘s/y4 = —¢eikaz/ya (417)
ea'py = %264”1)&/?14 —ed"tpy = e (yapy ki) /ya — e py (418)
= +ea ki) /ya = —€4"kas/ya - (419)
Yagg = if3 (—eiel eykas + ehey eikuz/yateles ea’kas/ya) alajay . (420)

Clﬁr}kging notation 3 <+ 4, one has to remember that ksqy = —kys3.

old version verified as correct

eips = €4(py —pa) = €ipy (421)



Y343 = if% (e €3p3 — €563 expy+eres €5p37) G:Tzajla:s' . (422)

Now I use the usual relative momentum variables for components + and L,

Ys = xa/T3 , Y3 = w3/x3 , k43 = ysps — yaps , (423)
Pa = Yapy + kaz , p3 = Yspy — kaz . (424)
In these variables,
e3p3 = €3 (yspy — kaz) = —e3kag (425)
1, 1
eipy = €5 Py —Ei Py = 5260y /ya— i py (426)
= it (yapy +kiz)/ya — €5 vy = i kiz/ya = —€ikas/ya (427)
* 1 * * * *
€3P3 = 3 253Lp§/y3 - 53Lp§ = EgL(y3p§/ - kaﬁz)/y?, 53lp§ (428)
= —e3kiz)/ys = e3kaz/ys - (429)
Yaug = if% (—eiel e3kag + 563 ehkas/yateies €5kas/ys) agaj;a:%’ . (430)
Changing notation 3 <+ 4, one has to remember that ksqs = —ky3.
kokosksk
In verified conclusion,
HAA = gZ/ 433 a4a3a3/ Y2133/ (543 3/ + h.c. s (431)
433/
Yizz = if4 (ehey egkas — exey e3kaz/ys — e3e3 e4kasz/ya) (432)
which matches Eqgs. and . Also, changing notation 3 < 4, I obtain
Yau3 = iqfescacs (&-;6:’1‘ €3P3 — 5§53/ 5Zp3/—|-5253/ 5§p3/) agaiag,/ , (433)
whose equivalent is
Yisy = if®% (ehel eypy — ehes e5py+eies expsr) a}la;agf ) (434)
Using
* 1 — *
E4P3 = 582 P; —54LP3%/ = 2 €1 P4 /314—54 p3' (435)
= &4t (yapy + ki3)/ya — €3 Py = €5 kaz/ys = —cikas/ya (436)
1
€3py = 5253 P3 /y3 —e3 PS/ = &3 (y3p3/ k43)/y3 _5§ ps/ (437)
= —e3'ki3)/us = e3kas/ys (438)
one obtains
Yisy = if% [eje} ey has — eley ehkus/ystesey (—eikas/ya)] afalas (439)
or
Visy = ifeie (cie} eykas — ehey eikaz/ys—eey eikas/ys) alalay . (440)

Blue text above is verified.
I check if a change in Eq. 1} that leads to p;{ +p3+, agrees with the above blue and red results.

Hps = gZ/ [123] alabas Yias 0103 + hec. | (441)
123
Y123 = fL](Q(S [8152 53k12 — 6153 Egklg/.’L’Q — 5;83 8?]%’12/5131} (442)
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Hys = QZ/ 343" afakas Yauz 0303 + hec. (443)
343/
Yaug = if [—eie) egkas + €363 ehkas/ya + eres e3kas/ys] verified (444)

Switch to momenta p,

ki3 = (y3pa — yap3) , (445)
Yaaz = ifS% [—e3e] €3 (yapa — yYaps) + €363 €4 (Y3pa — Yap3)/ya + €1€3 €3(yapa — yaps)/ys] (446)
= if®% [—e3e) en (—ps) + €563 €4(—yaps) /ya + 1€ €5(y3pa) /ys] (447)
= f9% [ghel 3D — €563 €4P3 + E4E3 €5D4] (448)
= fe3%s [ehel e3p3 — €563 4Py + E4E3 €5D4] (449)
matching Eqgs. (433) and (remember e}ps = €ip3). In the sums and integrals of all terms, one can rename
summed and integrated variables in each term of Y independently. So, one can relabel 3 <+ 4 in the 3rd term. Creation

operators retain their form, they only change order which is arbitrary anyway. Factor if<“’ changes sign. The
result is the same formula for H4s with

HAB = g Z/ 343 a3a4a3/ Y343/ 534 3 + h.c. 5 (450)
343/
}/343/ = fC3C4C3I [5;52 £3/P3 — 6;:53/ e’:‘z (p3 =+ p3/)] . (451)

When 4 corresponds to the exchanges gluon, the only divergent part of H 43 when y, — 0 is

HdIV =g Z / 343 CL3a4a3/ Y343, 534 3 + h.c. , (452)
343’
Y‘i‘g, = —zfcgc4c3/ 8;53’ EZ (p3 —+ p3/) . (453)

The divergence comes from e; . Now I can check the whole calculation of the gluon-quark interaction. The full
expression for Ha4 = H s can be written in two equivalent forms.

C. Summary of the 3-transverse-gluons term

Equalities mean equivalence when all indices and momenta are fully summed and integrated, respectively.

Has = Haa = */ Ty A, (454)

Huip = HAS = gz / 343 a3a4a3/ Y343/ 534 3/ +QZ/ 3 43 a3,a4a3 Y343/ 53/ 43 (455)
343/ 3143

= g2/343 a3a4a3/ Y343/ 534 3/ +QZ/ 343 a3a4a3/ Y3/43 53 43/ (456)
343/ 343/

Yagzr = if4s [—e3e) ex ks + e3e3 exkaz/ys + i€z €3kaz/ys] . kaz = (yspa —waps) . (457)

Yagy = if% [ehe] exps — ehey eapy + €463 €5pa) (458)

Yaag = if® [e5e] eaps — €563 € (py +p3)] (459)

Yiug = 1f°% eyeseipy —eyeseaps — €365 €apy] (460)

= if [ezeqe3py — e3e3 ca(ps +p3r)] - (461)

The identities above include the change 3 <+ 4 in the last terms of Y, and from e4ps = 0 after adding py4 to ps in the
product with 4. One can change notation under the sign of full sum and integral in each term separately.

Yoz = {if64%s [eheh eaps — chen eipy + ehez eips] 3 3} (462)
pfescacs [63/64 8;])3/ — 63/6;) £4p3 + 54{:‘; 83/]74] (463)
Changing notation 4 <+ 3’ under signs of full sums and integrals in the last term alone, one gets

Y?:;43 = ifcac4c3/ [53/84 E§p3/ — 53/{5; EyPps — 63/53 84})3/] (464)
jfescacs [63/84 E§p3, _ 5?;53, 54(]93 + pg’)} X (465)



There was the error : confusion of p with k

. 24 C3C- * * * * * *
Yizz = if49 (ehey e3kag — exe3 e3kaz/ys — €363 €1ka3/ya)

— (foACsCy (gheh egipy — ehey epy+eiey eips) alalas .

End of the summary of the 3-transverse-gluons term

Evaluation of H 44

H.m a
Hap = */ Al;f af)fu¢

Jat = 2/343 ] igfeeecs ph |:€3a36 P 5§aTe”)3“”] [egfagleﬂpS’Iang,a

343/
mgn#¢a _ /[4] mgﬁ# (a4ae—ip4w +dlaeip4$> 7

Hap = / /343 Qg fereses ph [83(136 3T s*aTew”} [eglag/efi”?”“’+s§,a§,eip3’x}

Faagy

% mg m <5L46 zp4z+~"' Zp417)
+
by
Calculation.
+

Hap = 2/343 ca zgfc40303’ {Eg,(lg—é‘gag;} [53,a3/ —I—Eg,a;,} (d4+d£) .

343/

Again, there are 8 - 2 = 6 terms.

[€3a3 — E;a;} {53:@3/ + 53,(1;} (&4 + d:rl)

112 |eza3 — 53a§ egras + 53,a£, (a4 +a
121_sa feaT_ »5 a +5*aT_
343 3Us 37 a3’ RRY

122 |e3as — e§a§ ezraz + Eg,ag,

212 |ezas — 5§a§ ey az + eg/ag,

(a1 +
(a1 +
211 _630,3 - sga};_ _53/a3/ + egf,a;g,_ (d4 +a
(a+
(i +

+ o+ o+ o+ o+

221 |esza3 — e}ﬁ,a;ﬂ, ezraz + 5}(12,

112 egzey agagzd:rl + 121 egzes, a3a§/514 — 211 e5eq a£a3164

— 221 kel alal,aq — 212 ehey alagal + 122 esel agalal

X = [53113 — Egag] [53/(13/ + 5§/a;,] <d4 + ELZ)

= —221 eie}, a;ag,@ 212 eley a§a31a4 + 122 g3¢%, a3a3,a4

T

3/

etPs/ m} ,

h.c. .
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(466)
(467)
(468)

(469)

(470)

(471)

(472)

(473)

(474)

(475)

(476)

(477)
(478)



Normal ordering to dlagagf.

~ +
Hap = gmg Y / (433000 Z , Z = fsp% (—=iX) + hec.,
’ p4

433

+
Z — fC40303/pi3+ (_ZX)
Py

+ +
221 feacacy p—{’; iejel, abal,ay 4+ 212 cacscy p—i ighey dhalay — 122 cacscs
Dy Py Py

Here, I am interested in terms that do not change the number of transverse gluons,

p+
Z — feaesty 3 (—iX)
Dy

p+ p*
= 212fcacsc % i5§53/ &Zagay _ 122'](‘640303/%

€3y Zzla;ag .
Dy Dy

I change notation in the second term, 3 <> 3'.

T
Z — foes =L (—iX)
Dy
iesey &Zagag/ ieges &lagag/

+
— feacycs Py

+
Py Py

+
-y
+

04035-/p3+ . % ~t f 646363/p3+’ A * ~t 1
= f ¥ iezey auagay + f —T l€3Ex€3 Qua3ay
Py by
+ 4t
— fz:403c3/ p73 Py i€§€3/ Zliagag/ .
o

The final result reads

. s+
Hap = gmy Z/[433'] Oc.a if”4c3c3’% gz dla;agl + h.c.,

4337 4

+
Ps oo.cx atal
T 26363/ a4a3/a:3 .
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(479)

(480)

(481)

(482)

(483)

(484)
(485)
(486)

(487)

(488)



D.

Summary of terms for gluon-quark interaction in the 3-body space

Integration symbols include sums.

Mg

Hoa = = [ 1355,
F

a m n a
Hys = /Jw? 57 ¢

Has = Haa

Han = Hys

Y343/
Y343/
Y343/
Y33

a m 77 a
HAd) = / JA‘} 3g+u¢

/ (Jilft‘k‘]fll}) ( a mgnud)a

- / V4] 8o 2,4 AT 00 a0

) Hypa +Hypp +Haa +Hag
(&

€4 b1/a4 + 84 a4bTb1/>

— /[22 4] 5caf2 2 X2,T X2 U2y V2 (5 d2/a4 +ey” a4de2/) ,

= 9/[ 4] .. a JT 13 TT4X1' wy T uy

f (b{bl/% + agb{bl/)

— g / [220) e 15 53 X0 T x2 T2y 02 f (de2'a4 +aTde2') ,
P3

= - [ 5,

= 92/343 (13(14(15/ Y343/ 554 3/ +QZ/343]G5,(J/46L3 Y343/ (55/ 43

343/

3743

= 02/343 (]301@3/ Y343/ (5343/ +gZ/343 (13(14123/ Y3/435343/,

343/
— Zf'636463/

ifC3C4CS/

[~
[
7:]0(:;;(:4 c3r [
[

(T)

= (fBNS [ege4 e3Py — €365 €4P3 — €363 E4P3/]
J— : fC3C4qC
= (fNAS [e3e4e5p3 — €363 54(]93 +p3)]
p +p/ -
= gmy E /433 ]“40303’?’7+3 E3E3/ alagag/ + h.c., cons.# 1 .
433/ p4

E 63/]6434-53531 54k43/y4+54s3/ 53k43/y3] R
* %
€361 €33 — €3E3/ £4P3 + €43/ €34
* ok
364 €33 — €363 €4(p3r + p3)]

343/

For gluon-quark interaction in the 3-body space, without gluon-antiquark interaction,

HEY

Hye

Hyq

Y3430 =

*
Kﬁ’43

Hag

Hypa +Hypp +Haa +Has ,

/[11 4] 6caf1 14 X1T X1 U1, U1 (54 blbya4 +ey a4bTb11) ,

g / WA 5o £7 5 X T 07

343" "

*

fC3C4C3/ €

wW*x WX

m
o (b{bl,aﬁa}lb{bl,) ,
P

JZ / %43 Cl a4(lg/ Y;4;/ 534 37 +JZ / 343 CLJ(I4(LJ,/ Yg/_B(SJ,;LJ,/ 5

343/

* *
€} E3 D3 — €363 E4P3 + €4€3 €3]
* * *
e1€3p3 — 383 €3(p3r +p3)]

. £C3C4C, * — P3 — £3/E3 E4P3
Zf 3C4Cg/ E3/€4 €3p3/ 53/53 €4P3 3'c3 ,]
> £C3CqC g — 64 p 3

Zf 3oaty 53/54 3p3/ 635"-)’/ ( 3 p /)] ’

[
ingC4C3/ [5

[

[

gmy / [433'] 8. 1 fo10 p—?' + 2y

p4

€3€3 &Zagag/ + he. .

a0

(489)

(490)



E. Exchange with 0;_;/ using file “FirstLine20250927”
In conclusion from “FirstLine20250927”:
Ll = QZ/ 11 33 13 v IT4X1/ ﬂl'yl,ulz 7,.fc3c4C3/ Y131/3/ b.{bll CL;G/S/ s

* *
Yisiry = 2¢j [e36) €33 + €463 €3p4 — €383 €4p3r] .

L1 is the expression obtained for
2 1415 tra — vyt 1o/ T
L1 = g [11 4} (51,1/4 XlT X1 U1V U1 €y blbl/a4 [34 3 } a3a4,a3/ Y;4/;/ 534/ 3/
_ 2 IS d _ v
=g /[11 461104011 1T X1 iy ur )
X /[34’3’] Osur 3003 i fOOCNC [eXel, eaips — ehey 4Dy + €hey 5Py b{b11a4 a;al,ag,/ .

Exchange of ¢ with 6,_1, from Eq. (566)

_ 42 e frpdy, = 4 Mg gty 13315 .04/0303,M vt f
L3 =g [11°4] 61104 X3 T x1r Wy T uas p+ bibirays my [4'33] 04133 if p+ €3€3/ G, Q303
4 4/

Commuting and integration over 4.

+ +
m 77” < . ,p +p ’ *
g+ b{bll mg (543'3/ ch4c3cs g3 Ay ¥ 3 t

L3 = 92/[11/433l] 51,1/491,1/ XJ{T4X1/ ﬂl’yyulr £€3E3/ A3a3/
Py Py
2 raal 513~1'3' tra — mgnll . pcaczcss (ot + * T t
=g [[11'337] 611 - xiT xv wvpur o ife% (p3 +py) €383 bibi azas
4 4

Exchange of A and ¢ with 6;_;, together with the seagull
The exchanges of A and ¢ work with Ay ;g of Eq. (607),

LN 1 ( 1 N 1 ) 1 (1 N 1)
—F AR = x| = - = — — — =—-—-[=4+=] .
Py 2pf \P5 +P1 — Pivee Py T P10 — Piee 2 \p1 p3

The exchanged gluon p; in P,

three’
pr = (pa*+ml)/pf,

is the largest denominator term when p; tends to 0. This implies

1 A . -1
—ALIR —s -
pf{ pi?+ mg

From Egs. (520), , and (342), Start here 20250928 20:29 nie San Dimas

Ll = QZ/ 11 33 ,]_ 1I3, XIT4X1/ ﬂl'yyulz ’ifc3c463/ Y131/3/ b—{bll a;agl s

Yisiry = 2¢ej [e3e) €33 + €463 €3p4 — €383 €4p3r] .
13,173 _ man’ .
L3 = g /[11 33 } 91 1’ p+ IT4X1’ U1y Uy’ pig Z.f%c‘sc3 (p;)r +p?J,r’) E3€3/ bIbl’ ag;,G/S’ 5
4 4

(p§ +p3) Wy urn”
2
Py

qug = _92/[33/11/] Sc.a 5spins X’iTCAIXl/ ’ifc3c3/c4 a;b-‘l‘bl/az;/ .

ol

(510)

(511)

(512)

(513)

. (514)

(515)

(516)

(517)

(518)

(519)

(520)

(521)

(522)

(523)
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Regularization factors ff, a are omitted. Only the part with 6;_1. is taken from the seagull. Collection

1 3369

of common factors yields
S 137
CF = 922/[11/33,] 011/ %XITALXV a1ypuy if 0 alblbyay (524)
4

For the 3-body Hamiltonian, Eqgs. (112]) or (351) imply
H® = frpHD + (fur — fuifir) Apir HEY HED (525)

Only the terms with fr g involve the gluon severe small-z divergences. These divergences appear in the same way with
01_1 and with 6y,_1. For 61_1/, I have the formula

1
HP = fLrCF [+ALIR(L1 + L3) + Ly | . (526)
Py
where Ly, L3, and L, denote the remaining factors of the lines 1, 2, and the seagull, respectively.
Ly =2 Z ey [e5eh e3rps + €es €5pa — €563 €4p3] (527)
4
mgn” T o
Ly = SE (=Decolor(ps +p3/) €383, (528)
4
+ o
* D +p / v
LS = _[6spins = —8353’] % n (_l)color . (529)
4

I need to see if the gluon severe small-x singularity 1/ pIQ cancels out. The only part of L; that counts is the third one,

LV = —2efey Y e eipy (530)
4

= —ciex Y eies Py +ps)u - (531)
4

The equivalence is a consequence of €}ps = €;p3. The divergence originates solely from the minus component of 4. I
write

1
e = 5 ner +ex - (532)

The transverse part does not involve small—p;f. The singularity is contained in e, = 21 p3/ p;f. Therefore, the singular
part of L1 has the form

L$Y = —ehes S (piet /o) (5ot /D" (03 + ) (533)
4
P12
= —elew i n” (p3 +p3) . (534)
4

All terms with singularity 1/p;? thus are

. L Py + 03
Hip, = fLRCF{ [(01%),, + (m2), ] +<1>L5}<—sgegf>n by 2P (535)

12 2
pi°+m; Py

The curly bracket amounts to 0, which ends my struggle with massive gluons. 20250929 00:12 pon San Dimas

X. GLUON-QUARK INTERACTION DEPENDENCE ON my, — 0 IN 3-BODY SPACE 20251002 10:12

The Hamiltonian terms to analyze are
J123[H,|1'2'3"), = (123| {Hf ¥ frrHe — fLifir ALir Hé”%é”} 112/3') (536)
", = HP + A HOHY (537)
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The terms that matter come only from — fr;frr Arir Hél)Hél). They are finite for finite my. I consider gluon-quark
interaction and quark and gluon self-interactions. The self interactions are the same as for free particles. The
interactions include the RGPEP factors f*.

I consider two pairs of interaction terms. One pair is the interaction of quark 1 with gluon 3 involving 61 _1, and
quark 1 self-interaction. The other pair is the interaction of quark 1 with gluon 3 involving #y,_; and the gluon
self-interaction. Color factors for these interaction terms are found in Eqgs. to .

FIG. 5: Interactions that depend logarithmically on mg in the 3-body space. In this figure, all vertices include factors
f* making all expressions finite but dependent on s, quark masses, m; and ms, and the gluon mass m,. The question
is what expressions one obtains in the limit mg, — 0.

1 2y 1 1 ay 1 1 by 1 1 by 1

2 21 2 2 2 2 2 2
4 ) 4
3 f 33— 33 3 5 4 3
1 a 11 1 d 11 d 1
3 3 3 3
2 20 2 2
1 e 1 e 1

A. Gluon-quark interaction in the 3-body space, new = 20251011 12:06 sob Ekologiczna

Color factors follow from the wave function
Citday = XIT%x2 . (538)

¢ -3/2 The quark-gluon seagull H,q,, Eq. (342),

. / / . / / Z ’ ’ a
AT T v = i AT 0 = S P9I T e = P T (539)
1 a4 sas'a  foa 1 3
= — S PTG = S NexdTPxe = 5 X T = Clﬁidy :
(540)

e -3/2 The antiquark-gluon seagull H,z,, Eq. (343))

. b ol o/ . ol o/ . b ol o/ /L' r/' i a a

X5 T (—if**¥) XIT% o = —if3 x5, T XIT‘S xor = —if3 T¥ Ty, = *§f34‘5 if ¥4 x 1T (541)
. 1 s st o N, 3

T A L S O L e T

(542)

Multiplication by —N/2. The strength is negative and slightly increased from 4/3 to 3/2, by the factor 9/8.

e -3/2 Quark-gluon exchange of a gluon, from Eq. (520)),

(5 19/ o
L1 C?}lfgdy = QZ/ [1133'] L3 XA T X @ypurr if904% Yigry biby alay (543)
Yisig = 2ej [ehe) eaps + eies €5ps — €563 €4P3] (544)

. 3
AT if 0T e = =5 Ciflay - (545)
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-3/2 Antiquark-gluon exchange of a gluon, a la Eq. (520]), The same is then true for the gluon exchange between
an antiquark and a gluon.

4/3 Quark self-interaction is the same 4/3 for the quark and antiquark self-interactions.

4/3 Antiquark self-interaction.

3 for the gluon self-interaction is N = 3, see App. |A] especially its part and Eq. . I remind myself
that in computing the term with frr, after inclusion of the 2nd-order simultaneous counterterm to severe
small-z and quadratic ultraviolet divergences, the remaining divergence is only logarithmic, while the remaining
gluon self-interaction result is proportional to the gluon mass squared, mz. In the limit my — 0 the remaining,

logarithmic gluon self-interaction multiplied by mg tends to 0.

In the effective gluon self-interaction with factors f* instead of f”, there are no counterterms to include and the
entire gluon self-interaction needs to be accounted for. I need to compare factors in the gluon-exchange between
quark and gluon and the gluon self-interaction factors without any counterterms. The interaction is finite for
mg > 0.

e -1/6 Gluon exchange between the quark and antiquark.

XT3 T o BT e = (T T Ty, = X ([T4,T3/}T4 +T3'T4T4) X2 (546)

S (z FA3aer 4 T3’T4T4) X (547)
1 - ‘a a !

= o (i 1 0 - /em)) (515
1 . ‘a; pa !

=\ (2@f43 if e T? T3 (N? — 1)/(2N)> Xo (549)

1 / /
= i (— 3 NPT + T3 (N? — 1)/(2N)> X2 (550)
1 / 1 /

= (5N /M) AT = gy AT 65D

= Ly, = ZL e 552

6 X144 X2 g ~3body - (552)

Summary of color factors in the colorless 3-body space

OQQexch = CQQseag = —1/6, CQGexch = OQGseag = _3/2 , (553)
Cog = Csg = 4/3, Cy =3 (554)

Vertex change from quark-gluon to quark or gluon self-interaction.
AT i X T — (555)
B. Gluon-quark interaction in the 3-body space, old

The seagull of Eq. (342)) contributes

) (p§ +1p3) 2\/piPY
Hs = _92/[33/11/] 6c.a 65 ins fI 1— fI 3—
v pins JT,1(T-1) /3,3(3-3) (p3 — P )?

The 2nd-order gluon-quark interaction contained in the gluon-exchange product

i ifescs e albibas ,  (556)

HOHY = (Hpa + Hopo + Haa + Hap) (Hpa + Hoo + Han + Hag) - (557)
The terms that count must be products that involve v only in one ’H(()l). This condition is satisfied only by the terms

(Hypa +Hypp) (Haa+Hag) + (Haa +Hag) (Hypa +Hyg) - (558)



If there is ¢ in one factor, there must be ¢ in the other. This condition allows only for
HyaHaa+HaaHpa +HypgHap + HasHyo -

Each of the Hamiltonian terms is a sum of two terms, in the forms

Hya = (Hypa +Hyat)
Hyg = (Hypa +Hyat) »
Haa = (Haatata + Haataa) »
Hag = (Haa +Haat) ,

where in each case the 2nd term is the h.c. of the first. The terms that count are

(Hwa + HwaT )(HAaTaTa + HAaTaa) + (HAaTaTa + ,HAaTaa)(,Hdla + Hwaf)
+ (Hya + Hyat)(Haa + Haat) + (Haa + Haar)(Hya + Hypat) -

The gluon exchange interaction results from contraction of a and a' that leaves behind a'a, just 4 terms.
HwaHAaTaTa + HAaTaanaT + deHA&T + HAde&T .
I omit the regularization factors f7. I need to write all the contributing terms explicitly, as g2 times
/[11/4] 51,1/4 XIT4X1/ ﬂ17,,u1/ EZ b{b1/a4 /[34/3/] agal,agz Y34/3/ 534/'3/

=+ /[343/] a§a4a3/ }/3:';43 53.43/ /[11/4/} 54/1,1/ XJ{T4 X1/ U1y, U1/ EZ/*ajllb‘]iibl’

141 & tpdy o 4o Mg gy o raan § O s A
+ [11 4] 01.1/4 X1T X1/ Uy uy p+ blbl/a4 Mg [4 33 ] Ou4r3.3 1f p+ €3€3 Gy Q303
4 4/

ns -ccc/pgr_'_p?t * ~f f IAn s td’ = Mg 1 ¢
+ my [433 } 03/.43 g feacscs —— €383 ayua3a3 [11 4]54/1_1/ XlT X1 U1y U — a4,blb1/ .

Py Py

%)

(566)

Start here The interaction between the quark (1) and gluon (3) via gluon exchange (4) is given by the formula g2 times

Hizexch = /[11/4] 01114 XIT4X1/ U1y U1 €4 biby /[4/331] du3.3 Yirsy a4a1,a§a3//[34’3/] Yaurzr 03430 04(1;];a£/<l3f

+ /[433/] 53/,43 Y4*33/ a;, /[3/’13/} (l;, ijzld’ 53/_43 /[11/4/] 54/1.1/ XIT4/X1/ ﬁlvyuy EZ/* (L;5(14a:rl,bJ{b1/

+o o+
< m < . + ’ ~ o~
* /[11'4] drva XA x @y Fun pf biby mg/[4/33'] 04133/ ch4,cgc3/1’i”])7+172’> eiey dadl abag
4 47

p3 + 5

~ 3 ~ 7 _ m -
+ mg/[433’} 53/_43 ch3/63647+ 63/63 a};/ /[11/4/] 54/1_1/ XJ{T4 X1 u1’y+u1/ _,f a3a4ai,b1b1/ .

Dy Py

I contract as with a's in g2 bJ{blz times
Hizexch = /[11/4] 114 XJ{T4X1’ U1y, U1 €y /[34/3/] Yaurzr 03430 (544/@; + GZ/543> az

+ /[343,} Y3*43/ 83/.43 /[11/4/] 54/1_1/ XIT4 X1/ U1y U1 EZ/* (l; ((L3544/ + (14534/)

A tra -+ m?] loall 5 . c/cc/p;zr—i_p;’ * T
+ [ 0r0a g Toxw iy Turr — [ [433] 0uggr if V™ =——= eies duwagay
P4 Py
+ ot 2
< . o p + p ’ < / _ m
+ /[433’] (53/,43 ’Lfc‘3 6364% E§/63 /[11/41} 64/1.1’ XJ{T4 X1/ ul’y+u1/ _f a;a3544/ .
4 4/

(567)

(568)
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After expansion of the brackets, I have g2 b‘; b1, times

old HIS exch

new H13 exch

= /[11'4] 61114 XIT4X1' Uy, Ut €4 /[4/33/] Ou3.3 Yz 544/61;[,(13/
+ /[11/4] Srava X\ T X @y &) /[4/33/] w33 Yusy a1/543a3'
=+ /[433/] 531_43 Y4*33, /[11/4/] 54/1.1/ XJ{T4/X1/ ﬂlfyl,ulf 62/* a;/a3544/

+ /[433/] 53/_43 Y4*33/ /[11/4/] 54/1,1/ XJ{T4/X1/ ﬁlfyyuy SZ/* a;/a4634/

/ I td — + m2 19al1 s -(‘/(‘3(‘/p§—+p;_’ * T
+ [11 4] 01,1740 XlT X1 U1y Uy — [4 33 ] Oqr3.3 1fC4 3 —— &3&¥ (544/(13&3/
Dy Dy
+ + 2
< . + ’ < / m
4 /[433/] 63/_43 ,’IfC3103C4]93])7+2?3 6;)/63 /[11/4/] 64’141/ XIT4 X1/ alry+u1/ pf a;,a3544/ . (569)
4 4/
= /[11/4] Sra X T X0 @y €Y /[34/3/} Yaarg O34 3 Oaaralag
+ /[11’4] 81174 XJ{T4X1/ U1y, U1 €4 /[34/3/} Yaurzr 03430 a£,543(13/
+ /[313/} Y;Lj/ 53'_43 /[11/41} 5411.1/ XIT4/X1/ U1, U1 EZ/* (l;,(ng(544/
+ /[343/] Y:S*:L‘S’ 53(43 /[11,4/] 54/1,1/ XJ{T4IX1/ U1, U1 EZ/* (1;(14(534/
2 + +
~ B m < . e , P + D3 .
+ /[11'4] 01.174 XIT4X1/ 1y ur = /[4/33/] dar3.3 1 fC4 3% 37+3 €3E3/ 544'1125,&3'
Dy Dy
+ + 2
N . seacy P + Py * N / — m
+ /[433/] (53/,43 ’Lfc3 0304% E3/€3 /[11’4/] (54/1.1/ XJ{T4 X1/ u1'y+u11 pf a};,a3544/ . (570)
4 4/

Now I can carry out the integration resulting from the contractions, leading to g2 biblf U1y, u1, combined with

old Hizexch = /[11/4] o1.1a X[ T/ € /[33/} 043.3 Yaza a;,ag'

+ /[11/4] 51.1/4 XJ{T4X1/ EZ /[4/3/] (54/4_3/ }/4/43/ al,agf 4/ — 3
+ /[433,] 53/443 }/:33/ /[11/] 841,1/ XIT4X1/ e’:‘Z* (I;’/ag 3/ 3

+ /[433'] 03,43 Yisar /[11/] 0311/ XJ{T?’Xl/ ey* ag,a4 34 and then 3’ < 3

2V + +
< m < . + ’
+ /[11/4] 1.1 X1 T 0 gf /[33/] 043.3/ ch4c363’u ehey ajay
Py by
~ + +, ~ m2 v
+ / [433'] 83 a3 i f%'mz% eles / [11) 8ar. T ;f alas 33, (571)
4 4
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new Hizexch = /[11'4] 61114 XJ{T4X1' U1y U1 €4 /[33/] Yaas: 034.3 aia‘d/
+ /[11'4] 01104 XJ{T4X1' Uy, ur €4 /[4/3/} Yiarz Oaar 3 (lz/(lgf
+ /[343/] Yy 03/ 43 /[11'] Sar X{T X1 Tyur €5 alas

+ /[345/} Vi 03 43 /[11/] dsi X T3x 0 @yur €5 (1/;/0/4

~ o m2 ~ p;qu"', f
+ /[11'4] drva X1 Thxe iy uy —4 /[4'33/] Ourgy if 2 D=8 eley Gupahay
Dy Py
+ + 2
~ . + , ~ ’ _ m
+ /[433/] 53/_43 ch3’c3c4p?’p7+p?’ 63,63 /[11/4/] 4117 X];T4 X1/ u1'y+u1/ pf ag,a3544/ . (572)
4 4/

I am now (20250918 10:08 czw San Dimas) making these changes in g? bIblz 41y, u1, combined with

old Hizexch = /[11'4] 01114 XIT4X1' €1 /[33'] d43.3 Yazy G;T»,a3/
+ /[11’4] 51_1/4 XIT4X1/ E‘Z /[33’] 534_3/ }f343/ agag/ 4/ — 3
+ /[43’3] 53_43/ Y4*3/3 /[11’} 541_1/ XJ{T4X1/ {-IZ* agag/ 3’ 3

+ /[3/43] 53.3/4 Y34;43 /[11’} 541.1/ XIT4X1/ EZ* aga;g/ 3 4 and then 3’ < 3

< man” . T+
* / 114 drara X]T 0 =% / [33] 84z 30 if o0 BE2PE cney afag
Pa P4
+ + 2
< . . D3+ % < mgn
+ /[43’3] (53.43/ ch3c3/°4p3p7+p3 E3E€3/ /[11/] (541‘1/ X‘{T4X1/ pgf a;agl 3 3. (573)
4 4

And in the checking calculation in green on 20250924 21:58 sro San Dimas, I make analogous notation changes in
g° b{bl/ u1y,u1, combined with

new Hizexch = /[11/4] O1.104 XIT4X1' €1 /[33/} Yaa3: 034.3/ a,ia:y
+ /[11/4] 51.1/4 XJ{T4X1/ EZ /[33/] Y433/ 543.3/ (],;(1,3/ from 4/ —3
+ /[3/43} }/;43 53,13/ /[11/] 841,1/ XJ{T4X1/ e’:‘Z* (12(]3/ from 3/ 3

+ /[43’3] Vs 03,304 /[11/] b AT 1 €4 alas  from 344 and then 3’ 3

2 + +
N m N . ,p +p / *
+ /[11/4] o11a X[ T4 - /[33'] 043,30 1 f43Cs 37+3 ehey alay

Dy Y2
~ + + B m2
+ /[43/3] 03.43 ifcaci*’c‘*z% exey /[11’] 0411/ XJ{T4X1/ pf agag/ . from 3 <3 (574)
4 4
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The result is g2 x{T‘le/ U1Yp UL/ b‘;blz agagr combined with

old Hizexch = /[11/4] 01104 €Y /[33/] 0433 Yaza
+ /[11/4] 61104 €4 /[33/] 034.3 Yauz
=+ /[43,3] 53_43/ Y4>§/3 /[11/] 541_1/ EZ*

+ / 3'43] 03,304 Yoi4s / [11'] 64117 €4*

_ m2 v B -+ +/
+ /[11'4] 01174 gll /[33/] Susy i fercsca LS ++p37 E3E3
Py Py
-+ + 2pv
N . PC3CarC ,+ * N mgn
n /[43'3] Soag ifescverla TP oo /[11’] Sary —4— . (575)
Py Py
The new result will be ¢2 @1y, u1/ biby combined with
new H = [[10V4 61104 AT 1 €% [ [33] Yauz: 0343 alas
13 exch 1.174 X714 X1’ €4 343/ 034.3' Q303
+ /[11/4] 51,1/4 XJ{T4X1/ EZ /[4/3/] Y44/3/ 544(3/ CLZ,G:;/ 4/ —3
+ /[343/] Y?3*43’ 53/,43 /[11/] 541'1/ XJ{T4X1f EZ* (L;ag 3/ 3

+ /[343/] Y;lez 53/.43 /[11/] 531_1/ XITSXy Eg* (1,;;,(1,,1 34 and then 3’ & 3

2 + +
N m N . ,p +p / *
+ /[11/4] 11 XJ T — /[33'] Suzy if 1o == chey alay

Py by
+ / [433'] 0343 i fcwm@ ehes / [11) 6410 X T X0 ””:? alaz. 3 <3 (576)
Py Py
new Hizexch = /[11/4] 0114 XIT4X1' €1 /[33/} Y343/ 034.3/ a,ia:y
+ /[11’4] 81174 XJ{T4X1/ ey /[33/} Vi3s3 0433/ (]g(l,g/ from 4 — 3
+ /[3'43} Y 4s B / 11600 ([T &0 alay  from 3 3

+ /[43’3] Vs 03,304 /[11/] b1 XAT 1 €4 alas  from 344 and then 3’ 3

2 + +
N m N . ,p +p / *
+ /[11/4] o114 X[ T4/ - /[33'] O43.3 1 f4Cs 37+3 ehey alay

Py by
- + + B m2
+ /[43/3] 03.43/ ifcaci*’c‘*z% exey /[11’] 0411/ XJ{T4X1/ pf agag/ . from 3 <3 (577)
4 4
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The new result is g2 x1T%x1/ W17, U1 b'{ by (L;Clg/ combined with

new Hizexch = /[11/4] d1.174 €4 /[33/} Y343/ 034.3
+ /[11/4] 51'1/4 EZ /[33/} Y433/ 5433/ from 4/ —3
+ /[3/43] 3/3*/43 8343/ /[11/] 841,1/ EZ* from 3’ <3

+ /[43/3] }/4%’3 53_3/4 /[11,] 841_1/ EZ* from 3+ 4 and then 3/ 3

N m2 < T+ pd
+ /[11'4] or1a — /[33'] O43.3/ ifc4cac3’p37+3 €33
Py Py
~ + + _ m2
+ /[43'3] O3 43 ifc303’84w gxes /[11’] 0411/ _f . from 3 <3 (578)
Py by
I simplify to g2 x!T%x1 @1 y,u1s biby alas combined with
old Hizexch = /[11/433'] 01174043 3 ey (Yassy + Yauzr)
+ /[11,433'] 03.430a1.10 (Vs + Yaus) €47
- om” T+ s
+ / (117433 1 1/abag s L~ ifescocs B3 TP o)
Py Pa
~ B +I + m2 v
+ / [117433) By 4z by 1o ifercwes D8P o Ml (579)
Pa Py
I simplify to g2 XT1T4X1/ UL YU/ bJ{bl/ (l;(Lg/ combined with
new Hizexch = /[11/433/] Sr1ad3a3 €5 Vauy
+ /[11/433/] O1.1/4043.3 €5 Vizy
+ /[11/433l] 541.1153.43/ EZ*YE;ZL;;
=+ /[11’433’] 541.1/53,314 EZ*Y-&’S
- m? T+l
+ /[11/433/] Or140433 — if“”‘“"% E3Ey
Py Py
o T m2
+ /[11/433/] ba11/03 43 Z'fcacymw 5§53, % . (580)
Py Py
There are two integrals over 4.
/[4] 01140433 = /[4}2(27T)35171'742(27T)354+373f = dizvzbi_1/pf and  ps = p1—pr, (581)

/[4] 034304111 = /[4}2(27T)3537473'2(27T)354+171' = b33l _1/pf and  py = p1 —p1 . (582)
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The result for the exchange interaction is

Hizexch = 922/[11’33’} 513.1'3/ X1T4X1’ U1y UL («75/27;{) “J:E,b]ibl'as' , P4 =DpPT—D1
tr

+ 92/[11I33/} 813.113/ X‘{T4X1/ al'y,,ul/ (j;/pj{) a;b{bllagx 5 Pa = m_pl7 (583)
T = O1-v ey (Yazz + Yaaz) + 0v 16" (Yisg + Yaus) (584)
v m?]nl’ - pcqcacCyr (ot + *
‘777 = ;) if 3 (pg +p3/) €3E3" . (585)
Py
Y433/ + Kj43’ = 2}/2133/ 5 Y4*3/3 + }/:;;43 = 2}/23/3 . (586)
Yisy = if19% (ehes e3ps — €)€3 €5p3y + €363 €4p3),  to multiply by aiagagx , (587)
= if% (ehey ey kag — ey exkas/ys — 363 €ikaz/ya) (588)
Yizg = if S (ehel e3py — €xe3 €5p3 + €53 €4D3) (589)
Yisg = —if' D (e4e5 e5py — €465 €3/p3 + €385 €4P3) - (590)

I can now pool out if°“°’ and write (remember the regularization factors are included)

Hizexch = 922/[11/33’] diss AT v wayour (JY/pf) ifes alblbras , ps = pr—py
tr

+ 92/[11’3?/] 133 X{T X0 @y, (Ty [pf) ifeecse albibyay , pi = pr—p1 . (591)
Jiv = 2011 €4 Zu33 + 200161 Zj33 (592)
Tl = s, (595)

Zyzy = €3 Suzzry (594)
50433/# = (Egu €3/Ps — €3y E§p3/ + E§€3/ pglu) py is absent , (595)
Ziyg = 55523/@7 (596)
Soazrzy = (€34 €5ps — €3, €3:p3 + €365 P3y) p, is absent , (597)
2
m
S, = pTg2 (p3 +pi) eies (598)
4

0 refers to the gluon mass 0, although the transverse polarization vectors do npot depend on the gluon mass. Then

«75 = 291,1/ ZEZEZMSO433'M + 291/71 ZEZ*EZSS43’3;L . (599)

04 04

Sum over spins of the transverse gluons yields

Jie = 2011 dgy Soassy + 201 -1 dgy Sgaziz, s (600)

where
v v, Poan” +1"pp
dOZ = -9 4+ ! T w ) (601)
Py
and 0 refers again to the gluon mass set to 0. I recall Eq. 1) for the quark-gluon seagull, not showing f{ 1(T-1)
gé(g—&)’
- (pf +13) 24/p1P],
qug = —g2 /[33,111} 60.& 6Spins (p+37p+)2 ! XITC‘le/ Z'fc46363’ a;b{bllag/ s (602)
3/ 3
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while the full expression for the gluon exchange, including regulating factors f that are not indicated,
HP = frpHY + (fur — feifir) Ao HO HSD (603)
reads, see Eq. (591]),

N 4 v 1. cqc3Cyr
EXCh = (fLR — fLIfIR) ALIR g2 /[11/33/] 6c‘a XITC4X1/ ﬁlw,,ulr (doitgptr + n Sn) —_— Zf 46363 agblblla:g/ ,(604)

P4
where
Eutr = 201-17 Soazzrp + 201 -1 Suzrs,, (605)
2
m
S, = p%; (p3 +p3) ehes (606)
4
1 1 1 1 1 1 1
+AL1R:+< = — t+ = - )2—2(+>. (607)
Dy 2p5 \pP3 +P1 = Phree Py P17 — Pee P1 - P3

The gluon four-momenta in the denominators come from #H; and have mass m,. Therefore, they do not carry subscript
0 indicating mass 0.

b1 — pi (b5 +P1 = Piee) = (01 —p1) (s + 1 — P35 — Py —p11) (608)
= (i = 1) (P —pyv —p1) = (0F —pI) (1 —p1) — (P17 — p1)* — m; (609)

= ¢ fmﬁ = —p1, (610)

p} (P +P0 = Piwee) = (07 — 1) (P3 + 1 — 13 — Py —p1)) (611)

= (pg —p3) (b5 —p3 —p1) = (3 —03) Py —p3) — (P37 —p3)° —m] (612)

= ¢ —m) = —ps, (613)

01 — pi (P5 +P1 — Pivee) = (08 —01) (p5 +p1 —p3 — 12 —p1) (614)
= (p5 —p3) (P5 —py —ps) = (5 —P3)(P5 —p3) — (p3 —p3)* —m; (615)

= g —m) = —ps, (616)

pi (P + 91 = Paee) = 0 —p1) (P35 + 91 — P3 — 1 —p7) (617)

= (v —p) (0 —p7 —p1) = (o} =)0y —p7) = (017 —p1)* —m; (618)

= qi—-m; = —p. (619)

C. Products in gluon exchange between a quark and a gluon in the 3-body space

Added first subscript 0 indicates that the relevant mass-squared in minus component is 0.

011 — qb3S0a33' . = (Po3r — Po3)* Soass 620
= (po3 — po3)" (€§ﬂ E3/D04 — €3/ E5P03 + E5E3 Po3ry) 621
= (po3 — po3)"'e3, €3poa — (Posr — Po3)" €3 €3po3r + €383 (Po3 — Po3)!'Po3rp 622
= Plhgi€3, €3Po4 + Po3Es/p E3P03 — E3E3 Ph3Po3/u 623
= Po3/€3 €3Dos + Po3EY €3D03 — €33 Po3P03! 624
= —Ppos€3 €3Po3 + Po3E3 €503 — E3E3/ Po3P03’ - 625
011 — qb350433' = —E5E3 P03P03’ = O3spin P03P03’ - 626
Or—1 — 40350433, = (o3 — Po3' )" Soasrap

= (po3 — poz )" (€3m £3P04 — E§M €303 + €3/€3 Po3u)

= (P03 —Pos’)“&m 5§P04 - (P03 —Pos')“ff;u €3'Po3 + 53/€§ (P03 —Pos/)upozp
= PosEs €§p04+p03'€§ €3/Po3 — 53/€§ DPo3’Po3

= Po3&s €§p04 + (p03 - p04)5§ €3/Po3 — 83'€§ Po3'Po3 €rTor?

= DPo3Es’ €§p04 - po4E§ €3/Po3 — €3f€§ Po3’Po3 no error

*
= —&3&€3 Po3’Po3 -

A~ N N~~~ —~ A~ N N N~
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011 — qg356k43/3u = —5;;53’ PosPo3r = (SSSpin PosPos’ - (634)

Now, 20250921 09:51 nie San Dimas, I can work out the dg}. The factor —e%es is the gluon spin conservation factor
ds503 . The indices v and p are contracted with the quark and gluon currents, respectively.

Pt + 1" Py

doy = —g"™" + RS (635)
4
v v Vi, — — 1 — —
Pos = 4 + 51" (Poa = ar) s Poa = dos + 51" (Pos — dos) - (636)
I need to write down the sum of the exchange and seagull terms.
- (p3 +13) 2/PPY)
Seagull = —g2fLR/[33l11/] 604(1 5spins (p+3 p+)2 ! X—{TC‘leI ifc4c$c3l a;bJ{bl/ag,/ s (637)
3 — P3

N v v I cqc3cyr
Exchange = (fLR — fLIfIR) ALIR g2 /[11/33/] 5c.a XITC4X1/ ﬂl’)/,,ul/ (dozgutr + n S’?) ;Zf 463¢s a;b}-bl/ag/ .
4

(638)
Since fr7frr makes the terms finite, I focus on terms frr. I extract common factors
CF = ¢* fir / [11'33"] b0 XIT X1 if¢45% alblbyag . (639)
The sum exchange plus seagull is
CF (Seagull 4+ Exchange) , (640)
where the remaining factors are
Seaml 5 (p4 +p3) 2¢/pi Dt (641)
eagull = —Ospins »
v (p3 — p§)?
A 1 1 1
Exchange = 1y,ur (dgh Eper +17Sy) [LIR =—= < + )} - (642)
D4 2 \p1 p3
Eutr = 2011 Soazzrp + 201 -1 Sguz3,, (643)
mg +
Sn = 43 (p3 +p3) €563, (644)
Py
Voo v K
dgil, _ _gulu._|_p0477 t’r] p04 , (645)
Py
v v 1 v, — — 0 0 1 (o — —
Poa = qi+ 57 (Pos —a1) > Pos = o3 + 5" (Pos — 4o03) - (646)
I can write
Vi ” 1 , o1, _ " L 1 Wy _
doy = =9+ — |af + 5" (Pos —ay )| 0" + —1" |qos + 5" (Pos — do3) (647)
Py Py
Contraction of ¢; with @7y, ui yields 0. Contraction of gg3 with &, gives
Q03Eutr = 2011 qh3S0a331u + 2011 qo3S0uz3, = —2€3€3 P3P0z = 20spin3 Po3P03’ (648)
—2po3poz = (po3z — p03/)2 = [(p3 —p3) + nmf,/(QPZE) - nmf,/(2p§r)]2 (649)
= (s —pz)? +my(p3 —p3)(1/p3 — /p3) (650)

2 2
— (ps —py)? My v re2 o2, Mg 4 4o 651
= (ps —p3) +p+p+(p3 20 fq3+7+p+(193 p3)” - (651)
3/P3 3/P3
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Therefore, using ji, = U1y, U1/,

o y o 11, .
Juw (dog Euer +07Sy) = —j10g"" Ep tiwr [2 1" (Pos — @ )] 0" Eptr
4
N Lo, - _ o
+ Jluan o3 T 57 (Pos — do3) | Entr + J10m" Sy (652)
4
: Vi ]ii_ Lo _ -\ o+ j+ M Lo —\ o+ i+
= —Jwy " eum + = 5 (Poa — @1 )& + = |203Eux + 5 (Poa — 903)E4 | + 1 Sy (653)
Dy Py
j+
= —jilh+ LT . (654)
Py
The term —j1,&f is free from small-z singularities.
, A 1/1 1
Bxchiange = i, (i €y +1°5,) |25 == 3 (-4 )] (655)
D4 2\p1 p3
-+
. .]1 ALIR 1 1 1
= (- 5‘§+T)[ =—<+ 656
(jl‘” Pi Pa 2 \p1 ps3 (656)
Lo -\t g 1o _ —\&t +
T = B (Poa — @1 )€ + 03 putr + 3 (Poa — 903)Eex + P4 Sn - (657)
5&33/ = 5353’ p;_/ = 75spin3p;_/ s 5&2/3 = 53’5§ p:—; = 755pin3p§_ ) (658)
gtt = 29171’ 8&33/ + 291’71 S(;:;,Ig = _29171’ 6spin3 P3+/ - 291’71 5spin3 p?’; (659)
= —2p7 dspins (660)
@sutr = 20spin3 P03D03 (661)
m2
pisn = _7_5 (p3+ +p3+/) 5Spin3 . (662)
Py
1 1 m2
T =3 (Pos — 41 )(=2PF Ospin3) + 20spin3 Pospos’ + 3 (Pos — 903)(—2PF Ospin3) — pff (P3 +P3) Ospins - (663)
4
T = T, Sepins (664)
m2
Ts = —(pox — a1 +Pous — qo_g)p%r + 2po3po3’ — pff (p3 +p3) . (665)
4
*** Remaining
(3 +p3) 2¢/pi D], + T gt
Seagull = —dgpins i +3 - 21 v —0spins % (666)
(p3 —p3) (p3, -p3)
o A 1/1 1
Exchange = j1, (dgh Eper +1"Sy) {LIR =—= ( + )] (667)
Pa 2 \p1 p3
+
. J1 1 1
= (—j 5’§+T) ( + ) 668
( TP )\ =20 T 20 (668)

The term

1 1
—j [ [
.71;‘145121“ <_2p1 + _2p3) (669)
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is free from small-x singularities. It does involve transverse momenta, limited by the RGPEP factor fir and the test
wave functions. I include dgpins and jf‘ in the common factors

CF = ¢* fir / [11'33"] 8.0 XIT X1/ i fC43% Gypins ji abbibiiag . (670)

The terms that diverge for py — 0 in the sum Seagull + Exchange have the form

5 +py 1 1 1
CF (Seagull + Exchange) = CF |:_I)gji2])3 + =T ( + )] (671)

Dy Dy —2p1  —2p3
2
1 1
+ . (672
<—2P1 —203>} (672)

ps tpy 1 - - =\t My 4+
= CF 7ﬁ + — | ~(Pos — @1 + Pos — Qo3)Pg + 2P03Pos — — (P5 + P3/)
Py y Py

D. Evaluation of quark-gluon interaction in Egs. ([671) and (672]

I rewrite {...} in Eq.(672)),

-+ + 2
ps + Py - - - — m p1+p3
{} = *% + (p04 —q; +Dos 71103)10; — 2po3posr + 7_5 (pEf er;_/) P (673)
Py Py 2p1p3py
= 0, 1A+ 0018 . (674)
+ + 2
ps +py — - - — m p1+p3
A== 2 =+ | (pos — 41 + Pos — do3)P3 — 2Pospoy + 7-5 (p3 +p3) 5. T (675)
Py Py A 2p1p3py4
+ + 2
D3 + D3 _ _ m p1+ p3
B = =252 4 |(pos — a1 +DPox — do3)P3 — 2pospoy + — (03 +13)| ———F (676)
Pa Py B 2P1P3P4
2
_ _ _ _ m
[Ja = (2p5 —2m/pl —ar — pa +m /D3, +p3 —my/py) P3 — 2Pospoy + pf (p3 +13) (677)
4
2
_ _ _ m
= (2p; —ar —as)ps — 2mgps, /pif + (mg/p3 — mg /p3 )Py — 2pospos + o (pf +13) (678)
4
m2 m2
= (2p7 — 47 —a43)pg + (3 —P3) — 2posposr — P4 (679)
P3 Py
p p
= (ps —& +P1 — a5 3 )i = T mz 3= — 2pospos (680)
Py p3
- p ’ p
= mi+a?—qr gl +ml+a’—qq) = —m] p3 — 2pospos (681)
i 3
o zp
= (p1+ p3) =2 — m2 =" — 2pospos (682)
by p3



_ Mgy o4
[.]B = (Poa — &1 +Pos— ‘Iog) — 2po3pos + pT (ps +p3)
4

QN

_ _ _ _ m
= (2py —2m}/pi —ai —ps +m/ps +ps —m/ps) 3 — 2pospos + — e = (p3 +p3)
4
2 my
= (21 —ar —ps +py) pig /oi +myy — ) /py — 2wospoy + F (5 +p5)
4
2 m;
= (20 —ar —a5) piws [of + g5 — p3) /05 — 2ospos — Epi
4
2 m;
= (p1+ps)ps /pd +mi(pd — p3)/py — 2p0spos — —2pi
4
+
p p
= (p1+p3) = = - m; i — 2po3pos -
P4 3/
With these results for the brackets,
+oF + +
p3 +Pp3 { Py 2Dy p1+ p3
A= - + | (p1 + p3) =& —my,—F — 2po3pos | ——— ,
PZ o pi gp:Jsr A 2/)1,0317;1|r
+ + +
p3 + Py { Ps3 2P3 p1+p3
B = —=—F—=+|(pn+p3) = —m —2po3pos | = -
pi’ i pi 5 201030
In A, with 91,1/’
P b3
—2pospoz = —2[ps —nmg/2p3 )[(psr —nm}/(2p3)] = —2psps +m]) p3 +m? T
/ 3
+ o2
Py P3 (py —p3)
= (ps — p3)’ s = (py — p3)* +m 22—
p3 D3 D3
+2 +2
Py 2 2 Py
= (ps —p3)* +m, =q5+m :
' pivy I pipy
In B, with 0y _1,
ps’ Py’
—2pospos = (ps *p3')2 +m_?, +4 F = qg +m527 +4 F
3 D3 P3 D3/
Thus,
+ + +
p3 + D3 [ Py Y 2Ny p1+p3
A= —=—2°+41(p1+p3) —m +q3+m
pi? [N péfp A 2010304
£ + +2
D3 + D3 D3 p 2 D p1+ p3
B = —3+23+{(P1+P3) 327 i +m +4 :| + -
P4 o D3/ Ipip 2p1p3py
skokosksk
Skookeoskoskokoskoskok
Skoskokoskoskosk sk

E. Old text discussing the 3-body space
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(683)
(684)
(685)
(636)
(687)

(688)

(689)

(690)

(691)
(692)

(693)

(694)

(695)

(696)

So far I developed an equation in the dominant 2-body component alone. But there also exist terms of 2nd order due
to the components with one effective gluon. If I used perturbative expansion up to 2nd order only, I would return to
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the 2body equation like in QED with the coupling constant « multiplied by the color factor. But gluons are different
from photons. They are blocked already in 2nd order by the gluon-quark interactions and more interactions . This is
the same as if one omitted other components than the dominant one. But if we want terms of second order, we can do
so with mass my — m¢ in 3-body sector. I think I finally understand what I am doing.

The interaction terms in Hy change the number of effective particles with much less strength than indicated solely
by the smallness of the coupling constant. The reason is that the vertex form factors limit the range of interactions in
the FF energy. Nevertheless, in addition to the dominant quark-antiquark component, a quarkonium state includes
also the components containing a quark-antiquark pair and 1 effective gluon, 2 gluons, and so on. Components with
more heavy quarks than 2 are insignificant when the quark mass is large. Together, all these components form a vector
in an a priori infinite-dimensional space. Corrections to the dynamics of the dominant effective 2-body component due
to these additional components can be computed using the general expression for an effective Hamiltonian acting only
in a subspace of states [36]. We discuss the lowest order, using the 2nd-order of the weak-coupling expansion. Insert
here a comment on mg

1
L), = a2 {4 JHO (P~ HY) 7 4 (P - ) O b0 oo

The same matrix is obtained using the operator H and bare states |12) = b];d£|0>,

1
1211’2y = (12| {Hf +H® 4 §’H(1) (P —Hy) ™+ (Pry — Hy) Y H(l)} 112"y . (698)

XI. EIGENVALUE PROBLEMS FOR my — 0

The RGPEP form factor qu in Eq. (?7?), associated with emission or absorption of a gluon with the FF energy Dy
behaves for extremely small p;‘ as

fé o~ e—t2 (p; 7rr:a)2 — e_tz [(p;_2+m§)wca/p;]2 . (699)

For |pj| > my, the limit my — 0 presents no problem. But when for |pj| < myg, which is the infrared regime, the
form factor suppresses contributions from gluons with small momentum p; by a factor of the type

i~ e/’ , € = tmg Tea/PT, (700)
where P is the momentum of a system under consideration and z is the fraction of that momentum carried by the
gluon. The fraction x is thus effectively limited from below by a number on the order of €. For a fixed gluon mass

parameter m,, the severe divergences due to the gluon factors 1/z? are thus tamed in a way that is qualitatively
illustrated by the formula

/IO de/z? = 1)e—1/xq , (701)

where zg is some positive number smaller than 1. This result is finite but diverges as 1/ mz when mg — 0. When the
divergences due to the factors 1/x2 cancel out, one is left with a logarithmic dependence on e,

/zo dx/x = log(xg/e) . (702)

We inspect the logarithmic dependence of the quarkonium eigenvalue problem for the Hamiltonian Hp i given in
Eq. (??). In particular, we examine the relationship between the quarkonium and single-quark dynamics. The
relationship holds through the quark self-interactions.

XII. SINGLE-QUARK EIGENVALUE PROBLEM FOR my — 0

The single-quark eigenvalue problem involes self-interaction terms. As observed in discussion of Egs. and
Eq. (??), the counterterm integrand o(?) = 1/2? is sufficient to remove the 2nd-order severe small-z divergence
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from the self-interactions in scattering amplitudes and bound-state eigenvalue problems when mg, # 0. Moreover,
the modification 0(®) — ¢(2) +1/[2(1 — z)] yields simultaneous cancellation of the ultraviolet transverse quadratic
divergence. Thus the divergences ~ 1/r in the quark self-interactions for 7 — 0 are removed by the counterterm §m?

18ev
given in Eq. (??). The remaining logarithmic divergence requires an additional counterterm 5m31n, see Sec. 77.

If free quarks with a finite, definite masses existed, one could demand that these masses solve the eigenvalue Eq. (101)
for states with the single-quark quantum numbers. But the single quarks are not observed, which might be explained
if the quark mass eigenvalues are sufficiently large. The single-quark eigenstates must have the form

vy = ) +12)+... , (703)

where the component |1) is a state of one effective quark, |2) is a state with addition of one effective gluon and the
dots indicate components with more effective particles. Using the single-quark counterpart of Eq. (??), one obtains
the eigenvalue equation for the component |1),

Hy|1) = pgll), (704)
where
2 1), 101
Hy, = Hf+Ht(1£+Ht(1% (p~ — Hy) 1Ht(2; . (705)

The effective quark in the state |1) carries the kinematic momentum with components p* and p. So, the eigenvalue
is written in the form

pp = (7 +my)/pt . (706)

Given the RGPEP solution for the Hamiltonian, one obtains the eigenvalue condition

He + fu [7‘[(()?{1 + A121} 7‘[(()22 "Hégl
+ frMi (07 = Hp2) 7 = D] fa MY = 05 (707)
where

708
709
710
711

Hp = py = (mi+p?)/p"  fu=1,
Hidy = Omii/p*  see Eq. (77),
fafa = fia , Dia = (py —DPq _pg_)_l )
(0" =Hp) " = [porp) —py —pe] -

(708)
(709)
(710)
(711)

The eigenvalue py in the denominator results from the TD procedure. If the eigenvalue were infinite, the corresponding
term would vanish and the other terms would have to yield the infinite result for the eigenvalue. One can also consider
the operation R, e.g. see [Wilson], which in second order of expansion in powers of the coupling constant yields p; in
place of py in the denominator. We pursue the latter case since the operation R is precisely defined order-by-order and
does not require knowledge of the eigenvalue. The notation p, and pg for the gluon momenta indicates that pg = mg
and p% = m?G. The gluon-mass ansatz m;q carries the subscript 4 to indicate its dependence on the quark mass m;.

A. Gluon mass ansatz in single-quark eigenstates

The single-quark eigenvalue condition of Eq. (707)) implies
m? + 6mior + 582 +ptApp = mi (712)

(2)

where dm?,, is the counterterm given in Eq. (??), 3 is the self-interaction term of Eq. (?7?), and

_ 1 1
App = ﬁﬂ&ﬁ( v 1 )f H, (713)
P —Pq —Pg P —Pq —DPg



68

B. Computation of Ap, dependence on m,

In detail,
£2 t2
oo £ [ (N, N )
p 2(2m)e(1 —2)pt \p~ —pg —pg —A/PT P~ —ps — g
A = (m—md)fa, B = (1-a)(mk —m?) = o(l—2)A, (715)
N = Ny =4[k + (1 - 2)m2]/2* + 2(k"% + 2®m?) /(1 — z) , (716)
Ng = 4k + (1 —2)mig)/2® + 2(k* + 2°m?) /(1 — ) , (717)
Ny = Ng —4(1 = z)(mjg —m})/a*> = Ng — 4B/z* (718)
D = D, = a(l—a)p* (0" —p; —py) = all—a)(m? — M2,) | (719)
D, = [k +2?m?+ (1~ x)mg] ) (720)
Dg = z(1—2)p* (0™ —p; —pg) = =(1 —z)(mi — M3q) (721)
= Dy+a(l—z)p*(py —pc) = Dy — B, (722)
Dg = —[k™? 4+ 2°m? + (1 —2)m2;] . (723)
Then
2C dr d*k+ [ Ng —4B/z*> N,
App = ! +F/ e 3 ( . & _g> ;21) P (724)
D 2(2m) D¢ Dy aPg>
L O [Pl (Ne N, 4B o (125)
- pt 2(27T)3 De Dg 22 D¢ PqPg,P
Now I can use the formulas
1 1
(2 — — 2
ops x2+2(1—x)’ (726)
N, 4m? + 2m?
Ng | yp@ — 2 g 727
D, "% -D, (727)
Ng 4m? + 2m?
26 4 ye@ = T NG 2
Do + 4oy D¢ (728)
I write
2 2kt (4m?2 +2m2, 4m?+2m? 4 B
Apy = gCF/d:cdk mi *emig TP T My 2 5 ) e (729)
pt 2(2m)3 —D¢ -D, 22 Dg | Papop
combined with the change of integration variables in Eq. (?7?),
dx d*k*+ d3k 1 1 dQkdE
k| = - (=1 =) = , 730
/[x } /2(27T)3$(171’) /2(27r)3 (Eg +Eq) / 2(2m)? (730)
(731)
dx d?k+ dQkdE
= 1—2x). 732
/ 2(27)3 / 2@nys T (732)
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The change of variables is made only for gluons with mg, even though a more advanced calculations with running
gluon mass may lead to variables proper for the gluons with effective mass. The factor z(1 — ) cancels out and the
eigenvalue contribution is

Ap_ _ g2CF > dQkdE 672t2(E27mf)2(7r+/p+)2
E p+ mi+myg 2(27T)3
4m2 +2ml,  4mi+2m] .4 B (733)
Mig—mi MG, —mi  a? Mg —m3
In terms of E, with M2 = mfG — mg,
Api _ gQCF ‘/OC ko’dE —2t2(E2—mf)2(7r+/p+)2
E p+ m;+mg 2(277)3
4m? + 2m2, ami +2m2 4 (1 —x)M? (734)
E2—m?+ M?/x  E?’—m? 2?2 E2—ml+M?/z|
The question is how this correction depends on m, — 0. Does Ap, diverge?
Api _ gQCF /OO ko‘dE e—2t2(E2—mf)2(7r+/p+)2
E p+ mi+mg 2(27T)3
x(4m? +2m2;)  4mi +2m] AM?(1 —z)/x (735)
M? + z(E? —m2) E2 —m? M? + z(E? —m?)

The key are the relations between x, k and FE.

1/mf]JrquLkCOSH 1/7n§+l£2+kcos9
x = (Ey;+kcost)/E = = . (736)
! Eg + Eq M2+ K2+ /m? A+ k2

The momentum k& = |E | is limited because E is limited by the RGPEP form factor. There is also the bound
E>m; +m,.

The first term in the bracket has a finite limit when my — 0 because 0 < < 1. The last term can be simplified by
dropping —4M? in its numerator as not diverging. If there is a singularity it must come from the part of the square
bracket,

20p [*  dQkdE
App, = 2 F/ GRRAE 202 (B?—m?)*(xt /p*)?

p+ mi+mg 2(27T)d

4m? + 2m? 4M?/x
i 9
- 737
x E? —m? +M2+J;(E2—mf) (737)
The first term in the bracket can get large when £ — m; + m,. This happens only when k — 0, where
E*—m? = (E+m)(E—m;) ~ (2m; + E,))(E, + E, —m;) . (738)

The leading denominator term for small k is then 2m;E,, while in the numerator of the integral there is k. The ratio
k‘/\/mg + k2= 1/\/1 +mZ/k? < 1 for finite k. One is left only with the term

2 ]
_ g OF dQkdE 72t2(E27 2)2( +/ +1\2
A = Z = - m;)* (7" /pT)
Pen p+ /mier_q 2(27T)3 ‘
AM?/x
M? + z(E? —m2)

(739)

The only source of divergence can be small z. For sizable M, actually, only in the limit M — oo, the only source of
divergence is

2 0o
g CF / dQkdE ,Qtz(Ezfm?)2(7r+/p+)2 é L . (740)

A - = — =
PEo Pt Jmigm, 2(27)3 ¢ r  Eg+kcost



Carrying out the integrals over angles I get

Ap=. — gQCF > 2n4EdE 2t2(E2—mf)2(7r+/p+)2 1 kdz -1 Eg+k
Pro = “u¢ 2(2 E,+k: B,k
p +my (2m)? -1 Lig + k2 g
E k E k)2
In g T =1 ( 9ot ) , dE = (k/Eg+k/Eq)dk—> (1+k/Eq)dk
E,—k m?2

In the limit my — 0,

20p [ 21 AEJE 2
Appy = LEF / TABAE ottt et ) g 1y 2K
P m,  2(2m) Mg

In the limit I have

2k = (E*—m})/E, u = E*—m?.

g’C ot )2
Apo. — F du 72t u? /p™) In
Peo 2m2pt / mo/u+ m2 m?
Using u = vm?
2 o]
_ g°Cr 2/ —22mA (nt JpT) 202 m;v
A = m; dve i p In ——— .
Peo 2m2pt " 0 mgv1+ v2
Using a = V2tm?r" /pT,
20 2 o0 .
Appy = g r T adve(@? 1 Y

27T2p+7 0 mg\/1+fu2 ’

Finally, using w = av,

2 + + e’}
- g°Cp p*/m —w?
A = d w

PE0 = Sr2pt o /0 ve [

There is a divergence when mgy — 0 of the form

m; w
n——
My Va2 + w?

Ap., = ~— In .
Pro 2r2pt 2t 2 my

Simplified,

70

(741)

(742)

(743)

(744)

(745)

(746)

(747)

(748)

(749)

(750)

This looks almost the same as Eq. (51) for M? in [K. Serafin et al., Phys. Rev. D 109, 016017 (2024)], where the tilde
stands for the slanted M in Eq. (51). But in a product under the logarithm one can have various factors depending on

the arrangement of other terms.

C. Other single-particle eigenvalue problems

It is shown in previous sections that in the case of a heavy single-quark eigenvalue problem, the eigenmass can
tend to infinity when my — 0. The divergence is logarithmic, In(m;/my). In the cases of a single-light quark and a
single-gluon eigenvalue problems one faces the complication that the scale of Aqcp is much greater than the masses in
Hy. In distinction from the heavy quark case, the assumption that a state of a single effective particle is the dominant
component of a single-quark or single-gluon eigenstate is in doubt. The 2nd-order computation of the Hamiltonian
that is reasonable for heavy quarkonia and the 3rd-order computation that demonstrates asymptotic freedom in the
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Hamiltonian, do not provide the required understanding of the binding dynamics. To address the issue of how the
quark and gluon operators and their interactions “dress up” in the RGPEP evolution, to find out if for large s a
constituent picture emerges, one needs to solve Eq. (?7?) including at least the 4th order terms. This is the lowest
order in which the running coupling enters the Hamiltonian interaction terms that count in the eigenvalue problems.
The need to carry out the 4th-order computations is precisely the reason for developing a method for handling the
severe small-z divergences in the presence of mass for gluons described in this paper.

The self-interaction terms in the single-quark eigenvalue problems can be adjusted to remove the ultraviolet transverse
divergences. Then one can subtract the ultraviolet logarithmic divergences, to be left with a finite eigenvalue condition
that depends on m,. The issue may appear similar to the Bloch-Nordsieck issue of photon divergence in the scattering
amplitudes involving electrons, whose cancellation requires the inclusion of the electron-photon contributions. Check
Bloch-Nordsieck argument Correspondingly, in the electron eigenvalue problem the contribution with one photon
is needed. But it does not include the photon mass and the term that diverges here is absent. There is no blocking of
the photon. In contrast with QED, the effective gluons are assumed blocked by their non-Abelian interactions. The
blocking is modeled here using the sizable gluon mass mg in the component with one gluon, possibly representing
the effects of non-Abelian interactions in all components with more quanta. Therefore, the RGPEP and Wilsonian
elimination no longer cancel each other in the quark self-interaction. The resulting term diverges in the limit mgy — 0.
Could this be a signal of how to handle confinement, visible already in 2nd order? One can assume this is the case and
proceed to the limit my — 0 in the case of quarkonium.

XIII. ELEMENTS OF THE QUARKONIUM EIGENVALUE PROBLEM
The quark-antiquark Hamiltonian Hyr in Eq. (?7?) has 6 parts,
Hirp = A+B+C. (751)
20250204 15:43 wto Ekologiczna I indicate how these 3 terns come about.

Hip = [m*la+ [0S+ fS+ [6S+ f6G+ (f = [HAE+G)g+ [[fR(E+ ) -

(752)
Here A does not include p; 4+ p2. That factor comes along with n*n”.
f6.S cancels the r-divergence in f.S,
f0% cancels the r-divergence in (f — ff)AX,
f0G cancels the r-divergence in (f — ff)AG,
I established that 6G = —45.
Hip = m*+ fS+ foS+(f—fHACE+G)+ ffRE+QG) . (753)

I change the order of terms. In case of ¥ there is no zero in denominator because the RGPEP A equals the inverse of
the old-fashioned denominator that has one sign and is separated by at least mg from 0. The minimal separation

only happens when £+ and x4 tend to 0. In the absence of 0 in the denominator, I can separate ff from f in the
self-interaction terms,

Yot = [N+ (f—fHAS+ fFRY = fOS+AN)+ ff(-A+R)Y . (754)
So,
Hip = m* + fOS+ ALY+ ff(~A+R)X+ fS+ (f— fHIAG+ ffRG . (755)

In the exchange terms, the issue is that (f — ff)A is free from the denominator 0 while A itself is not. By adding and
subtracting fRG to the exchange terms,

Giot = [S+(f—fHAG+ffRG, (756)
one obtains

Giov = f(S+RG) + (ff - f)(~A+R)G. (757)
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Now the denominator 0 in A is always compensated by the numerator 0 in ff — f. I can write G = G4 + G, where
Gy is the part with —g#” and G, is the part with n*n".

Grot = f(S+RGy+ RGy) + (ff = N)(-A+R) (Gy + Gy) (758)
= fRGy+ (ff — [)(~A+R)Gy+ f(S+RGy) + (ff — )(~A+R)G, . (759)
So,
Hrr = m* 4 Sior + Grot (760)
= m?+ f6S+AS)+ ff(-A+R) X
+ fRGy+ (ff = N(=A+R) Gy + f(S+ RGy) + (ff = )(-A+ R) G, . (761)
Hypotheses:

In Gio, the first term is the Coulomb, not sensitive to m; — 0 because G, is not;
The second term in Gi is small because G, is not singular;
The third term shows how the singular seagull cancels out with G,;
The fourth term is the exchange whose logarithmic dependence on m, is suspected to cancel with that
of the second term in Y., which is ff(-A+ R)X.
Stop 20250205 00:48 sro Ekologiczna, Start 20250205 22:53 sro Ekologiczna
The hoped-for cancellation of Inmy between the self-energy and exchange concerns the sum of singular terms with 7,

Gy = [FA+R)E+ (= -A+R)G, . (762)

The factor ff — f cancels the denominator 0 in A. All I have done here is merely to write the terms in such an order
that the RGPEP small denominator cancellation is explicit. The difference between Eqs. (762]) and (804)), the latter
written in full detail in Eqgs. (837) and (838)), is that now the denominator 0 in A is canceled by the corresponding

numerator 0.

A. Analysis of the part A

The first part, A, describes the free p~ of quarks. Their mass parameters need to be fitted to data [KSerafin, heavy
quarkonia and heavy baryons|. Part A does not depend on my.

B. Analysis of the part B

The second part,
B = fLRHSQ) + (fer — frafsr)ALsr {[Hél) Hél)]z: + [Hél) H(()l)]exch} , (763)

results from solving the RGPEP equation. The term HSQ) contains the RGPEP-tansformed seagull term and its
counterterm, see Sec. ??, whose contributions to the eigenvalue equation for the QQ quarkonium-component wave
function are denoted below in Eq. by Bs and 0B, respectively. The terms [Hél) H(()l)]z and [Hél) Hél)]exch
contribute the quark self-interactions and the gluon exchange, respectively. These contributions are denoted in Eq. (823)
by 21(12) and Beyen- Both require counterterms, contained in H((,Z) and denoted by dmytor and dBeyen in Eq. ||
correspondingly.

1. Quark self-interactions in the part B

The bare 2nd-order quark self-interaction is given by Eq. (??). It requires the counterterm ém; o1 of Eq. (?7), which
is

5mi tot = 6m?sov + 5m12 In s (764)

where dm?2.., counters the severe small-z and transverse quadratic divergences, and 5mf I counters the remaining

75ev

logarithmic dependence on r. The counterterm dm; oy appears the same way in the single-quark eigenvalue problem
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(in 2nd order there is no Lamb-shift effect, besides a variation of the gluon mass ansatz to be discussed later on) and
in the quarkonium eigenvalue problem, as befits the RGPEP universal solution for a term in the Hamiltonian. There is
no issue of zero denominator in A in the self-interactions and one can separate the diverging term with frr from the
r-independent term with frsfsg since L = R in this case.

The full self-interaction term in part B reads

By = (fir — fr3fsr)ALsr [H(()l) Hél)]z ) (765)

where, according to Eq. (??), the operator By leads to

2
5 _ ¢°Cr / ded®k* N, G- ) (766)
pt pt 2(2%)3 D ?PaPg:P PqPgsp/ 7
N = 4k + (1 —2)ml]/2* + 2(k72 + 2°m]) /(1 — z) , (767)
D = z(l—z)p*(p” —p; —p;) = z(1—z)(m; — MZ,) . (768)
The calculation starts with Eq. ,
v [HH{ls po
H% po = 77} (769)
Pq — Pqg
2 21.L ~
g C’F/dl'd k upa’Y/L(]ﬁq +m)’7uupa v oV — — — +71 g2
= —— ="+ 0" (py +p; —p )/py | f
p+ 2(271_)3 (1 _ x)p_?f(p— R ) [ g q g] PqPg;P
_ 9°Cr / da d’k* { 2, —4m 2yt }u v (770)
pt ) 2@2m) P\ (L—a2)pi(pm —pg —pg)  (L—a)pg?) TrPer
_ 9°Cr / dz d*k* [ 4pgp — 8m” Yty } 2 (771)
pt ) 202m)® [(L—a)pf(p~ —pg —py) (L—a)pg?] "ror’

where the first term is from —g#” and the second from n*n”. Together, they yield N/D, see Eq. (E15). After addition
of the counterterm dm?,, , see Eqs. (?7), (?7), (??), and (?7?), the factor N/D is replaced by the remaining

18ev?

4m? + 2m?

kL2 4+ mZa? + m2(1 - x)

: (772)

which leads to the logarithmic divergence in Eq. (77),

A2 = g2CF/ gt Am7 + 2m§ 2 (773)
! 2(27’(’)3 kL2 =+ mggj‘Q + m?}(l — 37) PqPg,pP ’

and the logarithmic counterterm dm? in Eq. (??), all independent of m,. Thus, according to Egs. (??) to (?7), the
counterterm dm?,,, removes dependence on 7 — 0 without producing any dependence on m, from 1 in (1 — ;3pg7p).
The reason is that the integral is 3-dimensional and its integration measure makes it finite for my = 0 after the severe
divergences are countered by dm?,,, . I think about an analogy with the case of the Coulomb potential, where d3q/q?
is finite for ¢ — 0. So, the self-interaction terms with f = 1 in f — ff are all eliminated and only m? is left in the
eigenvalue equation for the Q@Q component of the quarkonium.
The self-interaction due to the second term in the bracket, — f;quwp, does not depend on r — 0. Instead it depends
on s and does not induce any counterterms. The gluon mass in it is mg. This contribution combines with the
effective-particle contribution to the self-interaction that includes the gluon mass ansatz m¢ in the part C, see below.
Such ansatz mass, mg, is not acceptable in QED because photons do not interact with electrons like gluons do with
quarks. The combination of the self-interaction terms with ff, one in the part B and the other one in part C, does not
vanish because mg # my. If mg were equal to my, which would be the case in QED, a theory without confinement,
the combination would contribute 0 and the ith quark mass-squared eigenvalue would be just m?. For mg # m,, the
self-interaction cancellation does not occur. The non-cancellation leads to the divergent logarithmic dependence of the
single-quark eigenvalue on mg, shown in Eq. . The self-interactions in the quarkonium eigenvalue problem may
differ from the self-interactions in the single-quark due to a different value of the gluon mass ansatz, corresponding
to different color dynamics in triplet and singlet states. Irrespective of that ansatz difference, the question
is if the self-interaction logarithm, Inm,, can be canceled by the combination of the gluon exchange

interactions in parts B and C.
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2. Gluon exchange in the part B
Start 20250128 01:16 wto Ekologiczna The gluon-exchange term in the part B contains the factor Apsr generated

by the RGPEP and requires a counterterm placed in 7—[82). To compute the divergence and the counterterm we proceed
as in Sec. 7?7, see Sec. 77. The exchange term matrix elements between quark-antiquark states of Eq. (?7),

Py = 3 [020p1,2)8hbl0) (771
12
read
(Pr|U[(fLr — fL3f3R)AL3RH(()1)H(()1)]exchus|Plnl>s = Ptopp Z Yonr122117 5 (775)
122/1/
where
Yonri22i1r = /[xlkﬁ]/[xl/kfz,} (f=1f)
X T;(Ih k1l2) { }'exch 1/1?’2’(111” k#?) ’ (776)
(f=1F) = (ffz,z/y - f%glf%’gg) ) (777)
and
il 1
{ }exch = A1292/1/ iji',u,jgg/u dl“/T f{glfg,gg (778)
cg=1 qmﬁ?
8
= Z jfi’ujgg’y d" A f{’glfg,gz ) (779)
cg=1
g pv nuq"f/”g + qx@gny P1 + P2
@ = =g b = g b, B (780)
dmy Qmy
A 711 7('2 + 7‘[‘2
A= 12—521 = T2 23 02121 b 3.2 (781)
qm, pITT Tt P75 — (p1 — p2)?miy
while 517, , = =ty ur Tele, s Jog, = Vanvalel e,y pi=m; — g7, and g; = p; — p;.

The regulating factors have the form f7 f3(f* — f{f4). One can keep a factor formally as different from 1 even if it

is negligibly different from 1. In the limit 7 — 0, the form factors f{ o §Tg2 tend to 1 everywhere where the factors
A 9172,92

10173 40 AT€ not equivalent to 0. Dependence on r due to f"f is removed from all the terms with f?f? for fixed,
positive s.

I need to understand p; in terms of the variables defined in Egs. - . I need formulas for ¢?. In the

square, the sign of ¢; does no matter, which implies I can simply use the difference between momenta before and after
exchange.

¢ = (b —p)* = 0 —p))py —pi) = (0w —pi) ™ (782)
v P+ kR +mi (wPt 4 k) +m?
= (.’L‘Z/—xz)|:(m + Z) +mz—($ + z) +mz —(xi/Pl‘i‘kiL/—fEiPL—kil)Q
Xy €T,
k2 +m? k2 4+m? >m? ik — wirk;-)?
- (xi/xi){ i +m _ +m (k- kb2 = -2 mi (= U i) (783)
{L‘Zl ,’I]Z .’L‘Z/IZ
Always true in 2 + 2':
e AL S (781

€T Ty

ki = ko, kv = ko, ko = —kio, ky = —kyor . (785)
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4y?m3 + 4(xlt — ykt)?

i = - , (756)
= (1 — )2 —y? ’
4y®m?2 + 4 xlt — ykt
= oy AR (788)
4y?m3 + 4[(1 — 2)l+ + ykt)?
2 2
pa = my+ S . (789)
In the non-relativistic limit:
p1 = my+2"mi/zi + ¢, pp = m +2Pms /a5 + g, (790)
_ mi _ _ 2 2 2 12 _
T = m,pl—pg—mg+z(m1+m2) +qg°=p. (791)

Note the sum mq + my! I have just observed the mass sum on 20250128 at 04:47 wto Ekologiczna. In

the non-relativistic limit, A = —1/p, A=—-1, A’=0, and 0 in the denominator of A does not appear in
that limit, since p; = p2. The factor f Tg reduces to
2 2
T o R L -

For ¢t = 1/M?, where M? = m? + m3, I obtain

7\ @l \?
f%’l fé’gg T [_ (QZM> 1 - l_ (Mcosﬂ) 1 ' (793)

End of the non-relativistic limit.

Start with the term that involves f7 f” ft. The first term in d*”, equal —g"¥, produces regular matrix elements and
does not require any counterterms. It yields the Coulomb potential with the Breit-Fermi terms. In QED, the factor f?
in the potential could noticeably deviate from 1 only in the extreme atomic effects such as the ones associated with
the measurement of the radius of proton in hydrogen. A few percent effect in the radius could occur when the value
of the parameter s in the non-relativistic Schroedinger equation for hydrogen is set to the value on the order of the
proton mass [Glazek proton radius].

The second term in d*”, the one proportional to n*n", produces a severe small-z divergence in the matrix element,

Vit = [loakih] [lovki) (F = £9) 03 kh) { Y, 0T (v k) (794)
[ = —¢? Cliga bsp 4y 200y % Fosfoa | (795)
where
A= AP LA tim A = 2 (b —by) il (796)
2 T 20 2c R
c = AP 4+ml, by = —4kT 1z, by = AT/ (1—x) . (797)

Calculation of A’:

A 1 pimd + p3ms + p1pa(7f + 73)
A= (pt+p)Ar2=—-s51 " L2, (798)
2 pins + p3ms — (p1 — p2)?7is

~ ~ 1 271.3+ 27Tg+ 2+ﬂ.2
A AH:_JH P75 + prpa(T )+1. (799)
2 pinZ + p3ms — (p1 — p2)mis
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In the limit y — 0 I have
dy?m? + 4(xlt — ykt)?

pr = m?+ e —m + 42 =8yl Tkt Jx (800)
dy®m3 + 4[(1 — )+ + yk*)?
pa = m? 2 T2 —m2+ A2 4 8yl Tkt /(1 —x) (801)
and I confirm
b & = Z (b by T2 802
zl—% _%(1_2)77%—&—77%' ( )

The term —1 in A requires the counterterm opposite in sign to the one obtained in Sec. ?? for the homogeneous seagull
term. The small-z correction A’ depends on the choice of 7., in the RGPEP generator in Eq. (??). For m; = 7t for

all i equally, one obtains A’ — O(z?) and no need for a logarithmic counterterm. For m; = pzj' ,

~ 11 —
lim A — s 8k~1 x—1/2

20 c zl-2)+0-2)7 (803)

which might lead to a logarithmic small-x divergence corresponding to the small-z behavior of the integrand here. The
divergence would appear if the other factors in the integrand of Y,4iY,,.,,, in Eq. were not smooth as functions of
z near z = 0. However, the analysis of Sec. 77, beginning with Eq. (??), applies and they are smooth. The result is
that the logarithmic dependence on r is absent in the term B of Eq. (751f). Hence no logarithmic small-z counterterm
is required due to the term B in the bound-state eigenvalue problem of the effective Hamiltonian in Eq. (?7?). T do
not see yet that a stronger argument is excluded: writing [+ = \/M I+, I obtain p/z in f7 that involves 12 in the
exponential without 1/z and the difference b; — by ~ +/|z|, implying reduction of the singularity from 1/z to the
integrable one 1/4/z].

General explanation of how to treat 0 in the denominator of A in calculating the counterterms to
small-z singularities is that, when the gluon x — 0, the difference p; — ps — 0 and cannot nullify the
denominator because the other terms in the denominator tend to (m2 + ¢-2)?(7 + 73) > 0. In other
words, one can handle the limits z — 0 for terms with f and for terms with ff separately.

C. Analysis of the part C

The third part,

o= % fra HSY {szLgR + [Py - HY T+ [Py — HY] 1} far HY . (804)
is composed of two terms. The part with —2A 35 is obtained by solving the RGPEP equation. The part with two
denominators is obtained by reducing [Wilson R] the eigenvalue problem for H; to the eigenvalue problem for the
quark-antiquark states using the expansion in powers of the interaction to the 2nd order. The reduction is done
using the simplifying assumption that one can replace all components besides the quark-antiquark component by
the component with a quark, an antiquark and a gluon whose mass is set to a hypothetical value m¢q, called the
gluon-mass ansatz [Kamil etc.]. The mass parameter m¢ is viewed as a multiple of Aqop in the RGPEP scheme. As
such, it would be 0 in the expansion in powers of the running coupling constant. The double action of the Hamiltonian
term H(gl) produces the quark self-interactions and the gluon exchange between the quarks. Both involve the singular
expression p_° /4. The form factors f* prevent any dependence on r from occurring. However, the resulting effective
interaction depends on mg. The question addressed below is how the self-interaction and gluon exchange terms in the
part C' behave in the limit mg, — 0.

1. Quark self-interactions in the part C

1 1 N :ClL -cV
FH{ }[H — Cx = /[1lp+/[23] 0128 dyy J5575% F* Ars biby
1

1 N “cp e
+ /[Z}er /[13] 02.13 dyy Ji555% % Doy dids . (805)
2
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J = —gumntus AT, 5 = giintvs xiTCxe , (806)
G = Pr—pL=G2 = P3Pz, (807)
» » 1 » M2 —mi M2, —m3
awv = _gH + St nun ( -‘L+ + g,+ (808)
mg Py Py
—9"+ 272 '’ (my — i +mg —q3) - (809)
mg

Using the pattern of Egs. (713 and (714)), the factor A;x is

Ais % {—2Aiqgi + {pf —pgg]_l + {p{ —pqc}_l} (810)
-1 1

1
= fAiqgﬁ[pi—fp;G} S W S (811)
P; —DPg —DPyg P; —Pq —Pqg

The self-interaction terms Cy; in the part C' depend on the assumed quarkonium parameter m, which is likely to differ
from the single-quark ansatz parameters m;g. In contrast, the calculation in Sec. shows in Eq. that the
self-interaction logarithmic growth for my, — 0 does not depend on the single-quark gluon-mass ansatz m;g. It thus
occurs in the quarkonium eigenvalue problem in the same way as in a single quark eigenvalue problem even though
mgq may differ from m;g. The unlimited growth of the quark self-interactions in the QQ quarkonium component for
mgy — 0 appears in a sum

C C.
Oy — —=+ 22 (812)
P1 b2

which multiplies the quarkonium wave function in the eigenvalue equation. The parts of the self-interaction terms Cis
and Cix that do not diverge logarithmically with my, — 0 are sensitive to the ansatz masses m;g and mg.

2. Gluon exchange in the part C

The gluon exchange interaction acts on the wave function ¥g(1,2) integrated in the eigenstate,
B) = > [02vs.2)thdblo) (313)
12

For eigenvalues of the form E = (P12 + M2)/P™, the wave function may be set to have the form

¥p(1,2) = PYopia tha(ar, ki) , (814)

with the labels 1 and 2 including spins, flavors and colors as needed. The relative-motion variables z1 and ki for the
effective quarks 1 and 2 are defined in the same way as for the gluons in Eq. . The eigenvalue problem for the

Hamiltonian in Eq. (751))
Hip = A+B+C. (815)
in terms of matrix elements in plane-wave QQ basis states reads

(12|HLR|E) = (12|A+ B+ C|E) = P;(12|E) . (816)
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Using Eq. (G62)), T get

(12/CoxanE) = 3 / 2] 1a10ar du 5 355 Py Fhag

1 o ) .
X ST {—2A12g2'1’ + [P — P+ [Pry — P }wE(l’,Q’) ) (817)
dmyg
p1+ P2
dul’ = _g/il/"!_nunyﬁ , (818)
an’
Aiggor1r plw%Jr 927%
A= e ST I, B D s (819)
qmy piTT + paTs (p1 — p2)*7iy
Py o= pi-i‘pi-l-q,zc,pi:mg—qf, (820)
1 o ) .
qT [(P12*P3) +(P1/2/*P3) } ) (821)

— + , see Appendix. 822
e e 522

XIV. QQ WAVE-FUNCTION EIGENVALUE EQUATION

20250107 23:05 wto San Dimas Start tomorrow od analizy rownania
The wave-function eigenvalue equation reads

r 2 2
m% + 21(11) + 5m%tot m% + 21(12) + 6m%tot n
- + - Vr2(z1, kiz)
L P Ps

+ /[(L’l’kfb/] [Bs + 6By + Bexch + 6 Boxen| (1, kig; 217, kirgy) Y1 (w1, krrar)

[C C
+ pif + ;E} Yi2(21, k12) + /[xl’kf_/g/]cexch(xlvkf_2§x1’akf72’)¢1’2’(x1’7k1’2/) ,
L F1 2
(823)
where
1 - C, CV
Cos: = o [loh] du G517 (8L
1 —1
X 3 {—2Aiqgi+2[pi —pq};} } ; (824)
1 I
1. i _ e Zev o et 't
Cexch (1, ki 21, kyigr) = G, Pt v 11 322 J11453,24
1 _ _q-1 _ _1-1
x 5 {~28u0g20 + [Po = Py ] 7 + [Pry - P 7'} (825)

The counterterms dm?, . can be adjusted to cancel 2(3) and make m? the quark mass parameters that are fitted
to the quarkonium spectra. The counterterms 6 Bs and d Boyen cancel each other, which is shown in Sec. m They
will be omitted in further equations. When my — 0, the sum of terms Bg + Beyen provides the Coulomb potential
with Breit-Fermi spin dependence, in the non-relativistic approximation for the relative motion of quarks. The
self-interaction terms Cyx and Cax grow proportionally to In(m;/ mg) when mg — 0, as they do in the single-quark
eigenvalue equations rendering infinite masses to single quarks, see Eq. , but perhaps using a potentially different
gluon mass ansatz. Can the exchange cancel the infinite growth of the self-interactions in colorless quarkonia when
mg — 07 Start 20250105 09:21 -;, 19:06 nie San Dimas I focus on the cancellation issue.

The self-interaction terms C;y, multiply the wave function while the exchange term integrates it with the kernel
Coxen (1, kis; 17, k#?). The cancellation is possible if the kernel’s logarithmic dependence on m, does not involve
any change of the quark momenta. The logarithmic rise of C;x; results from the term n#n”p;/ pg+2 in the sum over
gluon polarizations, which blows up when the gluon z tends to 0. The blowup of C;s is tamed by the RGPEP vertex
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2. In the exchange, (f! is replaced by the product which works in a similar way.
7

1g
7qg) 1 1 2 29’
The RGPEP vertex factors depend on the gluon mass m, through p, = (pg + mg) /pE py - Therefore, the gluon mass

factor squared, (f,,)

mg contributes to their behavior only when |kt = p;- — p;p%- /p;] S my. Otherwise the gluon transverse momentum,
relative to the quarks, regulates the gluon small-z behavior and prevents dependence on m,; — 0. Dependence on m,
can only originate from the region of small transverse momentum of the gluon.

The self-interaction logarithmic rise for mgy — 0 in Eq. comes from

Cix,  Coy
[+++]1 = Zp /xkl‘

P V%)

2
+l2 ]zq ]qz ( zt,qg)

1 gt
X 5 {—QAZ-QW- +2 [pi —qu} } (826)

multiplying 112(21, k12). The exchange-part sensitive to mgy — 0 comes from integrating the wave function,

/[lilfkﬁgf]cexch(xh kiy;x1, king ) i (21, ko) (827)
1 p1+p2 .
= ﬁ/[xl’km/] 202 J/ Jara f1 1qf2 2¢
qmg
1 _ -1 _ _1-1
by {—2A12g2'1' + [P =Py ]+ [Py — Py } Yro (21, krar) - (828)
m,g

Inserting some formulas for some factors, such as for the masses squared in emission of absorption of a gluon by a
quark 4,

pT pt
Mg —mi = —= pi = ——(mg+q) (829)
myg mg

I arrive at the comparison

Cis | Cox Pi
Sy = [pl +7p§L 1 Y12(z1, k12) = Zp /ka +2qu Jgi (Fiag)®
N — . e (830)
- 12{T1, R12)
MGy —m3 MgG —mj
1 1 G, [1 1} (831)
Mz, —m? MiG—m? pi Lpi pi+mg —m?
Cyp = /[xl/kﬁzf}chch(xhkfz;fCl’»kﬁzf)%'w(fflwkl'?) (832)
1 p1+ p2 jot
= pr [xl’km/] 2qf£§ J11r Jor f1 1qf22q
1 _ -1 _ 11
X 2q7+ {72A12g2/1/ —+ [P12 — P3 ] + |:P1/2/ - P3 } } ¢1’2' (1'1/7]{31/2/) . (833)
—2A124211/ p17r2 +p277%
2921 — (834)
2qm, pind+ p3ms — (p1 — p2)?iy
1 _ = _ _\—1
s [P =P+ (P = B) ] (555)
Mg
B SR -
2 |pr+mg—m2  pptmg—m2]’

I need to integrate over [23]. Stop 20250105 21:40 nie San Dimas, Start 20250106 17:11 pon San Dimas, Start 20250107
13:30 wto San Dimas Now 20250107 15:01 wto San Dimas I write these two terms in abbreviated forms, using also
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3 i 1 1 T
s /xkL P getict (Flag)® | = — =5 | ¥1alan, ) | 837

sz gh,pi i (fiqg) pi pit M2 12(71, k12) (837)
S P1+ p2 et
Cw - F/[xl’kl/?] qur,l?] J11 2/2 fl 1qf2 2¢

2 2
p1TT + p2Ts 1/2 1/2
- - (@1, ko) 838
PImE 4 p3ms — (p1— p2)’mhy 1+ M2 py+ M2 Yra (v kuz) (838)

20250109 18:02 I am certain Eqgs. and are correct.

Now (20200109 20:43), first I pay attention to the RGPEP form factors. They exclude gluons with x — 0 by the
term (p;% +m2)/py in the exponent. So, the greater |p;| the stronger suppression of small z, and vice versa, the
smaller x4 the Smaller \p;-| must be for the factors not to vanish. But when \pg | = 0, gluon mass parameter mg takes
over and regulates the gluon small-z diverging factor.

Also, if the gluon transverse momentum is small, for example, proportional to the square root of the gluon x, the
integration measure provides the factor z. Can the exchange cancel the self-interaction divergence for my — 0 in the
colorless states?

Since the exchange changes the relative momentum of quarks and the self-interaction does not, the question is if
replacing 19/ (17, k1/9/) by Y12 (217, k1r2r) — 12(21, k12) takes the dependence on m, away from the integral with
the wave function. Stop 20250109 21:50 czw San Dimas, Start 20250110 19:47 pia San Dimas The currents j© conserve
spin projections. The color factor is: Cg for the self-interaction, Cr for the gluon exchange in quarkonium, and Cs
for the gluon exchange in the octet quarkonium. The only arguments of the wave functions that need to be considered
are z and k. Using

pt +
Mg = — pi = ——(my —qf) (839)
dmg dmg
the dependence of the RGPEP form factors on qf,gg is fully displayed in
( t )2 — e—Q{t [(ps+pg)* —mT] 7y /;D+} (840)
4,99
_ e2lromimatymsat, ] 2 (eeimar, )’ (841)
f% ) .]%2 _ e*{t[(mﬂ?g)g*mf] WT/?;}ze*{t [(PngPg)Q*mg]Ff/p;}z (842)
1972,29
_ o ltmi—am/al, ) [t m2—ad) masat, ] (843)
_ e_(tpl WT/‘J:rng>2e_(tp2ﬂ'§/q7+ng)2 (844)
Using z = x1- — 21, the key comparison concerns —g%)(Cr or C4)/[2(27)?] times
- dr d*k+ Pi 1 1
S = 41 —z) (ff, )2 | — - ——— 4
Z / 1 —ZL‘ ( 93) ( z,qg) |:pz i +M2:| ) (8 5)
5 1 d:L‘l/d k1/2/ p1+ p2
¢ = ﬁ X1/ Ty 222 ( 4' xlxl/xszl) fl 1qf2 2q
p173 + pars 1212 (846)
piTE + pams — (p1 — p2)*miy  p1+ M2 po+ MZ|

provided that the exchange integral,

~ I p1+ p2 T1T2
C —v) = — dz | d*¢* 4
(1/J 1/1) Pt /_xl Z/ 1 222 Ty T2

p172 + pams 1/2 1/2

pinZ + p3ms — (p1 — p2)?7i;

X

S pL+ M2 py+ M2
[W(z1 + 2, kis +q")

- w('rlv leQ)] e

[t (p1/2) (wr/ P =

[t (p2/2) (r3/PF))?

(847)
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has a finite limit for my — 0. I need to check the above condition before I tackle the comparison. Start 20250121 13:39

wto Ekologiczna Convergence of C (10" — 1) is shown using a change of variables, rather than an explicit integration. I
use

= VIzlkt, (848)

S 2,1 P1F P2 T1Z2
Ctw =) = 7 [ [a By [0

and I obtain

p17E 4 pars 1/2 1/2
PAn2 4 p3nZ — (p1 — p2)°7y  p1+ M2 py+ M?
x (a2 + gk VL) e o/ CrPOL el e/ (ol POT (849)

where, using p1 = 1P + k, p1r = 1. P + k' etc., I have

9 m2(z/z1)% + (\/]2|k* — kizz/x1)?

o= mg+ 1+z/x1 ) (850)
p2 = my+ m5(2/w2)* 1{51;: + kiyz/x)? )
Then,
p1 = m+ |z| (ma/@1)?|2] "'1(]?:2;;:\/@/6%2/%1)2 ’ 52
p2 = mg+lal (maf2y) 12 +1(i/+x§§m kia/w2)? (853)

It is visible that p; and py are non-negative, they can be 0 only when my = 0 and z = 0, and they both approach mg

plus terms that tend to 0 as |z|k*? when z — 0 and |k*| > 0 is kept fixed. For all values of momenta k* and fraction
Z?

p1—p2 ~ alz|, (854)
where

o /lel = M mlal/at ot (b~ ks /el /) (355)
! ] 1+z/331 ’
m2 2 + (bt + Efys.4/)7]
pa/|z| = 7g+m2|2|/l‘2 _+ i25:/]2]/22)? . (856)
|z 1—2z/xz

It is now visible that p;/|z| and py/|z| behave for fixed z and large k* as k2/(1 + z/z;) and k+2/(1 — z/x3),
respectively. In the integral

O —v) = [ ey [0
- 2|z| X1 T

p17TT+p27T§ 1212
pind+p3ns — (p1 = p2)°mly  pr+M? pa+ M
< (boz b VT el PO e eas PO (857)
the range of integration over k-2 when mg = 0 is limited from above by about
—1/2
A2 = {[tlrg/PH) (s /a0 + s/ PH) (o /z))?) (858)

1/2

X, 2 T5Xo 2 1 T ? T3 2]71/*
1 P)

= - — = . 859
<P+x1,) + (P+x2/) ] 7 [<$1 $1/) + (J?z 532’) ] (859)

1
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This is a finite upper bound. For my = 0 and z — 0 one has

1
[ 2 2
t xT+m§

The wave-function difference softens 1/|z| to 1/\/m, which is integrable over z. Start 20250122 03:30 sro Ekologiczna,
Continued 20250123 from early morning czw Ekologiczna The remaining question concerning large transverse momentum
kL is if the limit mg — 0 exists and if it is the same when one starts with m, > 0. Regarding the exponential factors,
their arguments are

A = (860)

pillz| = m2/|z| + pio/lz| | (861)
(pi/|2)* = (m3/2)* + 2m}pio/2* + pl/2° (862)

and
ealpi/I2)? _ g—a(m?/2)® j—a2m?pio/|z] g—alpio/2)? (863)

The third exponential function is the same as the one for m, = 0. The first and second exponential functions provide
additional suppression of the integrand for small z or large k. The third exponential limits z and k* as in the case of
mg = 0. The additional suppression by the first and second exponentials goes away when my, — 0. The limit of the
exponential factors is the same as the result for mgy = 0.

The next question is what happens when k' is limited or tends to 0. The terms with M? in denominator are safe,
because M? is positive and excludes zero in the denominator while p;s in the numerator have definite limits when
mg — 0. The issue is how Aggo behaves for small p;s. Given expressions for p;s, I can replace every p by p = p/|z| in
both the RGPEP Asgs and the gluon spin factor p; + p2 by p = p/|z|,

o= pi/lz| = Tj+ m%|z|/33%+(11€+ z/kmzs“/a/xl)2 ’ (864)
P2 = pafl2] = ﬁ+ malel/es ]fi/li«lfszﬁ/ Z) (865)

I look at
N + 7)1 + pamg)  pEmE o+ P3S4 prpa(m + ) . (866)

pinZ + p3ms — (p1 — p2)?7i; pInZ + p3ma — (p1 — p2)?Ti;

Cancellation in the denominator was thought to be eliminated by the corresponding term in part B of the eigenvalue
equation. Stop 20250123 18:23 czw Ekologiczna padam Start 20250124 04:32 pia Ekologiczna In the case of mgy =0
and all 7; being the same, the factor to check is

A= Bitr) ( ++2> . (867)
20102 2 P2 P

Can only one j vanish? This would require that z vanishes and consequently also that k- vanishes. Hence, both
would vanish. If both vanish, one vanishes, too. So one vanishing is equivalent to both vanishing. The question is then
if the ratio of two ps can diverge as 1/k*2 or 1/4/|z|. Consider the example of ratio

2
o ﬁ—l—mﬂz\/x% — kizsa/l2]/21)? 1—z/xy . (868)

I (kwkmsz\/\szm1+Z/~’C1

Since z cannot approach —z; or xs too closely in the eigenvalue problem (the basis states would have too large
invariant masses, which are suppressed by the RGPEP width limit on changes of invariant masses), I can drop the
second factor. It is close to 1 and it cannot diverge. Dividing the numerator and denominator by |z| I get

2
/1 %"-Fm%/m%—k(kl‘/«/\d—kf‘zsz/xl)Q

m (869)
P2 ZF 4 md/ad+ (k2] + kiys. /22)?

SN
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Now the behavior of the ratio R(¢1) = /2 is reduced to a function of one variable ¢+ = k*/,/|z| that can range
from —oo to +oo,

2
m,

' bay + (€ —b1)?

R(EY) ~ = . (870)
— Fag+ (6 — by )?
with finite positive a1, aso, bf and b%. This function can be written in terms of ¢+ = ¢+ — b2l in the form
2 2
- “Ftar+ ((+bh)? T a+ ¢G4 ((+D)?
Rih ~ SO TCHVF e el (G s7)

2
"2 +ag + (L2 T as+ ¢+ ¢

It is visible that for laurgeN(;l one obtains 7 = 1. One can find the minimum and maximum but it is not necessary.
It suffices that the ratio R(¢*) has limited positive size for finite positive ai, as and limited b*. This means that
1/R(¢1) is also positive and limited. Therefore both R(£1) and 1/R(£+) are limited. Hence, A is limited and thus the
integral C’(w’ — 1) in Eq. is finite for mgy = 0. When m, > 0, I get R =1 for z — 0 and there is no divergence.
But there is a range of variation around 1.

Now the question is what happens when 7; are not all equal. I can still write A in terms of the ratio R(¢1) = p1/po,

(R+1)(Rn + 73)

A = .
R27T% + 7% — (R —1)%72,

(872)

Since R is limited and positive, separated from 0, one could conclude that A is limited if the denominator could not be
zero. But it can be 0. However, the complete QQ eigenvalue problem includes the part B that effectively provides a
factor that vanishes precisely when the denominator vanishes (Is it true? YES, IT IS TRUE, see Egs. to (762)). 1
inspect below how the interplay between A, the RGPEP factors f and the parts B and C eliminates the denominator
0 and leads to the conclusion that the subtraction ¢’ — v is a legitimate step. However, for m, > 0, I get for z — 0
that &+ is limited, R = 1 and A = 2, independently of 0 that may occur away from z = 0.

1. The denominator 0 in Arir

The QQ eigenvalue Eq. (751)
Hir = Hy+ fir [Hfﬁ’ + App HY Hg”]

1 _ _ _ _
+ 5fiifir HS [(Pr —Hy) ™+ (Pp — Hy) ™t — 280 HYY (873)

The product 7—[(()1) H(()l) provides the factor (p; + p2)/22. The divergent dependence on r occurs in the exchange with
one f due to 1/22. In the case of exchange with ff, the same factor (p; + p2)/2? appears but the factors ff suppress
small z. The wave function difference turns 1/2% to 1/|z| or to 1/|z|>/2, which is seen using ¢+ = /|z[k*. The issue is
that in

(p1+p2) (fLr — frifir) Arir (874)

the denominator zero in A = (p1 + p2)Arrr, which comes from the denominator in Arrg, is compensated by the
difference of fs in the numerator. Therefore, I need to verify if dealing with divergences involving Ay ;g with fr g or
Aprr with frrfrr separately, as I did so far (20250125 05:46 sob Ekologiczna), is legitimate. In other words, are zeros
in the denominator of Ay ;g invalidating my analysis and computation of counterterms.

First, I use p;s to compare the functions frr and fr;frr, the latter already displayed in Eq. . The former is
exp{—[t(M3y — M3,y )m12/P+]?}, where

0]
3
ot

My = Miy = (pf +p3) (00 +p2) — (0 +p3)(P7 +p3)
= P(py +py —pi —p3) = s:PT(q; —q3)
= (s:PY ) e ay — a7 —adas + @)

(1/2)(¢f —a3) = (p1 —p2)/7 -

~~ I~~~
o
N I
~N

~— — — —

)
3
o0
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Therefore,
fir = e—[t(pl/z—Pz/z)mz/Pﬂ2 7 (879)
forfir = e[t (or/2) mi/PH]? [t (p2/2) my/ PF]" (880)
In the case of my boost-ivariant version,
fir = e*[t(prm)/ﬁ, (881)
frifin = e*[tPIIT/Z]QG*[tMIE/Z]Z . (882)

Thus, I can change variables using ¢ = /|z|k* that reduces the singularity for small |z| to the integrable 1/,/]z|
while I use

mile|/af + (k* — kiys. /|2l /21)?

51 = = 883
P1 p1/|Z| 1+Z/.T1 ’ ( )
5 mi|z|/x2 + (k+ + ki s./|z]/22)?
in
A = (p1+ p2) (173 + porl) (885)
Rl T 2l — (1 27
with
frr = e~ [t(1—p2)]? ’ (886)
frifip = e than’olthaagl® (887)

I can use the argument that k* is limited with f — ff as well as I had done it for f and for ff separately.

Second, I note that in the self-interactions and mass counterterms, the factor Ay ;g is not sensitive to m;s. It only
provides the denominator that is the same as in the old-fashioned Hamiltonian perturbation theory, no matter what m;s
I choose. In the self-interaction terms, there is no issue with denominator 0 in A because the invariant mass of quark
and gluon is always greater than that of the quark, except the case when the gluon momentum is zero, which lies on
the edge of the integration region. The singularity from that region is accounted for and a counterterm is introduced.

In the exchange terms, one ought to consider

(frr — frifir)ArLrr 7'[(()1) 7'1(()1) ; (888)

where the bracket factor cancels the denominator of Ap;r when the latter tends to 0. My analysis of the exchange was
so far (20250125 11:14 sob Ekologiczna) carried out for the two terms separately, the term with the factor frLrALrg,
which is singular for finite s because of the gluon small-x singularity, and the term with the factor fr;frrArrr that
for finite s excludes small-z singularities but depends on the gluon mass m,. The question is how is each of these
analyses altered when the factors frr or fr;frr are replaced by their difference. In the case of part B, see Eq. ,
repeated here,

B = fig |H? + Apsp HPY HP| (889)

I go back to Eq. and check what changes in the subsequent reasoning and equations for the exchange terms
when I replace frr by for — frrfrr- The seagull analysis is not changed at all because it does not involve A . The
self-interactions are free from the denominator 0 in A as already explained in a paragraph above; the denominator 0 is
absent. I need to identify the change in the computation of the ccounterterm to the diverging dependence on r when

instead of frrALsr H((,l) Hél) I consider the dependence on r of the exchange

(fLr — forfir)Doir HSD MY . (890)

The dependence on r comes only from the first term. One can set r to 0 in the second term; the second term has a
finite limit when r — 0. The counterterm to the first term contains §(z). For z = 0, the second term vanishes because
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of the factor frrfrr that vanishes for mg/z — 0o. Start 20250126 06:50 nie Ekologiczna I go back to Eqs. (850 and
(851]), repeated here

m3(z/x1)? + (" + kizz/1)?

2
= 1
p1 my + 15 2/m , (891)
2 2 Lyl 2
py = mg n m3(z/x2)° + (g~ + kisz/12) . (892)
1—2z/x9

It is clear that for ¢ limited by fs and z — 0 I have p; = mg + ¢*2 and there is no zero in the denominator of A = 2.
kKKK oK oK oK oK oK ok ok

Sk 3k 3k sk ok sk kR sk kokook
>k 3K 3k 3k ok ok kR sk sk okok

Higher orders

Extrapolation g — g5

Beyond perturbative expansion for H

Successive approximations

Increasing my — mg

No need for artificial potential and scaling of oscillator
Mass for confinement instead of potential

Gluons needed above the oscillator

Appendix A: Gluon self-interaction computation

8
D D ) L R (A
c=1o0=1
8
b = Z/[p] [—iTcdpgce_”’” +iTCdL3ce’p”’L+_o . (A2)
c=1 B
1. Computation of H,
JZ+ - *g[ia+AL7Al]a ) (AS)
a a 1 a —1 . a . a a
Hyw = (8LAfJ-+mg¢ )(‘37‘* Wt = mi(zaJ‘AfJ‘+zmg¢ ) JIGT . (A4)
Common factors.
222) B 92 dk+d2k.L |N|2 (A5)
pt  pt ) 202m)3kt(pt —kt) P- — Q- —pl — Dy
I need to properly write N. Start 20240926 07:33 -, 13:53 czw Cienega Ave.
Jit = —gif?pf (Ellal - sf*ai) (€2laz +€2Ma§) (A6)
= —gif** pf efar eyas — gif** pf etar e5”al
+ gif'* pf ei*al exas +gif"* pf efva] e3*al . (A7)

Normal order and arrangement.
3+ cp123 4 1 L c 0123 4 Lk 1
JiT = —gif 0 pl evey aras —gif 7 pi ex ey a;al

— gif' py ex’el ajar +gif ' pf i7" alah . (A8)



1, _ prea paea* mg
— (10 A3L+zm¢3)—>— 373 s+ 33aT —l——(ag—&—a)
ot ( f 4 p+ 3 + 3
3 Py D3
Simplify.
T s —gif'™ [pf etet amar+ (f +) ef*et afa — 7 efe} alal]
1 . pled plels m
—— (10 A +imge®) — — [ Fas + =22 df +—g(a3+o¢T)
o+ ( f g ot ot 3 ot 3
3 3 3
Multiplication.
Hy = /an+ (10 A% + img¢*) J5
1.1 1L«
— —2/123 Ca<p3i3a3+p38+3 a§+n?a3+m+ga§>
123 b3 P3 P3 b3
x —gif'® [pf etet mas + (of +pf) e et aar — pf ef*ed” ala]
Simplify.

11
5 € m m
o > Y [ 123 gi™ dca(p?’ Sy 4 B a£+fa3+fa§>
123 P3 P3 P3 Ps

1 1 1* _1x
X [p1 erey araz + (pf +p3) e37eq a;al pf e1ve; GIGH

= 2/123 | gif'? bcaig S .

123

There are 12 terms to simplify.

+

pJ‘{-jJ‘
S = B (i ) eb et a7 e o]
3

123P3 63" T i Lot
+ P — a3 [p1 erey aas + (pf +p3) e3e azal}

123mg + + 1Lt L Lt 1
+ f a3 [p1 +p3) ey et abar —pi 1 ex™ alal

+ f [p evey aas+ (pf +p3) eaer agal}
Ps

Move.

p
S = f123 K 3(p1 +p2)5§_ 6‘%&;&3@1 23
p3
11
€
Jd%p?’if’p;r ei*es* alalas
3

P?%E?,M 11t
123 +
+ f—=——p] e7ey asaza;

p3+
12317353 Lot 1
+ f oF (P +pf) eaei alalar 143
3

+ f1% Jrg(pl+ +p3) ex%et a;agal 23
D3

123 1x t ot
- f erp1 51 ey ™ ajabas

123 11
+ f p+p1 €1 €3 a§a2a1

m
+ f1% g(p1 +p3) eg et a§a£a1 1<3.
p3

(A10)

(A11)

(A12)

(A13)

(A14)

(A15)

(A16)

(A7)



123
s

11

byey , 4 Y kLt
—==(p{ +p3) e3"er azaam
Y2

11

P3ET 4+ la_1x t %

F P1 €1 €2 a10303

3
1 1%
P53 €3 11
T pT 81 52 a;aQal
p3
1 _1=x
p15 1 f 1
= (p3 +pf) ea*ey alalas
1

m

N NN
o (pT +p3) e3er atasay
2

Mg
A _1x Tt
p+P1 €1 €2 01a03

m
I,
+p1 61 82 a3a2a1

m
"5 +91) b4 alabas.
1

Ls_1 Pfﬁl* L 1 tot
er e + ) (P +p3) & *63:| alasas

+
1

11 prf 1 _1x i
+
erey + —5(p3 +p3) €363 ] azasa;

P

1 s 1 T 7

m s m
- ?f(p§+pf) etes” afozar + (3 +pf) ef ey ajadas
2

Ax_1x T 1

Changes.
S
S =
Collection.
S — f123S',
1.1
€
Sl — |:p3 +3 P
ps
1 _1=x
pxE
- [ 23 pf
Ps
Mg
- p+p1 €1 &2
Result.

P2

Lt
a1a2a3—|— p p1 €] €3 Qizaq0a .

Hy, = 92/123 Oc.a fiag Xs123 + hec. .

123

. Ps 53 elrod P1 Ls_1 Tt
X103 = ifr2® { pi eitert — (Ps +p3) e3"ey | ajajas
p3 pl

> £C1C2C3 g J_* T

—if - (3 +p7) etes”™ ajasa
P2

. mg

— gfaccs pl e1%ex™ a];a;ag .

Stop 20240926 22:23 czw Cienega Ave.

2. Computation of H,;

Start 20240927 10:26 -; 10:42 pia Cienega Ave.
The complementary transverse gluon interaction density term, the 3rd term on the right-hand side in Eq. (67)), is

aj aj aj
(J& + T AY
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(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

(A24)



of which the purely transverse gluon part reads

Hiw = ADJ

S = gl A A
Jf\jf — —gif'?p] (z—:f‘al - sf*aD (52 as + sj*ag)

= —gif'* p‘{ etar egaz — gif'*" P‘i erar e3*al

T A 1 _Lx f

12a 12a
+ gif p1 et*al exay + gif p1 ey "ay exal .
Normal order and arrangement.

37 123 1 123 s _1 f
Jy = —gif p1 51 €y aias — gif p1 €3 €1 ayaq

- gif'* PQ ey et a2a1 +gif'? pl e1 ey a{ag )
A?}j — <5§a3 +€} a};) .
Simplify.

37 123 L 1t j o lx 1%
Jy — —gif [pl 163 a1a2+(p1 —|—p2) ex*er ajar — pl £1 ey

Multiplication.

H,, = / AP T > 2/123 ca (—ig) S,

123
€

There are 4 terms to simplify.

S = f¥as((p] +p) e37et abar —p] ef7ey” alal)
+ f1235§*a§[p1 €1 52l ajaz + (p1 —|—p2) 52“5% agal] :
Move.
S = [Phpl +ph) et abasar 263
— [l efrer alalas
f123€3 pi e1ey agagal

f123e] (pl +p2) e3*er agagal 1+ 3.

+ +

Changes.

S = —f j(pl +p}) e37et alaza
+ f12353 pl 5%5% a;agal
— le?’agp1 e *ex* a{agag
- 1% (p3 +P2) 55_*5§_ a}a;ag ‘
Collection.
— 1 [0+ ) e b+ <] ebed] afaran

P[0+ ) et + o] et alaas

Result.

Hiy = 92/123 dca flas Xiras + hoc .
123

X123 = if'* [ (pg +p2) ey ey +53p1 &1 52“} al{a;ag .

S = f123(5§a3 + 5?),*03)[17] ey ataz + (P1 +P2) g3 et agal P1 e1tey”
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(A25)

(A26)
(A27)

(A28)

(A29)
(A30)

(A31)

(A32)

(A33)

(A34)

(A35)

(A36)

(A37)

(A38)

(A39)



3. Summary of Hy; and H, 1

Hy, = 92/123 dca flog Xi123 + hec.

123
p3 3 1 plLEf* L L 1.1
Xi123 = ifclczcs[ =l eiteyt = -0 +p3) e *53} ajaas
Ps Py
_ ,Lfc1c2c3 (p3 +p1) é—* agagal _Z'f016263 pl gi-*gé-* aJ{a;O@ ,
pg p3
Hy, = 92/123 dc.a [l X123+ hec.
123
X193 = afcrc2cs [ (p3 +p2) EQL 83 +63p1 51 52”} aiagag, .
The combined result is
H,+H, = 92/123 caf123 ift?3 Yio3 a1a2a3—|—hc
123
+gZ/123 fryq ift? (Y alasar +Y, aaTa)Jrhc
ca J12.3 A123 U32a1 123 23 )
123
1 _1=x
~ paea « 1s DTE
Yio3 = — ?’JrgpfﬁL e — 1+1 (P§ +1p3) e3 ey
P3 Py
1L 1 x
+ ¢ (p3 +P2) €3 53 —|—€3p1 51 eyt
Yais = %(pg +pf) ety
P2
~ m
Vo128 = ——2pf e1er "
p3
4. Crosscheck of Yias
1.1 1 1%
¥ 1 1x_1x DP3€3 1% 1x P1€1 1
Yiss = ezpy 61 ey — oF Pl -ertey” — o (p§ +p3) - e5es
3 1

+ ei*(py +p3)-extey .

The first two terms are symmetric in spins 1 and 2.

1 1=
1

~ " PTE
Vigs = €1y " -ex (p1 —11p3) — 1p+ (p3 +p3)-ex*ey +ei*(ps +py)-e3"ex
1
* p * *
= ei'ey” exkis+ |~ (0 +p3) + (3 +p3)| et e ey
T
The square bracket can be written using p3 = p; 4+ po for the + and 1 components.
pf + + L 1 1 2272
—— (i +2p3) + (v +2p3) = —p1 — = =Zpi oy + 2y
1
2T 2
= —=Zpi +2p3 = —(-pipi +pip7)
Py 3\
2 —2kis

2. 1y _ —2kip
iEl( T2py +T1py) z
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(A40)

(A41)
(A42)

(A43)

(A44)

(A45)
(A46)

(A47)

(A48)

(A49)

(A50)

(A51)
(A52)

(A53)



So,

where

One can use

if1235}123 — Z’f123€%*5é
2k
512 — _if123 128%* sé_*
1
1
S = 5 (512 + 521)

instead of Sy2 in Eq. (A44)), because one sums over 1 and 2 there.

f123 2k12 L«

1.1
€3 k12 +512 5

et

1 1 f2132k21 Lx '{:'J'* €L

25 = €y -exeE
! 2 €3
Using 213 = — 123 and ko1 = —k12 I obtain
¥ 1 kllsz*
,L'f123y'123 _ if123 €7 *52 k
Z1
which matches my old result
. * _k * *
Yug = chlc?cs [8182 €3k12 —E€1€3 Ezklg/.’tz

5.

Tusex; = pf/pg, To = pg/pgr and kﬁ = :cgpf — gclpﬁ7 so that pf = m1p§ + kfz, pzl = 962;03L —

k/,L El*
L L 21<2 L _ L
N 52 63 - —— ° 51 g

€3 1 €3,

T2

xro 3 ’

t

* * T
— E9E3 61k12/$1] ayasasz .

Evaluation of the gluon 2nd-order self-interaction

gluon and 2 = longitudinal gluon. The Hamiltonian interaction term is given in Eq. (A44]),

H+Hi =

Yio3 =
Yaie3 =

Y4123 =

123

123

pferexes [ETE; ezkio

. m
—if**—L(pg +pf
2

* *
—ejegeskia/as

)eres”

) m
_jf12 .f +oplrodx

1 €2
3

Start 20240929 11:35 -;, 11:54 nie Cienega Ave. So, I have

(P'|H7|p) g —

— Yi5Yi5 + Yi5Y51

92/123 ca fla.3 Y123 a1a2a3—|—hc

gZ/ 123 Oc.a f12 3 (YAlgg asteal + Y¢123 a1a2a3) + h.c. s

— t ot
—esesetkia/x1] ajalas

(0[Y75 asag Y33 aTaT|O>

Stop 20240929 20:44 nie Cienega Ave. Start 20240930 11:00 pon Cienega Ave.

> (VisVis + Yi3Ya1) = > (¥iYio + Vi5Var)

NP2 =

X

_|_

X

12

12

Z —’if123 [5152 €§k12 — 51{5; Ezklg/iﬂg — €2€§ 51k12/1‘1]

12
if'?? [efes eskia —

* *
€1€3 €2k12/l’2

— 8;53 61%712/.%1]

Z —ifms [8162 E§k12 — 61€§ Ezklz/l'g — 8283 Elklz/l'l]

12
if1? [e3e] eskia

* *
—esegeikin/ay

- ET&‘g E;]ﬁz/l‘z] 5
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(A54)

(A55)

(A56)

(A57)

(A58)

(A59)

ki, 1 = transverse

(A60)

(A61)
(A62)

(A63)

(A64)
(A65)

(A66)

(A67)
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where the last line results from f2!3 = — 123 combined with kg; = —k12. Simplify.
|J\7|2 = 2NC Z [6162 6§k12 — 616;; 82](312/1?2 — 522’:‘; €1k12/$1]
12
X [ETE; 63]{}12 — 8?63 E;k‘lg/l‘g — 8;83 Eikklg/l’l] . (A68)

The factor 2 comes from symmetry Yo = Yo;.
skt sk sk sk sk sk sk sk sk ok skok sk sk sk sk sk ok sksk sk sk sk sk sk ok skok sk ok sk sk sk sk sk sk ok skok sk sk sk sk sk ok skok skskok stk ok skok skokokskokskok sk

Here starts my summing over polarizations of intermediate gluons that is written in red because I now doubt that it is
correct. 20240930 19:00 pon Cienega Ave.

Sk ok koo sk ok >k Ok ok Sk ok kR ok Sk ok kR Sk sk ok kook sk kR ok sk sk kR sk sk sk kR skok skokokoskok skokosk sk sk kokosk sk kokok sk sk skokosk skokokokoskoskokoksk

Also, integration over ki is symmetric with respect to change of transverse directions (x,y) <+ (y,z). Therefore,
Lk, = ki /2. So,

2N ki
IN|? = —<12 Z [e1825F — e1eh eb Jxo — eael e Ja1]
12 k
x [eies el —etez s /aa — ez el ad] . (A69)
9 terms.
IN|? = N.ki2S | (A70)
S = 25152 [e1es ehe3 — eles exes[xg — 5e3 ehel /xq]
12
— e1e5 [e1ed eaes — iy 9e) Jao — ey eoe] J11] Jan
— e95 [e]ed 163 — €les €165 /w0 — €des 187 /aq] Ja1 - (AT1)
Factors in.
S = Z [e169 ele) ehes —e189 €]y 568 /10 — €189 £de3 527 /a1 ]
12
— [e165 €7€) eaeg — 165 €€ €9eh [wa — €165 €565 €9e] 1] Jx2
— [e0e} €] 185 — e9e) eleg €165 /wa — 92}y eheg €1€] Ja1] Jaq . (AT2)
Sum over 2.
S = Z [e1€] €363 — €1€3 €361/x2 — €163 €361 /2]

1
[e16% eles — e1e5 eles/aa — e18f efes /] Jao
(65 €] e1e3 — €les €165 /w0 — €5e3 €167 /1] J1 - (AT3)

Sum over 1.
S = E§€3 [1—]./{172—1/.%1]
— 8;53 [171/%271/£E1]/£L’2

— eteg[1—1/ay — 1/a4] [y . (A74)
Result for S.
S = eheg[l— 1)z —1/a5]” . (AT5)
Result. WRONG
NP2 = Nekiz [1—1/z1 — 1)) ehes . (A76)

Here in green is my corrected sum over polarizations, 20240930 19:08 pon Cienega Ave..
From Eq. (A68]) I take the formula

IN|? = 2N.S, (A77)
S = Z [8162 €§k‘12 — €1€§ 62]612/.232 — é‘gé‘; 61]612/.131]
12

X

[e7es eskia — elegeskin/wa — ebeseihin/z] - (A78)
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9 terms.

S = E £1€2 6;]{512 [ETE; 53k12 — ET{:‘g 8;]4312/582 — 6;63 Eiklg/l’ﬂ
12
* * _k * * * *
— £1&3 62]4212 [6152 Egklg — &1€3 €2k12/132 — E9E3 Elklg/l‘l] /IQ

* k _k * * * *
— e9eherkin [elel eskin — elezebkia /o — ehegelkin/aq] Jxy . (AT9)
Factors in.
* * % * * * * * *
S = E [5152 53]{12 1€ €3k‘12 — E1€2 €3k12 £1€3 62]{512/%‘2 — E1€2 €3k12 €9E3 Elklg/xl]
12
* * _ %k * * * * * *
— [e1e} eakia eiel eskin — e165 eokig eezebkin/axe — €165 eaka ehegelkin/a] Jao
* * % * * * 7. * * *
— [5263 Elklz £1€9 €3k12 — E€2€3 81k12 £1€3 82k12/$2 — E28&3 €1l€12 E9E3 61]€12/$1] /:Cl. (A80)
Sum over 2.
* * * * * *
S = E [e5ki1o e7e1 eskia — e5kia eies e1kia/ao — eikio €185 k1o /xq]

1
* ok * ok 2 * * .
— [e1€5 etkiz e3kia — 165 efes kiy/ao — €165 eskiz eikia/z1] 22

* % * * * * .,
— [8163 Elklg 63]’612 — Elklz £1€3 €3k12/$2 — Elklg £€3E3 Elklg/xﬂ /:Ll. (A81)
Sum over 1.

* * *
S = eikia 2 e3kio — e5kig e3kia/xo — e3kia e3kia/21

— [E;ku Egklz — 6;63 k%Q/l’z — €3I€12 5§k12/:c1] /1’2

— [e5k12 eskiz — e3kia e5kia/za — s kiy 1] [0 (A82)
Remove brackets.
S = e3kia 2 eskio — €5k e3kia/wo — e5k12 e3k12/21
— 6;]{512 63]{12/1'2 + E;;Eg k%z/l% + Egklg €§]€12/(£L'1(L‘2)
— E;k’lg €3k12/I1 + e3k1o 5§k12/(x2m1) + 5363 k%Q/l’% . (A83)

Common factors.

S = E§k12 Egklg [2 — 2/1’2 — 2/11 + 2/($112)]
+ ejes ki (1/23 +1/2%) . (A84)

Simplify.
S = 2eikia e3kia +ejes kiy (1/23 + 1/27) . (A85)
Azimuthal symmetry of integral over k5.
S = ehes kiy +ehes kiz (/71 +1/23) . (A86)
So, instead of the wrong result in Eq. , I now have the fixed result
IN|? = 2N.ejes ki [1+1/2f +1/23] . (A87)

Below I use the fixed result. Since eies belongs to the normalization, or equals 1, coming back to Eq. (A5]),

= _¢°N dik*d2kt 212 [1+1/2% +1/(1 - 2)?] (As8)
pr pt ) 202m)Pkt(pt — k) P==Q" —py —ps '
From Eq. (A40)), dissociation of L gluon into one L and one + gluon proceeds via
9y / [123] bea flos if'2® Yaros abasar + hec. (A89)

123
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where from Eq. (A46)

- m
Yaiez = *%(Pg— +pf) erey”, (A90)
V2

or from Eq. (A62)

Yaros = —if'? p.f (3 +p7) eres”™ . (A91)
2
So,

(W'[H3 1) g = (O]Yarasanar alalViis;)0) (A92)

Numerator factor.

INLPP = YaisYis (A94)
2
, m
= [ pT‘Z (pg +p1)(0F +p7) e3’er eves™ (A95)
Color factors yield N.. The sum over spin 1 of the transverse gluon yields e3¢5, which goes into normalization. I
note there is no transverse momentum, but there is a denominator. In terms of x = T /p}f, with 1 corresponding to
the transverse intermedaie gluon, I have
2
Ni> = N —2= (1+2). A96
Thus,
2 @N dk+d?kt m2(1+2)2/(1 — ) (a9
pt ot ) 2@kt (pt —kY) P Q- —py —py
and the combined gluon self-interaction due to the transverse and longitudinal intermediate gluons is
Stop 20240930 20:53 pon Cienega Ave.
Start 20241001 12:17 wto Cienega Ave.
Corrected gluon self-interaction is
2
Z(f; + 2(2) ~N Al d2 kL 2k12 [1 tto m)2:| +m; (1+m> (498)
pt pt ) 202m)3kt(pt — k) —Q™ —p; —p2 '
I can write it in the form
»n®@ E( ) )+ E( )
Ak - 1 (A99)
p p
2
254123_(1, dzd?k+ 2k+2 |:1 + m2 + (1— 91)2:| +m (1+1) A
_ 100
R o e e e (A100)

The mass term can be symmetrized using f(z) = [f(z) + f(1 — 2)]/2 since the rest of the integrand is symmetric with
respect to exchange x <> 1 — z. I have

Lte _ l4l-(-2) 2 (A101)
1—2z 1—2 1—2
1+2\> _ 1/ 2 212 ?
= - -1 o it ! A102
(1—x) 2(1—x > +2<m ) (4102)
1 4 4 4
= - — — — Al
2{4+x2+(1x)2 z(1—x) 2} (A103)

2 [1+;2+ (1_133)2} —~ [x( 2 +1} : (A104)
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Consequently,
5B, PN [dekt 262 m) (14 + ] - |t 41 (A105)
. pr ) 208 o(1—a)pt (P~ = Q) — k+2 —m2 '

Appendix B: Change of variables for homogeneous counterterm computation

To compute the counterterm coefficients Uy99/1- that eliminate dependence on r — 0 from matrix elements in
Eq. (?77?), we change the integration variables x1, kis, 1/, k7o, to z, y, k* and I+,

x = (m+2)/2,y=(xpv—m31)/2 = 2/2, (B1)
T = x—y, T =T+Yy, (B2)
o = l—a+y, s =1-2—y, (B3)
dzydzy = 2dzdy , (B4)

1 1 1/2 x 1 1-=z
[am [fame = 2| [P [ [ an [ ] 9
0 0 —x 1/2 r—1

ko= (kg + kiig)/2, 1T = (kg — ki3)/2 (B6)

ki = kt =1 ki, = EL 411, (B7)

d’kisy ki, = 4d?k* d%i, (BS)
Varrariy = /(e —y)(1—z+y)(z+y)(1 -z —y) (B9)
= V(@)1 —2)2—y?. (B10)

/[12} _ /[P]/[mk]. (B11)

For equal masses, M = 2F,

dr d*k*+ d3k
_ Y B12
/[xk] / 2021)32(1 — x) / (2r)3E (B12)
For different masses, like a quark and a gluon in the quark self-interaction, , M = E; + F5 and
dx d*k+ a3k 1 1
/[a:k;] /2(27r)3x(1 —x) / 2(2m)3 (E1 + E2> (B13)

23
/[gglkﬁ]/[wl,kb,] = W/dfzm/dzu

1/2 1—z
X / dx/ dy +/ dx/ dy
0 —x 1/2
X = . B14
[9615623?1'112' (2 —y )[(1 —x)? - 92]] (P14
Appendix C: Formulas for tree-level counterterm computations
The invariant masses are
a2, = MEEmd kg AmE (k=D hmi | (kD)7 my (1)
T T2 -y l-—z+y

M2, — kg +m? | kg +mi (kD 4md (kDM 4+ mE ©2)

X1 Tor .T+y 1—.T—y



The exchanged-gluon fourmomentum has the kinematic three-momentum components q; L= Py
gz = (a3 +mg)/a3

(p1+a3)* —mi (k=" 4mi A2 (ke )22 4 md

= sgn(y) [

T T —y 2y z+y
(P2 + 43)* — m3 (k40" +ms A2 mg (k-1 4 m3
= sen(y) + - 7

T3 l—z—y 2y l—z+y

where s, = sgn(y). Also,

(p1+q3)* —m? A2+ m2  (k—s,)2+m? (k4 s,0)"2 +m?

o1 2ly| z — |y| z+ ]
(P2 +43)° — m3 - A2+ m2 (k4 s,l)"2 + m3 (k=) +m3
T3 2ly| 1—z— |yl R —
So, with ¢ = 412 + mg,
prtaP-mi e o (ks 4md (bt s Dt b mE
T 2|yl ’ x — |y x+ |y ’
(2t as)* —m3 _ ¢ _ ks emd (ks )R+ m3
=2 = ——4ay, ay = _ ,
¥z 2ly| 1—z— |yl T—z1]y

with the original exressions

B (k=012 +m? (k—l—l)LZ—i-m%}
a1 —Sgn(y)[ pr—y oy :
12 2 L2 2
a = sguiy) | Tt S D
l—z—y l—-z+y

and

PR I S

fz = o {—ﬁ ol 2 <w2/P1+2>2} .

I have to eventually take into account that ¢ = 4142 + mg — mg — 0. I note that the product

iz wy = (¥ —y*)[(1—2)* -y’

is a function of y? and for small y differs from 22(1 — x)? by terms on the order of y2.

Appendix D: Source of homogeneous divergence in integral over y ~ 0

(C9)

(C10)

(C11)

(C12)

(C13)

The test states used in evaluation of the Hamiltonian matrix elements involve significant contributions only from
quarks with x; and x5 in a limited range. I denote that range by (x¢,1 — x¢), it does not depend on k*. The test
wave functions are assumed to fall off quickly for z; or zo smaller than xy. The same is assumed about the range of
x1 and zo. Hence the range of significant contribution to integrals over z and y is limited, see Fig. [} In that figure,
the two near-diagonal parallel lines are described by relations x1 = x; + yo. Consequently, the integration over x;/

and 2 can be limited according to the replacement illustrated in Figs. [6] and

1 1
/ dxq / dry — / s
0 0 Ty

(D1)
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FIG. 6: Schematic view of the ranges of integration over 1, and z7 in the matrix elements in Eq. (?7?), ¢f. Eqgs.
and (D2). The large square indicates the ranges (0,1). The crossed diagonal lines correspond to y = (z1/ — 1)/2 =0
and x = (x1- + x1)/2 = 1/2. The two parallel lines near a diagonal correspond to y = tyo with yo < x¢. The test
functions in the matrix elements of Eq. (??) are negligible near the edge of and outside the small square.

—+Yo

—Yo

Ty

Xo

0 X T 1

FIG. 7: Enlargements of the lower-left and upper-right corners of Fig. @ which explain the meaning of parameter yq.
By construction, the results of integration do not depend on .

1—17()—2y01_170 1

T=To+ Y

1-x
/ / 1- 20 =240

r=1-290— Yo

ZTo+2yo
To

0 To To+2 Yo

where

1/2 —Yo Yo T—10
2/ dx [/ —|—/ +/ } dy
To+Yo To—T —Yo Yo
1—z0—yo —Y0 Yo l—zo—x
+2/ dx|:/ +/ -I-/ }dy. (D2)
1/2 zo—1+x —Yo Yo

The only source of dependence on r — 0 is the region of y close to 0. Therefore, the integral fxy is split up into two

/.

parts: a convergent one (c¢) and a divergent one (d);

/xy :~/c+/d7 /C:/we(lyl—yo), /dz/xye(yo—|y|), (D3)

The Jacobian factor 2 is included in 2% = 8 in front of a final formula for the matrix elements. We also use the

shorthand notation
_ 8 2 J_/ 271
/J_ = [2(277)3]2/d k d7l— . (D4)

Review of the homogeneous CT
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After the change of variables, the matrix element of Eq. (?7) with the complete integration factors from Eq. (B14),
reads

T T

11972,2¢
Xnni122117 = /F(Z) [zQ + Uizar1/

/ _ [2(22;3]2/61%/%# (/01/2dx/2dy+/1;2dx/:1mdy> , (D6)

where, after change of variables, z = 2y, including all factors,

F(Z) t 41/:1?1.%1/.’1?2.%'2/ s

; (D5)

= Jea W 0101/50202/ (—TfyTzéz/) 5f1f1/5f2f2r

X i3 (a0, ky) Wiy (o0 ki) (D7)
is a smooth function of z around z = 0. Now I use the formula with prime meaning d/dz,

F(z) = F(0)+ F'(0)z+ [F(z) — F(0) — F'(0)2] , (D8)

of which only the first two terms contribute to divergence when r — 0. The term in the square bracket yields an
integral that has a finite limit when r — 0. The part of the matrix element that determines the counterterm is

T T

: Fi14t3
X = [ {[F<0>+F’<o>z1 +F<>u} . (D9)

The divergence is solely due to integration over y near z = 2y = 0. I write

‘ frofr T
Xiaonr = / [F(O) PR F(0) SRR 4 F () Uy | (D10)
to see that I need the counterterm kernel to be
Thi% U = —6(2) Vigarir + 8 (2) Wizarr (D11)
where
V122/1/ = lim 91 2 : dy+9 1/2 o dy dy@ (D12)
r—0 2o —x vy z—1 4y2 ’
Wisory = lim |6 “ e o dy dquifi’zq (D13)
0 1/2—x . x—1/2 o 2y .
By comparison with the section below, I get in the review the following results.
a. Review of the canonical case of 77/ P = 1
TJA 2 \/7T[A 2
Wigor = 01724 v 2, O(r)| +0z-1/2 A__2 O(r) (D14)
r T r 1—x
This result can be written as
w/A 2
4 = — O D15
Vigon - min(z, 1 —2) +0(r), (D15)
1
Wignr = O(r) , A = 5 (42 +m2)? . (D16)

In summary,

V2 2
V291 = @2 2 T i@ 1= 1) +O0(r) . (D17)
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b. Review of the boost-invariant case of m; = pli'

The result can be written as

_T/A 2 2
Wiz = r min(z,1—2) 22+ (1—1)2 +0(r) (D18)
1
Wiser = O(r), A = 5 (2 +m2)? [ + (1—2)%]/2. (D19)
In summary,
21a 2
Wigorr = @2 ) T min@1-2) a+O(r), (D20)
2
e D21
“ 22+ (1—2)? (D21)

1. Computation of the homogenous counterterms

q

q
The counterterm operator Uy ...

, in Eq. (77) is set to have the structure given in Eq. (??) in order that the

matrix elements of 2nd-order Z/{ffeagu“ = fg,auggeaguu can counter the small-r divergences identified in matrix elements
Xm0 of Eq. . The divergences originate from the integration over y irrespective of the integration over
variables x, k* and (1. I see in the review that instead of integrating from —y, to yo I need to integrate
from —x to x or from x — 1 to 1 — x, which means the same formulas but with y, replaced with x or
1 —z. So, I check if the integration goes through and all I need to do is to make such replacements in

the previously calculated integrals. The previous calculation follows.

yo fT T
: 1,1q72,2q
V122/1/ = lim — 5 > (D22)
r—0 —y0 Yy
T T T T
0 - = Yo = =
. 1,1g” 2,2 . 1,197 2,2
W122/1/ = hm # = hm # y . (D23)
r—0 o Yy r—0 o Yy

Computation of the tree-level counterterm amounts to evaluation of the functions Vyg9/1: and Wigos1:. Using Appendix

Egs. (C11) and (C12)), we have

2
113 = XD {—7‘2 {C +a1] (Wl/PlJE)Q} 7 (D24)

2ly|

c 2

323 = ©XP {—7“2 {2|y| +a2] (7T2/P1J5)2} ; (D25)
where
c = 41*? +m? (D26)
—4k+1+ K24+ 12 +m?

= T sgn(y) + 2y + O (D27)

4k+1+ k% + 12 + m3
= — _—=2 O(y?) . D28
az 1_x Sgn(y) + (1 — x)Q |y| + (y ) ( )

Start 20240824 17:50 sob Leszno Since all variables in the integration are limited, the sensitivity to » — 0 comes solely
from y < r < yp, where yq is an arbitrarily small but fixed number.

a. The canonical case of w7/ Py =1

T

3.2 reads

The exponent in factors fTT 10

E = B} + B} = —r®lc/@yl) + a1]* = r*[c/2lyl) + a2 . (D29)
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When y increases from y < 0 to y > 0 I have a; jumping from a1, = (Hl):%rm? — (kfl);um? to a1g = —ayr, and as
. . _ (k=D"4mE (kD2 4md _
jumping from aqp, = — — — to asp = —asr.
ayp = 4kt )z, agp = —4kHt (D30)
agr, = —4kT1H/(1—1), asp = 4kHIH/(1— ) . (D31)
Stop 20240121 23:30 nie Ekologiczna Start 20240122 09:59 pon Ekologiczna I have
—4kt1t k2 4+ 12 + m?
= sgnly) + Loy + 0GP (D32)
Akt k* 4 17 +m3
= - =9 O(y?) . D33
az 1_x Sgn(y) + (1 — x)Q |y| + (y ) ( )

Using s, = sgn(y), the exponent is obtained in the form

c Akt k2 + 12 + m? 2
B = |o - s+ B a4 0
c 4kt k2 + 12 +m32 NE
. P . D34

The squares yield
2 8cktlt(z—-1/2)

E/(-r) = — o(y° D35
[1) = g+ B o) (D35)
(42 +m2)?  8(4l*2 + m2) kit (z —1/2)
= oY) . D36
S+ S +0(") (D36)
The sign of y is canceled out in terms that grow when y — 0. The exponent thus has the form
A B
E = —? (2++C> , (D37)
Y Y
1 8(4lt? + m2) ktit(z — 1/2)
A = = 4lJ_2 2\2 B = g D
S (2 m2)?, T (D38)
A is positive, sign of B varies with x and C has a finite limit when y — 0. The diverging integrals read
Yo d
V122/1/ = hm 73 677‘2 (A/y2+B/y+C) ) (D39)
r—0 —0 Yy
Yo d
Wigoipr = lim —g e~ (A/y*+B/y+0) Y . (D40)
r—0 —yo Yy

The integrals extend over positive and negative y. The integrals to tackle are
0
d vo g
2= [, e R e (D11)
—Yo Y 0 Yy
Stop 20240824 20:22 sob Leszno I am not going to cheat myself that I can do much tonight. The exponent diverges as
A/y? and B/y. B may be negative. First I eliminate C' from consideration.

e A/ HB/y+C) =7 (A/y?+B/y+C) _ —r*(A/y*+B/y) | —r*(A/y’+B/y) (D42)
— o T (A/Y+B/y) (efﬂc _ 1) LAY HBY) (D43)
The round bracket in the limit » — 0 is on the order of —2C with a limited C, while the divergence is at most on the

order of 1/r. Therefore the first term, the one with the round bracket, tends to 0 when r tends to 0. The diverging
and finite dependence of the integrals Z on r originates entirely in [Z],

0 Yo 2 2
2] = [ -2y ‘jy] e (APEBI) (1 ) (Da4)
—Yo
1 8(4lt2 + m2) kit (x —1/2)
A= 3 42 +m2)?, B = :C-Zl ) (D45)
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By changing integration variable y to —y in the integral over negative y, I get

2] = 1212, (D46)
Yo

Z, = / CL?QJ {e—r2(A/y2+B/y)+e—r2(A/y2—B/y)] , (D47)
o ¥
Yo

z, = /0 % |:67r2(A/y2+B/y) _ 67r2(A/y2fB/y)] y . (D48)

Stop 2024826 14:30 pon Pasteura Start 2024827 18:10 wto Ekologiczna I change the integration variable to u = 1/y
and obtain

Z = du e~ A (e_rzB“ + erzB“> , (D49)
1/vo
< d
Zy — / 7“‘ 677‘2Au2 (67T2Bu _er2Bu) ) (D50)
1/yo0 u
Next I change the variable u to v = ru.
1 o0
Z, = 7/ dv e~ (e7 BV 4By | (D51)
r /Yo
< d
Zy — / l e—Av2 (e—er _eer) ] (D52)
/Yo v

The Gaussian integrand prevents v from being much larger than 1/ VA, which is always finite for finite mg. Using the
expansion

B = 14 7rBu+ O0(v*r?) , (D53)
for 7 — 0, I obtain
1 o0
Z = - / dv e 24 0(w*r?)] (D54)
r /Yo
o0 2
Z, = / dv e " [=2rB + O(v*r?)] . (D55)
/Yo

In the limit » — 0 I get the leading terms

Z

2 o 2 2 ﬁ
N dz e % = Yo VA Yo+ 00| D56
) rﬁA/TA/yoze TﬁA[Q VA yo + O(r?) (D56)

z, — O(r). (D57)

Hence, in Eqgs. (D39)) and (D40))

Vigary = %/A —2/yo +O(r) , (D58)
W122/1/ = O(r) . (D59)

Inclusion of 2/yg secures independence of the complete result from the chosen value of yy when one includes the
complementary part fc in Eq. of the integral over y. However, since I used an arbitrary yo and all integrals
with different values of yy exhibit the same dependence on r in the limit » — 0, the dependence on r that needs to
be removed is given by the term that does not depend on yg. Consequently, after dropping yg, the counterterm in

Eq. (D11]) must be
VT/A  —=i(y) V2

ro (4142 +m2) -

711_1;% 4(/[122/1/ = —5(y) (DGO)
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Stop 20240827 22:57 wto Ekologiczna Start 20240828 21:51 sro Ekologiczna Using Eq. (D61)), I obtain the counterterm

Z /122 1] # Oc.a Osp (=111 T505)

Oseagull -
12271/
0y v2m g
X W b d d2/b1/ 3

where

Yy = (‘rl’ —{L'l)/2,

= (kyy — kiz)/2
and

_ ot /pt _ o+ /Dt
T = p1/P12a331’ —pl'/P1'2’7
T2 = 1—21, 2 = 1 -1/,

1 1 1 1 1 1
kis = wapy —x1py , ke = TPy — Tupy -

Stop 20240828 24:00 sro Ekologiczna Start 20240829 19:42 czw Ekologiczna

b.  The boost-invariant case of m; = plir
Using Eqgs. (??) and (??) together with (B2) and (B3]), I have

xr = x+yl, 2z =1—-x+]y|.

and the exponent arguments are

E = —r*c/Qly]) + ai]*(z +[y)? — r?[e/(2ly]) + a2]*(1 — 2 + [y])?
_ (k=D +mi  (k+D"+m]
a1—sgn(y){ pr—y prory } ;
12 4 2 D2 a2
ay = sgn(y) [(k—li_l)z—i_y 2 — (kll)x:_y 2} :

Analysis of a; and ay proceeds in the same way as in the simplest case, so that

B/ = {55 - s+ B oy 4 o) o+ |y|>}2

2|y| T 2

n c . 4kt k% + 12 + m3
S S L
2|y| 1—a Y (1-x)?

Multiplication before squaring produces

E/(—r?) = [QTC 4 S kbt s,

c(l—1x) 1yl 4K+ k*+12
_— 4
+[2| +2—|—kl oyt

Evaluating the squares I get

E/(-r*) = 7[172 +(1—a)’]

&r (¢ gl c(l—x) ¢ 170 0
+ (S -kttt sy) + o (5 +4k41ts,) + 00"

ly| \2

2
2yl + 0<y2>] -zt |y|>} .

Ak y KPP amd 2
S B4 o)

2
+m3
" 22|y|+0(y2)} ~

(D61)

(D62)
(D63)

(D64)
(D65)
(D66)

(D67)

(D68)

(D69)

(D70)

(D71)

(D72)

(D73)
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which simplifies to

02 C2 c 1yl T —
B = o+ (- af] 4 5 = S EEZ U o), (D74)
or
E/(=r®) = A/y* + Bi/y+ Ba/|y| + C , (D75)
where
A = %[mQ—i—(l—J;)Q], (D76)
By, = —8cktit(x—1/2), (D77)
By — ; (D78)

The new element is appearance of O(1/y) as well as O(1/|y|). As in Eq. (D41)), the divergence originates in the region
of [y| < wo.

0

d Yo d

2= [, o [ R] e ). (079
—%Yo

Eliminating C' as before, I proceed to changing integration variable y to —y in the integral over negative y, which
leads to the source of divergent dependence on » — 0 in

[Z} = [Zlvzy] ) (D80)
z, = /y° d%/ {e—r’-’[A/y2+<B2—Bl>/y] n 6—r2[A/y'-’+<Bz+Bl>/y]} ’ (Ds1)
o ¥
z, = /y o (e WA Bk Bols] = [AHBBOA Ly (D82)
o ¥
Change of integration variable from y to u = 1/y yields
5 /oo i {e,rz[Au2+(BrBl)u] +67T2[Au2+(32+31)u]} 7 (D83)
1/yo
Zy — /OO dj {6—7‘2[14712-1—(32—‘1-31)11.] _ e—Tz[Auz—‘r(Bz—Bl)u]} , (D84)
/yo U
where
1
A= 3 42+ m2)?[2” + (1—)%)/2, (D85)
By = =842 +m))k it (x—1/2) , (D86)
1
By = 5 (42 +m2)? . (D87)

Subsequently, the change of integration variable to v = ru yields

Zl _ 1/00 dv e—Av2 |:6—T(BZ_B1)'U+6_T(B2+BI)U:| , (D88)
r T/yo

z, - / Todv g [eﬂ«BﬁBl)v_efr(Banv] . (D89)
r/yo Y

As in the canonical case before, the coefficient A is limited from below by m;jl /8. Therefore, v is limited from above by
~ 1/\/Z < Qﬁ/mg. In the limit r — 0, I can expand e~"(B2FB1% in a series of powers of 7(By F By )u.

1 [ ;
z - ;/ dv e [2 — #(By — Byyo — r(Ba + B)v + O(w*?)] | (D90)
/Yo
Z, = / dv e~ A" [—r(B2 + B1) 4+ r(By — By) + O(vr?)] . (D91)
/Yo



Neglecting terms O(r) whose contribution vanishes when r» — 0, T get

2 (o)
Z = 7/ dv e~ 4" [1—7rByv— O(U2r2)] ,
/Yo

Z, = / dv e [—2rB; 4+ O(vr?)] .
r/yo

Evaluation yields

/A
Zy = T/—2/1/0—32/A,

Z, = 0,
with
1
A = 3 (42 + mg)Q[xQ + (1 —-x)%]/2,
By = —8(4I2 +m))k it (x—1/2) ,
1
By = 3 (42 +m2)? .
Hence, as in the canonical case, in Egs. (D39)) and (D40)
VA 2
= — — 2 - - O
V1221 " /Yo m2+(1—m)2+ (r)
W122/1/ = O(T) .

Consequently, the counterterm in Eq. (?7) must be

/A —=8(y) V2r
ro @2 +m2)\ 22+ (1-x)?

lim 4[/{122/1/ = —6(y)
r—0

which differs from the canonical case by the square-root factor. According to Eq. (??), the counterterm is

plp /pzp /
91 - Z /1221 # Oca Osp (—T{1Tsh)

0 seagull
12271/
y) V21
X 5 bldldyby
4r 4ZJ-2 +m32) \[ x2 + 2

where

y = (v —w1)/2,
= (k1/2/ k1l2)/2»

_ _ Tt +
1 = P1 /P12 , L1 = p1//P1/2' ’
mgzl—xl,ngzl—xll,
1 1 1 1 1 1
kis = xopy —T1py , kg = Topl — T1Dy -

c. Counterterm computation summary: extension to Ho

Start 20240907 13:41 sob Ekologiczna
In Eq. (D61) the canonical counterterm is

- - \/p1 p1/p2 p2/ ~ o a
uggeagull/F = Z /1221 = E— Osy (=17 T55)

c.a
12271/ 12

—d(y) v2r

Tt
W—‘,—)bdd?bl/’
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(D92)

(D93)

(D94)
(DY5)

(DY6)
(D7)
(DY8)

(D99)
(D100)

(D101)

(D102)

(D108)
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and in Eq. (D102) the boost invariant counterterm is

4/ iy
= Y [ Y G by (<11

Ut
seagull 12 c.a
12271/ P
—(5(y) vV 2 2 Tt
bididarbyr D109
dr (@2 4 m2) 22+ (1—a)2 1T (D109)
where F" denotes a suitable regularization factor and the variables are
y = (o —m)/2, 1 = (kby — k)/2, (D110)
r1T = pii_/Pl—g , Lo = 1—331 , L1 = p'f,/Pf,_Q, , Lo = 1—1‘1/ , (Dlll)
kiy = xopl —x1py , kiig = Twpli — x1py (D112)

The regularization factor F" for Z/lgzeaguu is set in the same way as in the third term in Eq. 1) that shows how the

canonical interaction term in Eq. is regulated. Namely,

F" = ffz,1+2 f1T'+2',1/2' ’ (D113)

where the mass parameter for the gedanken quanta of kinematic momenta Pjo = p; + p2 and Pjror = p1r + por is set to
any finite, fixed value that is smaller than my + mo. In the limit » — 0, the choice of the mass parameter in F" does
not matter because it is nullified by r anyways.

Appendix E: Review of the RGPEP single-quark term

Stop 20241115 23:42 pia Ekologiczna The whole evaluation of single-quark eigenvalue condition needed precise
verification!
Start 20241116 14:10 sob Ekologiczna I review the expressions, especially their signs, in the single-quark
case that suddenly appears so illuminating..

The RGPEP for 2nd-order terms, Eq.

7—[5,2)/ _ H’Hf,’H?(z)] ,Hf:| 4 H,Hfa,H?(l)} ’HEUL _ (E1)

Written in terms of p_°, for which the derivative of pt2 +m? vanishes, taking into account that there is no homogeneous
term, I drop the sum over quark spins,

_ — — — ~—p7)3%m2 T IyT
/[pq] (pq )/ b;j?qbpq = 2(pq _pqg)ﬂ-ge Qt(pq pqg) a4 [HIHI}E . (E2)

The momentum dependent factors are actually operators that insert functions in the integrand d In p_, there is a free
term that does not depend on s,

pL2 + m2 (5m2

Py = o + pj . (E3)
Therefore
L (6m2y
) = S (E4)
Eq. can be integrated explicitly.
t 2\/ t
6m‘r — — —27(p- —p . )2w2 T IyTr
/OdT /[pq] (p+) bl by, = 2(p, —pqg)wg/o dr e~ ~Poe) ™o [HTHT), (E5)
sm2 — 5m3 200, —DPad)™5 T oipr —p 2 -
/[pq] pt "= —2(pq_—qu)2372 [e ) 4,1} HiHi]y (E6)
q ag)"Tq
om? dm2 - _ -2 21 [HTHT]
P — = /[p]70+ 1 — e 2Py ~pgg)"my | T LLE (E7)
/ “opt “opt [ }pq — Pqg
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The divergences show up only in the term 1 in the square bracket; the exponential kills divergences. The counterterm
in dm? is designed to remove the gluon severe small-z divergences from

[Hf{{ﬂz: f)o’cf ) (ES)
Pg — Pqg

The divergence is computed in %, in Eq. (??), which is the same as 6m? considered here. This is false statement
because in the scattering p~ is replaced by P~ — (Q~, where P~ is the shell value and Q~ are the
spectators of the self-interaction.

20250627: See correction in scattering in Sec. [E0 4]

But besides the severely diverging terms there are also logarithmic terms, not included in the previous discussion
of the most severe terms in scattering and bound states. Nevertheless, the severe divergences suggest the definite
counterterm to themselves. Using Eq. (?7),

: HTHY
HEY = [ALIR H((]l) H(()l)} = HiHi)y - 1]_2 ) (E9)
z Pq — Pag
From HEY, T had obtained the full result for Eéz) in Eq. (??), which reads
=P 20p [ drd*k* N
q _ g UF €T Y oer2 EIO)
pt - pt 2(271-)3 D Y Pabg:p (

I also obtained the counterterm integrand to the severe small-z divergence, see Eq. (??7), and I discovered that
the ultraviolet quadratic transverse divergence can be also removed if the counterterm integrand is changed to
1/2? + 1/[2(1 — z)]. But then the discovery is that the numerator becomes very simple. Start 20241117 15:05 nie
Ekologiczna I check it now using p~ and taking advantage of the quark current conservation.

2 21.L —

- 5 T e e e o 0 =]

_ 9%Cr / do d’k* { %y —4m 2t }u -2 (E12)
pt ) 2@ P \Q-a)p (- —ps —pg)  (L—a)py?) TPePeP

_ G / S [ Apgp — 8m” oty } 2 (E13)
pt ) 2277 [(L—2)pf(p~ —pg —pg) (1—a)pg?] PPe?

The small-x severe divergence results from the last term, which means, from the current non-conservation in direction
of 1. The intermediate fermion four-momentum is

po = (—ap—k+ salp; — (2] (E14)

where kT = k= = 0. So, the integral of pk gives 0 and

. 4¢%°Cp [dxd*k*+ |N 1
div _ r2
Hy voer = pt / 202m)3 | D 22| ‘PaPaP (E15)
N = (1 -2)m®+ptkt + %er[p; —(1—x)p7] —2m?, (E16)
D = a(l—z)p* (0~ —p; —py) , (E17)
N 1 N

e 77
4 (D $2> p i Eq. (?77), (E18)
N = 4k + (1 —a)ml]/2* + 2(k72 + 2°m]) /(1 — z) , (E19)
D = z(1—a)p*(p” —p; —py) = x(l —z)(mi - Mj,) . (E20)
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Now I verify what is obtained by adding the modified counterterm integrand 4032) =4/2* +2/(1 — ) to N/D.

% +4/2* +2/(1—2) = (N+4D{1/2*> +1/[2(1 —2)]}) /D , (E21)
N+ D [4/2* +2/(1 - 2)] (E22)
= A2+ (1 — 2)m2)/a? 4 2k + 0Pm?) /(1 )
— z(1 —x)(M2 m3?) [4/2* +2/(1 - z) (E23)
= A + (1 - 2)m])/2® + 2(k2 + 2*m?) /(1 — z)
— z(1—x) [(ku—i-m V4 (k2 4+ m2)/(1 - z) —m?] [4/2° +2/(1 — )] (E24)
= A+ (1 - 2)m2)/a? + 2k + 0?m) /(1 )
= [F + (1= 2)m] + 2®m?] [4/2% +2/(1 - 2)] (E25)
= 4[(1 — z)m2]/2” + 22°m} /(1 — x)
- (1- m)m34/x2 -—(1- x)miQ/(l — ) —2*m?4/z? — 2*m?2/(1 — x) (E26)
= 4(1- x)mg/sc2 +222m?/(1 — x)
— 4(1- x)mg/x2 - 2m§ —4m? —m?22%/(1 — z) (E27)
= —(4m] +2m}) . (E28)

This confirms my original result. End of review 20241117 22:32 nie Ekologiczna

a. 20250627: Correction due to p~ — P~ — (@~ in self-interaction in scattering

[Hi HY]

div scattering __ 3 po
5 oo TP Q- (E29)
2 2.1 _
o | T T e e 05 )
_ 9%Cr / de dkt { %y —4m it i }u . -
pt ) 2027 Pl -a)pg (A= +d)  (1—x)pg? A= +d- [ PipaPer
where
AT =P QT —p ,d =p —p;—py - (E31)
Therefore,
,Hdzivp;cattering _ [Iif_Hﬂzpo E32)
— Pqg
_ 9*Cr / ded?k+ [ 4p,p — 8m? 4t d- } , )
Pt 22m)% (1 —2)pd (A= +d=) (1 —x)pf? A~ +d— | Paba?
_ £l / ded’kt [ dpgp—8m?  ApTpy } d” (E34)
pt 22r)3 |1 —2)pfd— (1 —a)pg?| A= +d=PaPo?
- QZCF/ngd%fl [ Apgp —8m* _ 4pTpg } < A) . (E35)
pr 2(2r)3 |1 —2)pfd= (1 —az)ps? A=+ d— ) 'paparp

The square bracket is as in the self-interaction in the RGPEP. The term with 1 in the round bracket can be treated by
the same counterterm as before in my flawed formula for scattering off-shell. The term with
A~ 1
_ E36
A~ +d- 1+d-/A- (E36)
tends to 0 like A™/d~, which is inverse of the gluon p_". Such factor eliminates 1/ 2% as well as quadratic transverse
divergence. I can return to the text on scattering and insert a comment about the off-shell result. 20250627: end of
correction to quark Y due to off-shellness.




b.  Evaluation of m%
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The quark self-interaction and its counterterm in Eq. (?7?) enter the quarkonium eigenvalue problem for Hyr. The

counterterm cancels the severe small-z divergence in Eq. (?7?)

o = 1/2* +1/[2(1 — 2)]

Num = 4k + (1 - x)mg}/xQ + 2k + 2*m?) /(1 — ),

Den = z(1—2)pt(p~ —Dq _pg_) = (1l —x)(m} - Mig)

~ Num
Y = 4/ +2/(1 —
S +4/a? +2/(1—a)

Den

R = Num + [4/2® +2/(1 — x)|Den
= 4k12 /2% 4262 /(1 —2) + 4(1 — x)m? /a® + 22°m /(1 — x)

+

R = 4kt%/2® 42k /(1 — 2) +4(1 — czj)ms/ﬂc2 +22?m? /(1 — )
+ [4/2* +2/(1 —2)] [~k — miz? — m2(1—z)] .

R = 4(1 - Jc)mﬁ/at2 +22°m? /(1 — )
— [4/a® +2/(1 - )] [miz® + m2(1 - z)] .

R = 4(1- :Jc)mg/x2 +22°m? /(1 — x)
— (4/3;2) [mfo + m§(1 — x)} —[2/(1 —2)] [m?xz + m§(1 — .73)]
= 4(1 - x)mf]/xQ +22°m? /(1 — )
— 4m? — 4m3(1 —x)/2® —2m?2z?/(1 — ) — Zm?]
= m; [22°/(1 —z) —4—22°/(1 — z)]

+ m2[4(1—x)/2* —4(1 —=z)/2* - 2] .

R = —4m] —2m] .

4m3 +2m?
(1= z)(MZ, —m3)
4m? + 2m’?
(1 —z) {k+2/[z(1 —2)] + m?/(1 — z) + m2/x —m?}
4m3 +2m?
o(1—z) {k12/[z(1 — 2)] + miz/(1 — x) + m2/x}
4m? +2m3

T R mi? e m2(1 )

Num
Den

M@
I

+4/at+2/(1-2) = -

Stop 20241113 01:53 sro Ekologiczna

_ Num + [4/2% +2/(1 — z)]Den .

[4/2* +2/(1 — 2)|e(1 — ) {m? — k*2/[e(1 — 2)] — m}/(L —x) — m?/} .

(E37)
(E38)
(E39)

(EA0)

(E41)

(E42)

(EA43)

(E44)

(E45)

(E46)

(EAT)

(E48)

(E49)

(E50)

(E51)

(E52)
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Appendix F: Formulas for TDW with mg not cancelling RGPEP

When the numerator factors are included,

Q) f'H (F1)

_ 926%./”dxd2kL PG — Py N 2 (F2)
pt ) 2@m)° pg —py +pg +pg —pm a(l—a)pt(py +pg —p7) T

N = 4,2+ (1 - l’)mﬁ]/l‘Q + 2k + 2?m?) /(1 — ) . (F3)

I have M? = m% —mg and

SHO)f'H (F4)
_ 9Cr /docd%l M? N Lyipy (F5)
pt 2(2m)3 M2+ pg(pg +pg —p~) (1 —)pg (pg +pg —p)

This is the same equation as Eq. (44) in [K. Serafin et al., Phys. Rev. D 109, 016017 (2024)]. Stop 20241119 04:44 wto
Ekologiczna Start 20241119 22:11 -; 23:13 wto Ekologiczna Before the subtraction is evaluated as above here, I have

fH(C) f'H (F6)

QQCF dx d*k* N ;210 P N ;217 P
_ qPg _ alg , F7
pt /2(27T)3»”6(1—96)p+ (p‘ —pqg —pg —A/Pt P —pg —py o
A = (m— m?)/x , (F8)
N = 4[kl2 +(1- 96)771‘(2]]/902 +2(k12 + *m?)/(1—=x), (F9)
D = a(l—2)p*(p —p; —p;) = z(1 —z)(m; — M2,), (F10)

according to Eq. (?7). Then

B ¢*°Cr [ dod’k*- N N
ruC = S [ | B (F1)
B = (1—x)(m% — ms) . (F12)

Now I can add and subtract the previously discovered integrand 082) that provided a counterterm to both 1/z? and

k+2 divergences, given in Eq. (??) as 052) =1/2% +1/[2(1 — 2)].

2 27,1
g°Crp dr d*k N N
SRS = pt / 2(2m)® |D-—B + 40&2) \D +40‘(12) ;fpg,p ) (F13)
B = (1—x)(mg—m)) . (F14)

Nothing has changed due to this adding and subtracting the same term. I have the result from Egs. (?77?), (??), and

(E52),

(2) 2 2
N e _ NAdog' D Ami+ 2m, (F15)
D a D -D
L = Nt 10P(D—B)  4m}+2m2+40”B (F16)
D-B @ D-B - -D+B '
Now I substitute D.
N 4m? + 2m?
440 = ! g F17
D% kL2 +mZa? + m2(1 —x) (F17)
N 4m? +2m? + 40 B

40?0 — F1
D-B %q kL2 4+ miz? +m2(1—z)+ B’ (F18)
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and then I substitute B, using

4(1 —
40PB = 40l (1 —z)(mg —m2) = %(mé —m2) +2mg — 2m] (F19)
so that
N L@ = 4m? + 2m£27 (F20)
D0 T kL2 4 mZa? + m2(1 —xz)
2 2 2 2y /.2
N L a® dmg + 2mg, + 421(1 - x)gmG —mg)/x 7 (F21)
D-B a k2 +mia? + mZ, (1 —x)
The difference Dif = | ] in Eq. (F13) is
Dif = 10® — (X 4 45 F22
T=pop Tt T\ p i (F22)
_ 4m3 +2m? B 4mg +2mg + 4(1 — z)(mg — m2)/x? (F23)
EL2+m2e? + m2(1—x) k2 +mfa?2 +m2(1 —2) + (mg —m2)(1—xz)’
or
. N N
Dif = —— +40(? - (D +4a§2>) (F24)
_ 4m? + 2m? am? + 2mg, + 4(1 — z)(mg — m) /x? (F25)
r(1—z)(M2—m?)  z(l —2)(M2—m?)+ (mg —m2)(1 —z)z/z
Calculational trick yields
z(1—2)Dif = z(1—2x) +40? — N + 40 (F26)
D—-B a D a
_ 4m3 +2m? B 4m3Z +2m?2 + (mg —m2)[2 +4(1 — x) /7] . (F27)
M2 —m? M2 —m? 4+ (mg —m?)/x
I tried some other ways of writing the same thing,
z(1 — z)Dif = (m% — mg) [ ], (F28)
[ ] = 4m? + 2m? B 2+ 4(1 — z)/2? (F29)
(M2 —m)[M2 —m? + (mE —m2)/x]  MZ—mZ+ (mE—m2)/x
or
z(1 — z)Dif = (m% — mi) [ 1, (F30)
4m + 2m? 2+4(1 —2)/2?
[ 1= 2 _ 2 2 _ 2 7 2 - (F31)
»T(Mg m;) (Mg —m7) MG —m;
The result to think about seems to be
2 27,1
, L g%Cr dz d?k o
= 1 —z)Dif F32
PO = T [ e s oDt 2, (F32)
z(1 —2)Dif = (mg —m2)[ ], (F33)
4m7 4 2m; 2+4(1 - x)/a?

Rl T T AT " e R T T

combined with Eq. (?7),

fou - ity [ () - [ o




and

z(1 — 2)Dif = (m% — mg) [ ]
(m3, — m2)(4m? + 2m2)
[(Eq + Eg)* = mi{z[(Eq + Eg)* — m7] + (mg — mg)}
(mé - m?)[?x +4(1 — 2)/x]

z[(Eq + Eg)? — m7] + mQG - m§

— mQG—mz 4mf+2m3 +4—2zx—4/x
z[(Ey + Eg)? — mf] + m% - mg (Eq+ Ey)? — m? '

In terms of E,

2
¢*Cr [ dQkdE —2t2(E2—m?2)2(x T /pT)2
FHO)IH = / A(B,z) e T
p+ 2(27‘()3
2 2 2 2
m% —m 4m; + 2m
AE _ g v 9442 —4 .
(B, z) z(E? —m?) +mg —m? | E2—m? ’ ’ /x]

Appendix G: RGPEP form factors in gluon exchange terms

From Eqs. (??) and (??), in which r is replaced by s, or from Eq. (699), I obtain

fio= fi, = et oot (/)2

=q ’

fo = fL, = o Olera-md (na/pf)?
»2q

From Egs. (C7) and (C8)), with z = 2y and
c = 4l¢2+m3 ser =4y, 25 =1—a+y|, sy = sgn(y),

I have

E—D24+m?2  (k+D2+m?
(pL+q)* —m3 x1(0/|2|+01)’“1:$y[( ) -1 : 1}’

r—vy Tty
(k+l)J‘2+m2 (k*l)J‘QerQ
(p2+a)* —m3 = w3(c/|z] +a2) | a2:5y[ l—z—y - l—z+y )

Sk skoskeo sk sk sk skostkeosk sk skoskosk sk sk skostkosk sk skoskosk sk sk skoskosk sk sk sk sk sk skoskosk sk sk skokosk sk skokeosk skoskokok sk sk skokosk sk skokok skoskoskokoskoskoskokokoskosk ko

a. Scheme for evaluating self-interactions in gauge theories

First there is the Hamiltonian term
H = / —guJ A f
F —
JUH = —gyTiy"yp

and the field operators

3 2
> / [P] [wpo Xcbpoce™ P + vpoXedhsee™ ]

w =
c=1o0=1
8 2

2 = 33 [ Tty 4 i),

c=1o0=1
8

¢ = Z/[p] [—iTcapgce_”n +iTCaL3ce’WL+_O .
c=1 B

110

(F36)

(F37)

(F38)

(F39)

(F40)

(G9)

(G10)
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Hence,
~ T
H = —g,(—9) /[123]6C‘af [u1X1b1 + leldﬂ A0 [EgT?’ag +€§*T3a§} {ugxgbg + szng] .
(G11)
Self-interaction means no pairs and no exchange.
H = —gu / [123] §o0 S f | (C12)
D (—g) |:’EL1XI’Y#T3U2X2 bJ{bQ — 51XI’Y“T3’02X2 d£d1:| [Ega:g + Eg*a;:| . (G13)
Rewritten,
= [*gﬂw“uQ XT%x2 blbz + gt17y"v2 X[ T%x2 dgdl] [65@3 + €§*a§} (G14)
= [ blbo + 7% dl] [has +eyal] (G15)
with
i = —gmy'uz XJT%xa , Ji5 = gniy've X{T X2 . (G16)
Stop 20241220 20:30 pia San Dimas Start 20241221 10:38 sob San Dimas I simplify H.
H = - / [123] bc.of [j§253 blbaas + jiyes alblbs + jaes didias + jioch aldhdy | . (G17)

The self-interaction occurs in the square of H. Limiting H? to the self-interaction of fermions and anti-fermions, I have

o = [23) 50w
X [jf,g,eg/ bl bz + 8l albl by + 3y ey didyag + 55yel ag,d;dll}
X / [172"8"] borr qn
x [jf,’,’z,,agu b by asy + §3rgneln abybl,bon + Frgnesn dbydinaze + §5guel, ag,,d;,dlu]
- / [1'23'] 51 vy [fjf,’2,53, b{,bglagf} / [17273"] G111 o [fjfff2,,s§,, ag,,b},by,]
n / [1'2'3] o1y [f5§f2,53, d;dlrag/] / [172"3"] S0 11 [fjfffg,,ag,, ag,/dg,,dlu} . (G18)
Contraction of 3’ with 3" yields
o / V28] by [ Fimes bliba ] / [172") Syro [ £y Blubr]

+ /[1/213/] 821‘1/3/ {fji)’/,z/&“g/ d;,dll} /[1”2”] 53/2//.1// [f;lequé‘;/ d;//dl’/:| . (Glg)

Contraction of fermions yields Continuing 20241227 13:16 pia San Dimas
H2 — /[1/2/3/} 51/_2/3/ {fjf:zlEg,/ b];/:| /[2"} 53/2/42// |:fj§//2//5§/ bgu]
+ / V28] by vy [ by df] / ) Sy [Tty din] (G20)

Integration over 2" and 1” gives
1
Py + Py
1
Py +pi

1 o (023 dean (1t o)) [Faswel bysa]

+ /[1/2/3/] 521_1/3/ [fj%/IQ/Eg/ d;} [fjg:_,'_l/l/{f?;;/ d3/+1/} . (G21)



Change of notation.

LR / / 23] 6105 fifo 3 by jSiet, blbi

1 *
+ /[2}17 /[13] 62 13 f1f2 § : 31250# ]511/601/ d;d2 .
2

co

Sum over the gluon polarizations and colors.

H? — / e /[23] 0193 dy f1f2 555757 bibr
1
1 C cv
+ /[2]p /[13] 0213 dyu fifo j557 dids -
2
Knowing that the Dirac fermion currents,

J = —gmntus AT, 55 = giintvs X(T%xe |

are conserved and using FF rules of kinematic momentum conservation,

q1 = P71 —P1L = Q42 = P3 — P2,
2 2 2 2
dv = —g" + 1 ntn” Mgl_ml _|_M92_m2
2qm, pi py

1
= —g" + 2072 n'n” (m? —qi +mj —q3) .
My

Evaluation of matrix elements
023 = d/u/ fife ]g];lf )
<I§|/[1}/[z3} duas 2% bibalu)
= 12|/ /23 ] 81.03 023 b bl/[56] P*3ps6 v (s, ksg)|56)
= /[ /[23} 51.93 023/[56] Pt5pse (s, kag)
% [(32] by [56) = (0]dsbs blbr bldljo)]
= /[1} /[23} 01.23 023/[56'] PF0pse 1(ws, k) 036 615 01
= /[23] 07 93 023/[34] Ptépse (w5, ki) 0z Ois
= 23512y 20 [16] P* B w1 k) B
= /[23] 01,23 023 PTp 15 (a1, ki)

1 ~
- /[mzké's]T-UZB P*opi5 ¥(x1, kiz)

1
Y- -
= p_i P*6p 5 v(wi, kis) -
1

>3k ok sk ok Sk ok sk ok >k sk ok sk ok sk ok skook skook sksk sk ok ok sk ok skok skosk skok sk sk ok skook skosk skok sk sk sk skosk skosk skosk skok skok sk ok skokoskokoskoskoskoskoskokoskoskokskk
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(G22)

(G23)

(G24)

(G25)

(G26)

(G27)

(G28)
(G29)

(G30)

(G31)
(G32)
(G33)
(G34)
(G35)

(G36)

(G37)
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b. Scheme for evaluating exchanges in gauge theories

First there is the Hamiltonian term

H = [ ~gurrav s, (G38)
Jo ::-j;¢7“7“¢, (G39)
and the field operators
32
S Z Z /[p] [upoxcbpgce_im + vpgxcd;;aceim]ﬁzo , (G40)
(,:1 a:l
AF = ZZ/[p] [eh TCapgce” 7" —l—eS;TCaLUCeipz]ﬁ:O ) (G41)
5;1 o=1
¢ = ;/[p] [—iTcapgce_im +Z'Tca;r)3ceimL+:0 . (G42)
Hence,
H = —g,,(—9) /[123}5c.af [U1X1b1 +01X1d”TVOV“ [5§T3a3 +5§*T3a:t,} [U2X2b2 +U2X2d£] .
(G43)
Exchange means no pairs and no self-interaction.
H = —g., / [123] dc.q XM, (G44)
X = (—g)f [ﬁlx];’y“T?’uQXQ bJ{bg — 171xify”T3v2X2 dgdl} {5§a3 Jrsg*a;] . (G45)
Rewritten,
X = f [—gﬂw“uz XITSXQ bJ{b2 + g1 yH v XITBXQ d;dl} {Ega,g —|—6§*a£] (G46)
= f |3% blbo + 2% dlds] [e5as + 57l (G47)
with
7 = —guy'uz XJT%x2 , 33 = goir've X[ Txa - (G48)
Stop 20241220 20:30 pia San Dimas Start 20241221 10:38 sob San Dimas I simplify H.
H::—/u%mmfpggﬂ@%+ﬁy§@ﬂ@+ﬁﬁ3£m%+ﬁ¢§@£m : (G49)

The exchange occurs in the square of H. Limiting H? to the exchange between a fermion and an anti-fermion, I have
H? = / [1'2'3"] ber.ar
e blb 3oehs albl by + jYyes did Yyl al,dld
x f J1r97€37 01,02:a3 + )719/E3: Q3,071,002 + J119/€3 Ao, A1/G3 + )710/E31 Gz, g, A1
X / [17273") 6o qr
.3// bT b ’3// * .I. bT b —.3// dT d —.3// * T dT d
X f J1rr9m €31 D1, 0201 Q30 +]1//2//53u Q3,101,021 +]1//2//83N o @111 Q31 +]1//2//53// Qg1 Qo A1
— /[1’2’3/] 51/.2/3/ |:ji)’//2/83/ bI,b21a3I:| /[1”2"3”] 53//2//.1// {3?:;2//83// a;,d;,dln}

+ /[1/2/3/] 52/.1/3/ pf:2/83/ d;,d1/a31:| /[1”2”3”} 53//1//,2// |:j?/l//2//€§// a;,/b'{ubgu} . (G50)



Contraction of 3’ with 3" yields

H? — /[1/2/3'] O1.23 {jf,’?g?), b}bgf} /[1”2”] PRY {jf;@'f;/ d;/dl”] fr

+ /[1’2/3/] 52/.1/3/ [55;2,53/ d;dl’:| /[1//211] 53,1/,_2// |:ji‘)’,/,2,,€§, bI/,bQ//] ff .

Integration over 3’ yields
Stop 20241221 14:05 Miki przyjechal Start 20241223 13:26 pon San Dimas

(1" — 2 c oy
P> /12 i >[Jf,2,ag, o] [0 5 [y, ] 15
1/_ 2

+ Z/ 1 2 ) {7?:2/53' dQ/dl’:| /[1//2//] Sc.a {jf’,/q,,s;, bi”bQ”} Ir.

Change of notation.

91 1’512 1’2’ *
H? - Z/ [121'2'] o G o Juses, bldldy by ff
1

9 ’ (S 191
+ 2/1212 vl 1;12 Jreon Jhaen, bidydaby ff .
Sum over the gluon 3 polarizations.

H? — 2/1212 O1-1012.172 1'512 Y2y g1 G5 bldbdaby £ f
-y

1

91' 1512 19/ e
+ Z/ [1212'] o Ay 15 555 bldbdoby ff

Knowing that the Dirac fermion currents,
it = —giy"us X{Tx2 , ith = gniy"ve X{T%2

are conserved and using FF rules of kinematic momentum conservation,

1
qm, = pf_pl'i_ 5

Q= Ppr—DPL, 92 =P5— P2,
U
e el

My

1,
5 M(Gm, +P2 —P3)

M, +PL=P1) = P3—P2+ 5

amr = _guu+

1 ~ _
9"+ Qan“n”(qmg +P1—P1+ G, + P2 —P3)
My

L (Mi | M=
2Gm, jo P

1
= 252 ' (my — qi +my —q3) -
mg

= —gMV—|—

I universally have the QQ gluon exchange term in the form

# o 3 [0 b S i Wtk 1

mg
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(G51)

(G52)

(G53)

(G54)

(G55)

(G56)
(G57)

(G58)

(G59)

(G60)

(G61)

(G62)

This confirms my earlier results and conventions and ends the scheme of evaluating the Hamiltonian term of gluon

exchange between Dirac fermions.



Evaluation of matrix elements. Start 20250108 09:00 -; 09:20 czw San Dimas

Hypothesis:

Check:

d _
. nz -pic sve
o1 = —— fife Jiv Jaa s
My

<ié| /[122/1/] 812,2/1/ 012271/ b{d;dzlbl/ /[56} P+SP.56 w56($57k§5)|56>

/[122'1/] 12,9117 12901/ /[56] Pt op 56 1s6(s, kag)

(0|dsb; bldbdabys bLdg|0)

/[122'1/] 12,9117 12901/ /[56] Pt 0ps6 Use(ws, kis) 015 026 07, 05y

/[2/1/] 512.2/1/ 01321/ P*opyy ¢1'2/(=’U1’»kf72')

{/[2'1'] = /[Pl'zf} /[xllkﬁz,]} Ois.1 Tizpr Prop1a dra (21, kiry)

/[P1’2'] /[ml’kf@] 512.2'1/ 015211/ P+SP.1'2' 1/11/2’($1’,kf72/)

B o
P+5P.ié/[$1/kle} L2 4o (217, kg )

P+

Appendix H: Evaluation of W denominators

-1

[P = Py ]+ [Py — B3]

a7 —ame] "+ a5 —apn.]

-1
= [pT =0 —dme] [Pz P2 — ]

1

= [a&r

-1

1

:HZ

1

— — — + — —
LP1y —P1 —4me P2 — Py

1

_qu:|

-1

+ 92[ — — — + — =
P1 =P —dmg P — P2

1

—Admg

|

1

— ]+ lar -

= 92

Py + Doy —P1 — Py — dme

+ —
p1 T+

Dy — D1 — Do qEJ

1 1
+ 0_, | — — — — — — — — =
Dy +DPy =Py =Py —dmg Pyt Dy — Py — Do
1 1
=40, — — — — + — — — —
Pllz,—pl—pg—%nc P12_pl_p2_qmc
1 1
+ 0_, — — — — + — — — -
Pu*pl*pg*qmc P1’2/7plfpliqu
1 1
= — — — — + — — — —
P12—pl — P2 —l4mg P1/2’_pl — P2 — dmg

= [sz—P:)?]_lJr[PEz/—P{]

-1

|

_qglc}
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(G63)

(G64)

(G65)
(G66)

(G67)
(G68)
(G69)

(G70)

(H6)

(H7)

(H8)
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Check completed above Now 20241226 15:15 czw San Dimas

:q’—%lg - 2‘;9} [qf j G | & 1%@] (H9)

1 1
T T )@ — ame) " (a5 + ahe) gy — q;G)] (H10)
N (@1 + dme )1(q1 — ) * (g2 + qmc)l(QQ - qu)] (H11)
BT —lqﬁnc & —1q?nj B [q% —lmg T2 _1 mg] (H12)

1 1
— + . H13
(i —m2) pz+(mé—m§)} (F13)

Stop 20241226 22:12 czw San Dimas po powrocie z Altadeny

1. Gluon mass in bound states

Moreover, on the basis of [K. Serafin, M. Gomez-Rocha, J. More and S. D. Glazek, Dynamics of heavy quarks in the
Fock space, in preparation], one can expect that the results for quarkonium states are not significantly sensitive to the
value of mq already when it exceeds ~ 0.5 GeV for c¢ or ~ 0.8 GeV for bb states. However, the Hamiltonian H of
Eq. (??) depends on the gluon mass parameter mg,, which requires consideration of the limit m, — 0.

Stop 20240907 23:41 sob Ekologiczna

Appendix I: COMMENTS to include on technical issues

Estimates of error: symmetries of the spectrum, such as rotational symmetry. Dependence on s > 0. Convergence of
eigenvalues like in papers with Wilson and Mlynik. Fate in QCD allows one to check “the magnitude of errors” by
comparison with data.

RGPEP does more for us than the Melosh transformation did, ¢f. [67, [68], because it provides the relation between
the current and constituent quarks no matter in what frame of reference one works.

We have opened access to small-x logarithmic effects that point out how to look for confinement on the Hilbert
space of QCD. How is this related to logarithmic running of the coupling constant?

Hamiltonian approach and relativity: The role of the fixed point.

Binding in quantum mechanics requires mass defect and I secure the mass defect by positive mss squared counterterms
that tend to infinity when mgy — 0.

Relativity and counterterms, why would the results be relativistic? Only for relativistic value of the coupling
constant?

The issue has a long history, starting with the pre-QCD treatment light quarks [67], 68].

The transition amplitudes, obtained using perturbation theory, involve the quadratic, linear (for sharp cutoffs), and
logarithmic dependence on A.

Jump to Sec. 7?7, Eq. ?7?). Also: Explain the relationship to AdS/QCD inspired phenomenology via
1/y in the integral over y that results from writing [+ = \/muL, or using the transverse momentum
transfer variable ut = [+ \/m

The effective theory cannot be derived in perturbative expansion by any procedure that does not neutralizes small
denominators because small-z and large k+ divergences are sensitive to the small denominators.

HE = 1P+ 08+ (f— fof) A HOHO )
= [HP +CO + (fs = [ f)AHDHY — ff)HP (12)
= SFHD + 02+ (F = £f) [AHVHD + HP)] | (13)
HP? = HZ+ 0+ 0% . (14)
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H® = fHP +CF + (fs = fof)AHMHY (I5
= LHD +CP + (fo— £uf) [AHOHD + BO| — (f = £HHP (16

= [THO +CP 4+ (f = 1) [AHOHD + HP] (17
H? = HY + 2 +0? . (I8

H® = [HD + O+ (f = 1HAHVHY (19)
= FHP +CP +(f = f) |[AHOHED + B - (f - 11)HY (110)
= [TE@ +CP + (f - £) [AHOHD + HP] . (111)

Once the severe small-z singularities ~ 1/2? are under control one can begin studies of the logarithmic effects due to
terms ~ 1/x. An example of such effects is provided in the case of heavy quarkonia where the logarithmic divergences
are capable to describe confinement in the following way: in the limit mg — 0 the quark self-interaction terms diverge
but the exchange cancels the divergence in colorless states.

(More readable exposition, explanation of boost to IMF = larger P means less evolution from bare theory, which
explains Bjorken scaling and its violation.) The infrared singularities in the limit of vanishing gluon mass are handled
using the general features of the RGPEP. Namely, all small denominators are absent in perturbative computation
of renormalized Hamiltonians. The mechanism is somehwat similar to the one found in models in 141 dimensional
QCD of a large number of colors, except that the transverse momenta are included and taken care of by the RGPEP
factors. The distinct logarithmic small-x divergences, specific to the front form of QCD, can thus be identified and
shown to cancel out. The cancellation occurs for globally colorless states and hints at a computationally verifiable
scenario for describing confinement of color. Unlike in the lattice or perturbative forms of QCD, the scenario applies
to the renormalized Hamiltonian operator acting in the space of states of virtual quarks and gluons.

The separation of the small-x divergences from genuine infrared problems with emission or absorption of infrared
gluons is facilitated by the RGPEP design which eliminates small energy denominators from perturbative computation
of renormalized Hamiltonian operators.

The key to the cancellation of severe small-z divergences, ~ 1/x2, using gluon mass and 3 polarization states, is
that the nn part of the gluon exchange can be written as a sum of the term with (p; — p2)? and a term opposite to the
seagull. The part with (pl — p2)? provides the factor 22 in the numerator. It also contains a small denominator. But
the small denominator is canceled by the RGPEP factor f — ff. The seagull and exchange divergences ~ 1/x? cancel
each other exactly. One could introduce counterterms for both. These would be opposite to each other. But they would
also include small denominators with k2 4 mg. Such denominators would make the counterterms infrared divergent
when my — 0. Using my trick with the 3rd gluon, I avoid the infrared transverse denominator that could cause
logarithmic infrared divergence in the limit my — 0, because of the restoration of the seagull-exchange cancellation of
the nn terms.

Gluon mass my is not used to regulate the infrared divergences, such (§? + mg)*2 for small gluon momentum ¢.
These will be overcome using the RGPEP. But the gluon mass is helpful in handling the small-z singularities that
appear at all scales simultaneously.

The degree of evolution depends on PT. The larger P the less evolved the effective particles.

‘t Hooft model is no accident: it works because the leading singularities in QCD cancel out and produce the same
output.

Separation of the most singular terms from the logarithmic dynamics is possible because of the identities implied by
the current conservation, RGPEP analogs of the Slavnov-Taylor identities (Craig Roberts).

(More readable exposition, explanation of boost to IMF = larger Pt means less evolution from bare theory, which
explains Bjorken scaling and its violation.) The infrared singularities in the limit of vanishing gluon mass are handled
using the general features of the RGPEP. Namely, all small denominators are absent in perturbative computation
of renormalized Hamiltonians. The mechanism is somehwat similar to the one found in models in 141 dimensional
QCD of a large number of colors, except that the transverse momenta are included and taken care of by the RGPEP
factors. The distinct logarithmic small-x divergences, specific to the front form of QCD, can thus be identified and
shown to cancel out. The cancellation occurs for globally colorless states and hints at a computationally verifiable
scenario for describing confinement of color. Unlike in the lattice or perturbative forms of QCD, the scenario applies
to the renormalized Hamiltonian operator acting in the space of states of virtual quarks and gluons.
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The separation of the small-x divergences from genuine infrared problems with emission or absorption of infrared
gluons is facilitated by the RGPEP design which eliminates small energy denominators from perturbative computation
of renormalized Hamiltonian operators.

The key to the cancellation of severe small-z divergences, ~ 1/z2, using gluon mass and 3 polarization states, is
that the nn part of the gluon exchange can be written as a sum of the term with (p; — p2)? and a term opposite to the
seagull. The part with (p1 — p2)? provides the factor 2 in the numerator. It also contains a small denominator. But
the small denominator is canceled by the RGPEP factor f — ff. The seagull and exchange divergences ~ 1/x2 cancel
each other exactly. One could introduce counterterms for both. These would be opposite to each other. But they would
also include small denominators with k2 + mi. Such denominators would make the counterterms infrared divergent
when m, — 0. Using my trick with the 3rd gluon, I avoid the infrared transverse denominator that could cause
logarithmic infrared divergence in the limit my, — 0, because of the restoration of the seagull-exchange cancellation of
the nn terms.

Gluon mass my is not used to regulate the infrared divergences, such (7% + mﬁ)_2 for small gluon momentum ¢.
These will be overcome using the RGPEP. But the gluon mass is helpful in handling the small-z singularities that
appear at all scales simultaneously.

The degree of evolution depends on PT. The larger Pt the less evolved the effective particles.

‘t Hooft model is no accident: it works because the leading singularities in QCD cancel out and produce the same
output.

Separation of the most singular terms from the logarithmic dynamics is possible because of the identities implied by
the current conservation, RGPEP analogs of the Slavnov-Taylor identities (Craig Roberts).
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