
Éech this out %

wyhreo XI

2021 122



cmdogy Er rel} b- de Rue
cohomology

M - manifold
multiplicative ①

⑨ i tier - om cover notation!

§ with multiple intersect's dioii.ip-O.in/Oian...nOipWe consider head meetings ✓ of - to
her

into an⑤ group
G T

.locally locally( e.g. ) smooth , constant , . .
. ) → p-Co&AlN-GROUPS

:

ÉPCO ;E):={ (fi.in .. :p ) / fi.ia.ipc-Maptcoioia.imG) nV-rc-Go.pt :
finairal-iircp-tifnrfioii.in)



These four. u cochein complex

£67 Fcp-1) 8%+1)
ÉCO ; G)→ Éfo;G ) . . _

→ ÉPIO;o)→ ' " '

②

with ÉER orators

ÉIPI : ÉP(0 ; G) → ÉP"(0 ; G)

In> it
'

:(fi.in
. .
. ip ⇔ fie.lu#fioia;.ip+i)

ice

where fiufi.in pet
:= f- "◦in ;P" /Oiunoioi. nipa



we define
p-cocs : £P(; G) = Kes ÉCP) ③

p
- •Boundaries : ⑤Pf ; g) ≤ Im ÉIP

-D
-

Ge coteoreehoot
: typo; g) = Ker É

)

Groups
pi)

The tech cohomology of M

with values is G ix. the limit
of Ñ• Cor, G) over refinements of 0 .

(F)



Take 0 to be oo→ⁿ=ÉEBÉg=%y
finite ( i.e. , each faint has ⑥
a neighbourhood that intersects

only a fink number of the di 's ) .

Let Milica be the assailed grcitbn
(pug Kitt : Xi c-GCM ;R)

of un} ,

i.e.
, ⇔ Fiori : ◦ ≤Xi ≤ 1

(Puy Fiel : hey Xi Coi
(These always
exist on Ca (Pas) ¥

,

Xi =L
iuonifolas .)



For {F-
"

locally constant
"

,

G- = /R ⑤

we hate ÑP( 0 ; R ) ≈ Hair (M ;R) ,
India

from W
.

: ÉPCO ; R ) → RP(M ) : f-→ wt ,
where

wf
: =
-I f- i. i. . . . ip ✗ iodXi, ^d✗iz^ --- ndXipiain . - < ip

NB : Outride ◦ ioia . . . :p i Xi◦dXi
,

a. ^dXip
vanishes ⇒ this as well- defined

cure way extend arbitrarily )



We calculate

dwt-i.IQ#Epfioir-ipdhimdki.x....ndhip ⑥

a

wjipf = -2 fialuv! fine. ipnhiodhoidkii.nlhip
,ioin. _ ip+, Kao in

= {{fiuhiu = 1) =-I fi.ia.ipndhiilhiy.nl!iii. ip Ay

= dwf



Conclusions '
.

-

dow = WE 1

Or : w is a coduein way
⑦

↓

It induces a homomorphism
of cohomology groups .

Surfeiting : we only demonstrate
Mr for p=2_ .



Let we -26rem) .

He

wpoi-dO-i.ioI ⑧

a- c- R'Cali )

(Oj - E) Iioii __ djij.iiic-T.ci ,- ≠∅
8ijc-CMQ-j.IR)

local constant

-8in '_8ij)↑oiµ= c- 112 iiiYᵗT
"

ciiiu]
Oiiu≠∅



0%44=0 => cwe £40,1k)
we write , as postulated ,

⑨

¥ if ciiklidxjndxu
But ciju

= Cjhe
- Cui + ceij He

I
ever dine

Ypcaff-e-Fpe@jtee-eueitceijJXidXjndXyKoutas.EXi-49=i¥ ciuexidxjndX.ci/oe---comf



=
-

2jceiudhXjndXaeIoe@Edt.E
,uceiuʰXjdXa ) toe

the same multiplied by Xjdxa
yields + Éceiu✗iᵈ✗%

,

{ cyuxj.dk/o:e--Ekiu-heit*HjdXuIo.;dfEieuXk)1PmtEciewXie__8ieᵗ{8euXk - { rinke ¥



therefore , of mfthes 6- Mt

Ii :
- 0-i-E.ci/uXjdXh-dlEriaXu)

on Oi ①

to find

riu-jiu-ijijikomoijkck-yiltioii-C-j-oif-IH.u-c.ie/YEE
,

u Oii he

dp.ir#d(EJiaXa1b.itdlEuriaH-zHii8iu)ke--Ekiu-8ia)Td
.in/h---Eriixu---rii/ii



= d ⇐ air ✗a) 1¥ {Kiu
- eine )×kᵈXe ⑦

= dtzciiuxk ) + { (que -eine )tajÑ¥d✗ej
Oi

= d(Feature) + d⇐ gie ✗e) = 0 ✓

⇒ Fy c- R' ( M) : ytioi = Yi -



finally , we
calculate :

dyi = what cijkdxjndxk
③

= w↑oi - Wcw /Oi ,
i. e.

dy = w - Wcw ,
or

This ,
⇔"

'

DR↳ a right[w]aE[• dr . inverse twink]



We still need to Thor that ④
wtdo yield [cwtdo] = few]

do has Oi --0-1
'

@i

a

@j - O:) Pay =D ⇒ we may
hehe

t.jo
⇒ Ciu = 0 are ok

I

¢w+do- I = Tcw] .



But we may also shift : ⑤

O-ii-sOitdXi@j-oDToo.y- =dñi+d(Xj -4)Lei
we my

next odd riit> rijtctj -4)lay
+

vijc-koifiiu-tf.in+ Erik
"

Cipa cipr + Ñviia =) it ☐ only
Ew ] the

A assigned to Iw)



Conversely , let c e- £40 ;R)
£ consider ①

☒ = - Facile Xidxjndxie
Mt wig 82=0

,
we

obh-ehwcfoi-doi.li= - Facial;dXa8)

ce.gjG@j-Oi7tiay-IaeCciue-ciae1XadXehg.E
- Euecciae -Cine /to;w✗kdXe



= - d({ cjiie ✗a) =D (Ecija Xu) ⑦
⇒ yij = { CIIKXK ( e.g.)
Ee then

✗in -8in tri;) Pain - I@iae-ciuetc.ge/Xe
l I

= { Caine -ciuetcipe-ciiutxefog.ie :

+ { ciikxefo.in -Cite ⇒



Once again , ④
[Car ] = [c]
%
other abates could correct case

by ster
.
exact !

Thus
,
altogether

, we
obtain

[xp, ] : Ñi(0; R) Hier (M) .

[
Leroy!



Next
, we want to understand

the nett between ÑPCO ; 2) G- ÑP/Mpa)④
buyEoe HPdp.IM ;E) ii.e. , the homology

of the (a)chain complex
←

INTEGRATION !

( Honor
,
(GCM) , E) =cr(M;Z) , dare ) ,

for the chain complex

( cp.CM) , Jp ) ( p - lairs in M , Jp - handy
◦total



Why ?
Because short exact saguaros

①of abelian groups
0 → G- →H→K → 0

canonically induce long exeeh

Segueing a cohomology BOCKSTEIN three

plp)
#CONNECT'NG)

i.
→HPCC.it/-sHP(C.iK)-sH*+fC.iG)-sHPFc;H1-a...
(atleast for Cornier -1ha abelian group C.)

& we have
,
e. g. , ☐→2€>7<=77422-20



Back to Keil vs de Rham
. . .

Once again, we courier p=
2 for illustrates ②

Take an arbitrary wEZ£CM) Er integrate if
over

any I c- 221M) ( a
cloned 2- submanifold).

To this end
, we tessellation and

that each 2- cell psib entirely n some

clip C- 0 ,
i.e.

,
we have a weep

A → I : e- ie
,

pluguelte , edges , vertices
Az Bn Do



so that we obtain

§w= -2SwipeAz p
(Oip) = £ fᵈ%p ④

PEA, p

= I f⊖ip = I [ f⊖ip
PEAZ Op

pEAzec-2p@iIncedouiwktkr1ii.E# = I §ipie-O-ip.ie#Oip*p.)owwHkec-D
,

write
= -2 Idk
EEA, e

'

meine,
= [ [ rip.ie,ip≠a, /v)%E

+

e. c-An verse Oip.felip.ie)i✓



We order to facilitate subsequent analysis,
we assume A trivalent

,
which ④

con okays be achieved by dueling

→¥
⇒

-

A ☐
*



It's dove that we end up with a run
over do .

Let us derive the purse
contribution of e enter vertex area.④

@31

-4,+
(rip-ipn + tips :p, trip, ip,) (U)

P'
••

Ps yield = [ ripzip>* tipnip} - Yip,ipz)HA-É
,,

-

pz + ezs = - Cipaipzips !
- 123=-123-13+12)

= - 23 1-13-12



Thus
, altogether , Sw = - I cipnipzip, ,

I redo

Ee so ce £40 ; 2)⇒ we £:r(M; ≥) ⑤
In fact , by moving considering all 2-cycles
within M

,
we readily recover the converse

nhd-eurentwc-I-drlm.sk)⇒ c. c- £40;E)
therefore , ttdp.CM ;K) ≈ Ñ4M;K) .



The way
we have constructed our reasoning ,

tf n clear that of generalities
to all p c- IN ,

good ! ⑨

HEIM ;G)≈ÑÑ;G)
≈ÑP(M;G) ,

G- {Rik }


