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A FINITE REGION of The MOORISH TILING in PATIOWe ARRAYANES in ALHAMBRA

- A FINE INSTANTIATION of GYMMETRY OUTSIDE THE GROUP PARADIGM
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SIMPLE STANDARD MODEL :
- COMPACT

WORLD-VOLUME

J
.
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c
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VARIATIONS :

I GEOMETRISATION
NON-TRIVIAL TOPOLOGY of X (QM) GEOMETRISATION of A

v => (
BUNDLES , P-GERBES I

Higher-DIMENSIONALITY of I ~/ Connective Structure

E NON-TRIVIAL TOPOLOGY -X-

II GEOMETRISATION
CURRENTS FIBRATION Of CHARGE DOFS Over X

INTERPRETED AS LOCALISED
->

( CHARGE-FIELD BUNDLES IEXCITATIONS of CHARGED FIELDS ASSOCIATED To GAUGE BUNDLES

-x-

III Geometrisation INTEGRATION OVEZ ISOCLASSES

MODELLING of F//s - of GAUGE BUNDLES

-x-

INCATEGORIFICATION
-> GROUPOIDS , BUNDLES,

of SYMMETRY MODEL S SMOOTH CATEGORIES ③



WE START from

I.CAPIMULATION ofSTANDARDMODEL of EMMETRY

DF1 . A HE GROUP is a Group OBJECT in Man.

E
.g.,

(i) (40 , ·ii)

(ii) $1 = UC)c(
* ((k)

(iii) $3 = Su(z) <GL(2;e) (c((2)

(iv) 150 (3 ,1) = 50 (3 ,1) FreceRY

THM
.

2 . [CARTAN'S CLOSED-SUBGROUPTHEOREM] EVERY TOPOLOGICALLY CLOSED
SUBROUP

-

of A LE Group IS A LE SUBGROUP (i . c., A SUBMANIFOLD).

Prop. 3 . VG-LE GROUP : TG is LiE
,
AND - for 1: G ->Dif(G)-

: grm(gi)

Tel: GKTeAd
.

ToG = TG . Left RegularACTION



The INDUCED MAP L: ToG-> N(TG) : X m>Tel . (x) ques us

PF4 .
LEFT-INVARIANT VECTOR FIELD On

LE GROUP G :

LET(TG) : VgeG :* L = L.

THESE COMPOSE THE SPACE Of LEFT-INVARIANT VECTOR FIELDS

f(G) = [LEU(TE) 1 L is LEY

DEF. 5 . A LIE ALGEBRA (over IR) is a Pair (of , [iTg)
-

COMPOSED Of

( - Vecti 6
.

9.
(LAD [- 1.Jg = - E ,Joe ;

(**) [ 1 Ja = ((y ,gig) (lA2)Jac



E
.g .1 (i) (IR ,E=O)

(ii) (IR*, [: 1 J) ,
where [Xi , Xj] = SijkX ,

i l .2,3)

&6
. (t(6) , [i] nce)xye) is a LIE ALGEBRA

,

↓ with JG(G) TeG : Lr((e)

PROP .E. GETEG
Carries a Canonical Structure of LiE ALGEBRA

with

DEF . HE Bracket : [ii]g : TeGXTeG->TeG

: (X , Y)+ eve ([Iximilicial
We CALL (of , [i]g) the TANGENT LE AlGEBRt of G .

6



PROP
.

8
.
THE ASSIGNMENT G-O EXTENDS TO A COVARIANT

-

Functor LiE : LieGrp-LieAlgir ,
with

LIE : Homcequp(En ,fu) -> Homnietly2(Lie() , Lie (full

↓ o> Tox

P.
9

.
LI Vector FIELDS on Le group G are complete,

with E : 1RXG -> G : (t ,g) Poyte)

where p : G
+ Dif(G) : grem(g). RIGHT REGULAR ACTION

PROP. 10
&

THE MAP J: cyxIR+ G : (X ,t)m(t
,
e)

-
-

IS Smoot .
IT YELDS THE EXPONENTIAL MAP

DEF.
~

-

expo : o -> G
: XrXx(1)

,
with Toexpoidy. ⑰



DETMManEGLieGrM ,G) is a MAPPN

Glog : (
*
(M ,G) -> R (M)@RaY given by

Eloy (f) : TM+ of : (0 , x)m> Tf*+(
·Txf (0).

PROPIL. THERE EXISTS a CANONICAL LEFT-INVAANT g-VAL
- 1-Form on LE group G , given by Ap := Glog (ida).
It IS CALLED THE LI MAURER-CARTAN FORM on G

.

Prop
. 13 . THE MC FORM on

HE GROUP G SATISFIES

-- THE MAURER-CARTAN EQUATIONS do= -@1@,
EF. EL So IT ENCODES THE STRUCTURE Equations of of :

Ita ,tiJa = fact, in ANY BASS Stabating of g . ⑧



DEF. 14 . LET GELiegrp .

A (LEFT) G- MANIFOLD is A PAIR (M ,b)
COMPOSED of (*) MEMan

J .

%.
(**) X Homgrp (G ,Dif(M) ,

CALLED The ACTION
,

the INDUCED MAPPING 1 : GM-> M : (g .m) Jg(m) is Smooth.

GIVEN Two G-MANIFOLDS
: (Ma , Jt) ,At S1 .2) ,

A G-EQUIVARANT MAP

Is ANY FeCO(M ,,Mc) s .%. FgeG : Fog = JgoF.
WE DENOTE The SET of OUCH MAPS as Homg (My , Mc).

PROP . 15 . If I" is TRANSITIVE
,
THEN F HAS CONSTANT RANK.

-

DEF
.

16
.
AN ACTION JEHomgrp (G ,Diff(MI) of he group G
-

On MANIFOLD M IS CALLED PROPER IF ( ,PE) is PROPER
Crop .) @



E.G .

1

PROP. 17 AN ARBITRARY ACTION of A COMPACT LE GROUP IS PROPER
-

Prop.ReactonRegular ATN
(i)

SUBGROUP IS PROPER.

Prop . 19 . An ACTION JEHomgrp (G ,Diff(MI) of he group G
--

on MANIFOLD M CANONICALLY INDUCES an INVOLUTIVE
REF.

DISTRIBUTION F(J) CTM STANNED by
THE FUNDAMENTAL VECTOR FELDS

E : ((y . Fidg) · TeAd . )-> (CNCTM) , FiJrcms) ,
TS

.)

given by Ex(m) = - Tremid (X, OrmM)=toexpotix((m)⑩



POP20 . THE INTEGRAL LEAVES of F(D) Are Orbits of J .

TM. 21!FOR ANY FREE SC PROPER ACTION JEHongup (G ,Diff(MI)
of he GROUP G On MANIFOLD M

,

THERE EXISTS a UNIQUE Smooth

structure on the space M//g of Orbits of J
S

.

t.

The CANONICAL PROJECTION it : M ->M/G : m> [m]n
IS A SURJECTIVE SUBMERSION.

--

THE ABOVE IS A SPECIALISATION of A VERY GENERAL

SC POWERFUL RESULT
,
HISTORICALLY ASCRIBED to GODEMENT

(by SERRE) : ⑪



TM. 21 . [GODEMENT CRITERION]
LET M BE A SMOOTH MANIFOLD Ge LET ~ BE An Equivalence

RELATION On M .

THERE EXISTS A SMOOTH Structure

on M/ Compatible with the quotient Topology ,
Such AT

5 : M-M/ is A SUBMERSION iFF The Graph

RCMXM Is A CLOSED EMBEDDED SUBMANIFOLD

E the RESTRICTION of The CANONICAL Projection

Pr : MxM-M lo R Is A SUBMERSION .

NB : A Proof of th THEOREM CAN BE FOUND

in R . L
.

FERNANDES'S LECTURE NOTES On "DIFFERENTIAL QGEOMETRY",



IV
.
2 OIDISATION of THE STANDARD MODEL ..I
MOTIVATION : THE GROUP SYMMETRY MODEL FOR AN INFINITE RECTANGULAR TILING of IR"

Laften WEINSTEIN] VS

THE NON-GROUP SYMMETRY MODEL FOR ITS FINITE REGION
G T

dest a ⑬
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⑭



EXAMPLE 26 . EVERY MANIFOLD M CAN BE VIEWED as A LE

grouped (M iM , idnido idm,dridm)= :M.

(withENTS)
I

EXAMPLE 27 . UPON ENDOWING THE SET MIM) of HOMOTOPY CLASSES

of SMOOTH Patrs y : [01]
-> M in MEMan with Smooth

STRUCTURE (C-DIM .) WHICH
WE SHALL NOT

DISCUSS,

ONE OBTAINS The FUNDAMENTAL GROUPOID of M:

(M ,
M (M) , ev , ev ,

MomremeM(M) , M(M) -[r]r[ro(l-)],

CONCATENATION of PATHS)=: Fund (M) .

⑮



EXAMPLE 28 . FOR ANY LE GROUPOD Gr = /M ,g , s ,t, Id, Inv, m),
WE HAVE A CANONICAL MORPHISM

(t
,
s)
> MxM

Er : It ↓: Poiz(M),

M
- M

CALLED THE GROUPOID ANCHOR.

EXAMPLE 29 . GIVEN LIE GROUP G, THE DIVISION MAP

D : Gxf->G : (g , h) r g
. h"Defines A LE-gROUPOD
o

MORPHISM GXG -> G

Pain(6) : At H :E

G -- --) * ⑯



EXAMPLE 30
. GIVEN G , GzELiegrp & M

,,MzEMan

with J Komgrp (GA ,Rif(Mal) , At31 ,2) ,
EVERY PAR

(4 , f) Composed of geHewliegp (6. 162) Saf
+ (O(M..Mr)

St
. VgeEn : fog = Jylgyof is A LE-GROUPOiD

morphism

G + M>
***

> GxM2

↓ ↓
M1
< Ma

⑰


