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Beﬁnition!l] Algroupoid|is a small category with all morphisms invertible. T‘"S, it is a septuple Gr =
(ObGr,MorGr, s, t,1d, Inv,m = .) composed of a pair of sets:

e the object set ObGr;
e the arrow set MorGr,

and a quintuple of structure maps:
o the source map s: MorGr — ObGr;
o the target map t: MorGr — ObGr;
o the unit map 1d: ObGr — MorGr: m — 1d,,;
o the inverse map Inv: MorGr — MorGr: g — Inv(g) =g %;
the multiplication map m: MorGrsx;MorGr — MorGr: (g, h) — m(g,h) = g.h,

defined in terms of the subset MorGrsx;MorGr of composable morphisms,
MorGrx;MorGr = { (g, 1) e MorGr x MorGr | s(g) =t(h) } = MorGr xppgr MorGr,

and subject to the conditions (in force whenever the expressions are well-defined):
(i) s(g.h) =s(h), t(g.h) =t(g);
(ii) (g.h).k =g.(hk);
(ii) Idf(g)g =X :g'Ids(g) ’
(iv) s(g7") = 1(g), t(g™") = 5(8), 8-87" = Idy(g), 87" = Idy(g)-
Thus, a groupoid is a (small) category with all morphisms invertible.

A lmorphism] between two groupoids Grp, A € {1,2} is a functor ®: Gr; — Gry,.

A is a groupoid whose object and arrow sets are smooth manifolds, whose structure maps are
smooth, and whose source and target maps are surjective submersions. A morphism between two Lie groupoids is
a functor between them with smooth object and morphism components.

We shall represent a Lie groupoid Gr by a (non-commutative) diagram

Id

Inv

MorGr xopgr MorGr = MorGr

MorGr #; ObGr



{®} as the object manifold. e

An important example of a Lie groupoid is provided by the{pair groupoid| Pair(M) of a smooth
manifold Ob (Pair(M)) = M, with the object manifold M and the arrow manifold Mor (Pair(M)) = M x M,
the source map s = pr, and the target map t = pr, given by the canonical projections, the composition of
morphisms

; ﬁ ) Example 1%, A Lie group G can be viewed as a Lie groupoid ({e},G,e,e,¢ —> ¢,Invg,-) wiéthe singleton
® @

m: (M x M) pr,%pr, (M x M) — M x M: ((m3,m3), (ma, m1)) —> (ma,my),
the unit map
Id: M — Mx M: mv+— (m,m),
and the inversion map
Inv: Mx M — M x M: (my,m1) — (my,my).

The pair groupoid contains, as a proper Lie subgroupoid, the [Lie groupoid of M) obtained through restriction of — §€.€ . &.25

the arrow manifold to the diagonal M xp M = M. ¢
Whenever M is the total space of a fibre bundle (M,Z,F, tp) over a base L, the pair groupoid Pair(M)

contains, as a proper Lie subgroupoid, the|X-fibred pair groupoid| Pairy,(M) of M, with the arrow manifold

Mor (Pairs(M)) = Mxg M ={ (my,mpy) e MxM | 7mp(my) = mp(ma) }.

Another Lie groupoid of relevance is the Gxy M associated with a smooth action

AGxM— M:mv—— Ag(m)=g>m=gm

of a Lie group G on a smooth manifold M, with the object manifold Ob (Gx\M) = M and the arrow manifold
Hom (Gxy M) = G x M, the source map s = pr, given by the canonical projection, the target map t = A given by
the smooth (left) action A, the composition of morphisms

m: (G x M)pr,x1 (G x M) — G x M: ((h,g.m), (g,m)) —> (h-g,m) =t (h,g.m).(g,m),
the unit map (e € G is the group unit)
Id: M — Gx M: m+—id,, = (e,m),

and — finally — the inversion map
Inv:GxM — GxM:(g,m) — (g_l,g.m) = Inv(g,m) = (g,m)".
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