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IOur STARTING PONT isThe TraNCIPAL

9-BUNDLE with CONNECTION

P, De G
X
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T51
Over SPACETIME I

ITS GAUGE SIMMETRIS ARE MODELLED On IT-PROJECTABLE
I

BISECTIONS Of the ATTENDANT EHRESMANN-AMYAH

GROUPOD - Those covering ide ,
i
.
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WHEN CONSTRUCTING (GAGE) FIELD THEORIES

with SYMMETRY MODEL G =>M , WE CONSIDER OBJECTS

with SIMPLE GAUGE-TRANSFORMATION PROPERTIES,



such As
,
E. g1 ③

COVARIANT ↑(f) y +> Go Ty =:Doy
DERIVATIVE MATTER

FIELD

INDEED , UPON TAKING INTO ACCOUNT THE GAUGE

TRANSFORMATIONS :O-@ = TEODOTET

(05TH =T -0)()4 1 p= F(E)oy

④=TF(E)DoTF(E)",



WE OBSERVE COVARIANCE of Doy : ⑭

MOTFE)OTFE"oT(Fe)o4)
=TF(E) -To 2

IN A LOCAL TRIVIANSATION Fri : T(O: ) EsiXM,

WE Find TFeio(XG) = Tyca (t*(ri(r)) o Digi (o)
LOCAL DATA of E:

fa Fri F(8) Fe:(w ,m) = (wit* (ri(r)(m) Vi :0 IB

Froy (r) = (r , 4:(r) & Otig: (0) =Ty - 20A:(r,pils)



WHERE EXTM Is THE ANCHOR of THE TANGENT ⑤
=it LE ALGEBROID LEM of G=M,

M

B =Bisec (G=M) ARE global bisections of GEM,

E Ai N(pr
*T*O:p

* E) Is THE LOCAL GAUGE FELD.

ThUS
,
IT SEEMS NATURAL TO CONTRACT THE LOCAL

OBJECTS YAiyi with ta(IB) -INVARIANT TENSORS

As
,
e . g. Em (Digi ,Dig)

Kein-Gordon
COUPLING

METRIC

on M ,
s.Th . (t*B)

*

Gm = GM FBelB.



A SERIOUS PROBLEM With THIS IDEA IS ⑥
ILLUSTRATED BY THE FOLLOWING REASONING :

[FERNANDES, DEL HOTO]
well, almost...

Assume M ADMITS A METRIC Gri

Bel : (B)
*

Gm =Gr ,

i. e
.,
BBC Isom (M ,GM) . We shall

Demonstrate

THAT THEN
,
NECESSARILY ,MEMidim(Gum-

WMUCH IS A PATHOLOGY If WE WANT TO MUNI

of Gauging AsA MATHEMATICAL MODEL

of REDUCTION of CONFIGURATIONAL DOFs : MY M/g .



A . a . Assume dim(Gam) > O ,
so THAT ⑦

5x,yegum : (x + y - 5geg :/g
- = - T>M1503 , we TyMISO)

Now
,

s ((x1) & t(yl) SUBMERSE Gam , HENCE

J-Ts(x)) : Tt(E) =-,
E2-SIMILARLY -

JWTt(sys) : Ts (i) = W.
In OTHER WORDS

, THERE EXIST PATHS Of-RESP.-



CO-TERMINAL (fax) E CO-INITIAL (fy) ⑧

ARROWS WHICH REPRESENT E RESP.

EL PUSH DOWN TO PATHS IN M REPRESENTING
- RESP, W

.

But
y
= geX ,

So WE MAN

(SMOOTHLY) CONNECT THE TWO PATHS in G
BY g , WHEREBY

WE OBTAIN A PATH

Tagg REPRESENTING VETgG s. Th .

Tgs (v) = 0 , Tgt(V) = w.
CLEARLY

,
V BELONGS TO THE COMMON COMPLETION



of KerTs z KerTgt in TgG .

ANY cm@

COMPLETION CAN BE VIEWED AS THE TANGENT

SPACE of o LOCAL BISECTION Through g,
-

BECAUSE THE LATTER is for ARBITRARY

CUBMANIFOLD 1 in G DIFFEOMOROUIC TO (11)

G t(e) in M.

But g = M Is Id-REDUCIBLE,

GSo FBEIB : B PASSES THROUGH g.
WE SHALL ARGUE THATB CAN BE DEFORMED



IN Sucre A MANNER THAT THE DEFORMED⑩
~

BISECTION B HAS Tg5 = V.
(A MEMANIFOLD inG)

NOTE THAT 73 Tg5 : Tgs(3) = v

(BECAUSE S(5) = M DIFEOMORPHICALLY)

HENCE
, V-YeKerTgS .

THE IDEA Then

IS To Deform DiffEOMORPHICALLY

SO THAT ITS TANGENT IS TILTED As

v 'T
·



THIS IS A LOCAL PROBLEM
,
WHICH CAN BE

CONSIDERED IN A LOCAL MODEL

RMx 15-m of G
with the FIRST FACTOR REPRESENTING
WORDS ALONG 5 E ThE SECOND-Those

ALONG ThE S-FIBRES TRANSVERSE to IT.

REDUCING IT FURTHER ,
WE MAY ASK :

GIVEN TWO Vectors t=Ox Getzdz + 28xido

IN IR3t
,
CAN We DiffEOMORPHICALLY DEFORM



THE PLANE Z = O SO THAT THE DEFORMED ⑫
PLANE HAS t

,
IN ITS TANGENT 80 ?

THE ANSWER IS "YES" : WE TAKE A COMPACTLY

SUPPORTED "PULSE" FELD Along :

-
& DAMP IT SMOOTHLY OVER A COMPACT

SUPPORT IN ALL TRANSVERSE DIRECTIONS.

(CONSIDER , e. y ., a ToY Model : Xe
*e-Yez



As A GENERATOR OF A (NON-COMPACTLY ⑬
RANSNERSALLY DAMPED PULSE FIELD DEFORMING
z= 0 Around o ! ).

CONCLUSION : F BEIB Though g : ToBEV.
BUT THEN

g
: X1>Y IMPLEMENTS THE ISOMETRY

#B : XIy , E So-NECESSARILY-

Hollo=IIwIlom ,
WHICH Is ABSURD

(WE MAY THE

Y
- EW ARBITRARY)



HOW CAN We CIRCUMNAVIGATE T PROBLEM ⑭
IN A MANNER APPLICABLE unde ALL CIRCUMSTANCES

(i. e.,
INDEPENDENTRY of Id-REDUCIBILITY) ?

Tes We Achieve by Restricting
THE GAUGE-SIMMETRY GROUP a

tx(lB) Y+(B) Isom (M ,GM)
for GEN METRIC GM !



II NEXT, WE MAY CONTEMPLATE NATURALB

MODELS of DYNAMICS Of THE GAUGE FIELD

All . As BEFORE , WE LOOK In the DIRECTION

of GAUGE TENSORS ...

A CANONICAL SOURCE Of SUCH A TENSOR IS

THE CURVATURE Of D :

R(0) :=F]i(n)) :MTP) T(TP)- T(VP) ,
WHUCH-CLEARLY-QUANTIFIES THE FAILURE Of THE INTEGRABILITY

of THE HORIZONTAL DISTRIBUTION HP...



WE SHALL FIRST INVESTIGATE ITS (GLOBAL) BEHAVOUR
UNDER GAUGE TRANSFORMATIONS,

Rop1 VTEAut(p)vat : R(Q)o(TEnTE) =TEoR(Q)

Tof : R(Q)= [i] rpp((id+p-0)n(id+p-Q)
=TEooTE"oFi]p(TEnTE)LidiG(alid))o(TEnTE)

INVARIANCE

=TEoo[i]n(id(alid))o(TEnTE) of COMMUTATOR
under PUSHFORWARD

=TER()o(TEnTE)"I

SC SUBSEQUENTLY PASS TO A LOCAL DESCRIPTION...



DENOTE ⑰

Pe* (49) = idg-TangAilrital) =: idiy - T(ug)
CHRISTOFFEL

1-FORMS

TO OBTAIN - FOR ALL (VA , Va) e FITZlo:) <P(TG) , AEE1123-

(e* R(Q) ((r..Vi) , (E ,V)
=Pe*(Llid ( ,Lid-P)(

↑(p-
*TzmyTg))

= Pe* ([( ,wish) , (Wisti)]nptzemgi)



=P*(Musti)- (Ti)+[sTusT]s))
EST(T)+[TusTsE]
↓ dzM (i) +[sTisTig) = (dzti + [i]rg) Pimt)(in)
TLMS

,
IN THE LOCAL PICTURE , THE CURVATURE

Is

REPRESENTED b THE
pr
*TO:-FOLIATED pr

*E-VALUED

2- FORMS

(tz) =0 Fi = di +Etie(AinAi)
LOCAL CURVATURE 2-FORMS



&2. : Over O =Org za' , the Local ⑭
CURVATURE 2-FORMS ARE IDENTIFIED As

# (wit(Bij(w)) (m)) =Tran[BijroFj(rim)
IN TERMS of THE TRANSITION I-COCYCLE

Bij : 0.j
-> B of P.

BY THE SAME TOKEN
,
Ye Aut(9)vaz :

As BEFORE

F(r . te(ri(a)(m)) =TeamMicro Fi(tm) , we0i .

ABOVE
, C : IB-DiH(g) Is The CANONICAL ADJOINT

ACTION of B on G.



Roof : WE SHALL DERIVE THE LATER FORMULA . TO thS ⑳
END

,
WE PULL BACK The IDENTIT from Trop 1.

ALONg The LOCAL TRIVINSATION Yet , WHEREBY We

THE Curvature Is a VEGOR-VALUED 2-FORM!!!

OBTAIN :
I

This ACTS TRIALLY=aII On THE DISTRIBUTION grTO: [

Il
II

Ted(g)Flug)oF (o,+((g)) Tg Lik Tadging o Fir ,tall ,

WRITTEN IN TERMS of Y:: 0 : xg8 , (rig) (rtricts(g) =:(r,(rg).



erUSING Filrig)
= Ficr)(t(g) · g

= +go Ficr)(t(g)) ⑪

AND The CoMmutATIVITY of LEFT E Right
TRANSLATIONS,

As WELL As The INVERMBILIT of Try , We Find :

Fi(at(ri(d)(t(g)))) =Trig)Trico)(tig))"TaghricrioFi(rt(g)
= Tristall ricro Tadigrisk)(tigi)oFi(rt(g)

AT Thus STAGE ,
WE INVOKE

EMA : VgeGFBg-Big = Bg(sIgI)
=

GRBhes"(t(q())
Tot : It



TO REWRITE THE ABOVE IN THE DESIRED FORM : ⑫

Fi(at(ri(o)(t(g)))) = Tricristall" Crick TargPrices
· Fi(r, t(g)

THE STATEMENT Of THE PROPOSITION NOW FOLLOWS

BY THE SURYECTIVITY Of t I

PRIOR TO PROCEEDING TO A PROPOSAL fo A GAUGE-FELD

THEORY BASED On
THE DEFINITION ofCurvature,

WE REWRITE THE FORMULA for LOCAL CURNATURE

2-FORMS IN A WAY WHICH HELPS TO AVOID

confusion , to wit
: Fi = Dai +zie(AinAi)

"~
EXTERIOR DERIVATIVE IN THE ISE ARGUMENT



THE PROBLEM with A DEFINITION of A GFT ⑬
ACTION FUNCTIONAL STEMS from THE FACT THAT

F
:
IS A 2-FORM on O: XM, E NOT On Di.

-

Hence ,
IN ANY FIELD THEORYOver SPACEMME [,

IT NEEDS to Be Localised - All
over 0

:

-

In The FiBRE M of F...
Mus Can Be

ACHIEVED As FOLLOWS : CONSIDER

per(f) Higgs BACKGROUND,

AND SUBSEQUENTLY PUT Y in Th TOTAL SPACE

of Ad(P) (with TYPICAL FIBRE (g) As



Idy := Jacpoloy : I -> Ad(p), ⑭

WHERE I : F+ AE(P) is TE IDENTITY

RISECTION of At(P)= F ,
En jad(e) : Ad(p)-AtIP)

IS THE EMBEDDING (CLEARLY, [O(F) < JANIS)(Ad(e).
WE NOW DEFINE Th (LOCAL)

HIGGSED
CURVATURE Fity] :=pro Pe

*

R(0)0 (T(A2:· [dy)nT(Atio Ide))
2-FORM

IN TERMS of THE (INDUCED) LOCAL ARIVIANSATION

Ari : Ta(0:) E, 0: xG.



WE READILY DERIVE-@ UEO: E for Y: AS BEFORE-
Y Fi is pr

*TOi-FOCIATED !

Fity](r) = pro TidycaVEdgical Fi(o , t (Edgical) o (Sido:Traile (ido·Trail

= proFi (v , t (Edpicr)) =Mo Fi (d ,yi(t)) =Mo F((f20y) (r)

Thus
,
Fi(y](x) = (DA :+ [iSeo(AinA :) ((204)(2)

Pop3 : OVER OEs, The HIGGSED CurNATURE 2-FORMS
ARE IDENTIFIED As Fity](rl=Tdyicri[pipro Fly] (r).

j

BY THE SAME TOKEN, VEE Aut (9)venz :

As BEFORE

Fty) (r) = TypicalPicrioFity] (2) , 0 +0 :·



Roof : AGAIN ,
WE FOCUS On THE SECOND IDENTITY, ⑯

FF[p](r)= F:*(r,t(ri(r))(y:(H) =TedgicaPrices ECreica)
=TedpicaCrico Fitq](r) Bi TropE2 .

I

FLUS
,
We MAY CONTEMPLATE

THE

YANG-MILLS-11995 ! -F]F
ACTION FUNCTIONAL over SPACETIME (2 ,y)
AS LONG As THERE EXISTS A ClIB)-INVARIANT

RIEMANNIAN METRIC Ke On E , BelB : Ker/TCOTCs) =ke .



REMARKS : (# KOTOV SE STROBL HAVE PUT A LOT ⑰
-

of EFFORT IN DEFINING AN ADJOINT
ACTION of on Itself-we DO NOT-

NEED IT

(**) IT IS NOT CLEAR HOW TO DEAL

with NONTRIVIAL BUNDLES in Thus

APPROACH (POTENTIALLY OVER-CONSTRAINED
SYSTEMS).

-X-

Our ANALYSIS SEEMS TO Suggest BE NECESSI

of FURTHER REDUCTION Of THE GAUGE GROUP.
such REDUCTION HAS

,
INDEED , BEEN CONSIDERED

IN IPHYSICALLY' RELEVANT MODELS (ACTON E SYMPLECTIC GROUPOIDS).



ONE POSSIBILITY for A CONTROLLED Reduction
,
⑳

Wancre OugHT TO BE EXPLORED ANYWAY

(FOR MATHEMATICAL COMPLETENESS BUT Also

TO ACCOUNT for THE PHYSICALLY NATURAL

SCENARIO of MANY SPECIES of MATTER FIELDS

CHARGED Under A SINGLE GAUGE FIELD),

IS DESCRIBED by THE FOLLOWING
ADAPTATION

of CARTAN's MINING PROCEDURE...



HOMEWORK : CONSIDER A HE GROUPOID G= M . ⑲
E ITS (LEFT) MODULE XxACTION

94X
&↳ MX

Moment
M

1) FOR A GIVEN PRINCIPALOD G-BUNDLE GLDwith CONNECTION

DEFINE A FIBRE BUNDLE

Xa· ASSOCIATED 1P
by ACTION Jx , IN ANALogY with CARTAN'S MIXING

CONSTRUCTION Of A BUNDLE PXsZ ASSOCIATED

with A PRINCIPAL G-BUNDLE P(FOR LE GROUPG).



As THE POINT of DEPARTURE TAKE A SUITABLE EXTENSION⑳
8X of P by X ,

with TPICAL FIBRE GIVEN

by The Arrow MANIFOLD of The ACTION GROUPOD

GsX : GsXuX=X.
IDENTIFY A PRINCIPAL ACTION of GX
onSX

,
WUCH ENABLES us To IDENTIFY

EFPX//GX GodeMENT
QUOTIENT

2) FIND A CANONICAL HOMEOMORPLUSM
-

MX : Bisec (g=M)->Bisec(GX),



E USE IT TO INTERPRET THE PREVIOUS CONSTRUCTION B

of THE PAR (PX ,E) As AN INSTANTATION

of THE CONSTRUCTION Of A PAR PRINCIPALOD-SHADOW
BUNDLE .

WHAT IS THE STRUCTURE GROUP of (PX,E) ?
HOW DOES IT RELATE to THAT of (,5) via YX ?
FORMULATE YOUR CONCLUSION AS A STATEMENT

of REDUCTION of STRUCTURE GROUP of PRINCIPALOD
BUNDLE .

3) INDUCE A CONNECTION Y On PX COMPATIBLE

with ACTION of GJX .

DESCEND IT TO A CONNECTION

⑭X on E ,
AND GIVE ITS LOCAL DESCRIPTION.



4) CONSIDER AN ACTION of THE EHRESMANN-ATYAN ③

GROUPOD At(8) If I On PX E DESCEND IT

TO E
.

USE IT TO DEFINE (REDUCED) AUTOMORPHISMS

of BOTH BUNDLES .
FIND CANONICAL GROUP HOMOMORPHISMS

Extx : AnT(8)->Aut(PX) SeEx : AnT(8)->Aut(E)

5) STUDY THE BEHAVIOUR of the CONNECTION 1-FORMS

G By UNDER THE CORRESPONDING REDUCED

GAUGE TRANSFORMATIONS.

6) UPON FINDING A CANONICAL MAP Ex: -> F,
COLLECT YOUR FINDINGS...



IN AN EXTENDED TRIDENT DIAGRAM ③
PX

I
At(P) XE
XXML

7)Postulate A NATURAL GAUGE FIELD THEORY

FOR MATTER FIELDS PEE) . CONTEMPLATE CONCEPTUAL

CHALLENGES IN A DYNAMICAL DETERMINAMON

of THE CORRESPONDING LOCALISED GAUGE FIELD

IN RELATION TO ITS CANONICAL HIGGSING . PROPOSE

A MECHANISM WHICH CIRCUMNAVIGATES THE REEFS...


