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G

La Géométrie est une image,

mais il n’y a pas d’image de la Géométrie.

Part I
Geometric Field Theory
   & Symmetry ModelsMAKESBEAR

Y



TEGAUGE PRINCIPLE
-

&ONCEPTS : (#) MODELLING PNAMICS On SIMMETRY ORBISPACES
-

E THAT of CHARGEDPROBES

(**) CONFIGURATIONAL-SYMMETRY REDUCTION
-

(***) EMERGENCE Of PROJECTORFIELDS

(****) ANOMALIES
-

&*****) POLY-PHASE DYNAMICSWithECTS

(******)
_

DESCENT Of GEOMETRIC/CONOMOLOGICAL STRUCTURES

(*******) CATEGORIFICATION Of SIMMETRY



PetEDTT
is A SexuO

COMPOSED of

(*) METRIC MANIFOLD (2, M2) (of DIMENSIOND) (SETIME)
(**) FIBRE BUNDLE (F,

2
,
M

, stz) (CONFIGURATION BUNDLE)
-

(***) FUNCTIONAL A : T(F)+UlD) IRAC-FEYNMANAMPLITUDE)

with -TYPICAL FIBRE M of F-SLACEofDOTs = FIELD TYPE

2.g . ,
R

,
IR

YPQLieG
,

SPINOR MODULE
,

METRIC MANIFOLD w/p-FORM FIELDS
...

- SECTIONS of F-ECONFIGURATIONS ,
On FIELDS
-

- CRITICAL PONTS of A-LASSICAL FELD CONFIGURATIONS
-

to A [Er(tip)] = 0 - Ver (P
*VF) ①



E.G1 STANDARD MODEL Of FUNDAMENTAL INTERACTIONS

[ , Mz) = IR
,
F = Re* x (17)

1 Asr= exp(i)2sm( ,T))
IR3,

l

(**) 2d POLYAKOV-ALVAREZ-GAWEDJKIO- MODEL

(2 , 4z) : dimZ =2
,
ORENTABLE

,
Cl=0

,
COMPACTI

EUCLIDEAN Or PIECEWISE CORENTBIAN

F= [xM : (M
, gM) METRIC , w/HeZar(M)

,
Per (H) <2T

Apac[X] = exp (lITX/nzign) · Holg (x(z)
1ITX112
1219m? Stz'n

*

gm(x)urWaX0bXV
HelgeF(M) = [XAbGrp((M) , U(D) /FEE Zir(M) : Xo0

,
()= explijat] @



(*** POISSON U-MODEL

(2 , 4z) : dimZ =2
,
ORENTABLE

,
22=O ,

COMPACT

F : 2-COMPONENT : IXM
,
(M , 1) POSSON

Co(2,M) = X : TCT*ZX*
T*M) = &

it
a

> T
*
M

Tz M

Apsm[X , a) = exp(iffism(x ,
+X; a) Ex - M

[psm(XTXia) (AmatyX* + & MM(X) Ja &rb) drndsb M
.
Mr DD

⑤



--RefCONTUATIONALSIMMETGF+ = ATP)
W/ Local Model

JE , F
( AuT(M) <Dif(M)-EIGH

If
~ OR5 2 (**) Aut (M)0

,

Of JE) -LOCAL or GAUGE

E. G ., (*) R* -> SU(3)
,
xU(D(xSV1) i) 1 ... in SM

(**) [gelso (M,gn) 1 g
*

Holg, = Holg, 3
LINEARISATION : KEN(TM) killing : JKEEM) : FJH = -d

(***) TANGENIMAL : < X* Zar(M)>CO) En()dXM( :)

X XM+M(X) tr ; &ur
>

u
+ dEu+FuM(X)Ear ⑪&



YMMETRYMODELS :

# CLASSIC - SMOOTH (LiefGROUP ACTION J : G-> Diff(M)) J : GXM-> M
- ca

=> LINEARISATION **: LieGxM->TM
,
(3 ,x)Tex573 ,

P
+m()

FUNDAMENTAL VECTOR FIELD
-

&ROBLEM : TRIVIAL FIBRATION of SYMMETRY MODEL G over Mi

GxM-M

FAILS to CAPTURE SIMPLE SYMMETRY SCENARIOS ...

E.g .,
U(1)x2

-> D' =(( , z)U() *DelzD ->D =D203

# : FIBRE over 1 . /(3) : U(D/ * 3 =I # U(D : FIBRE over 1 . /(EFE3)

UBHOT : NEED ABSTRACTION of (SMOOTH) SYMMETRY WHICH FIBRES over M

(WITHOUT TYPICAL FIBRE IN GENERAL) -- ⑤



ABSTRACTION : ( MANFOLD Of INVERMBLE CORRESPONDENCES G 7 g

-
Idm

- s(g) = M = tig)
T

INCLUDING AUTO-CORRESPONDENCES & g
s([dx)= x = t([dx)

[(g , ga) =GxG)s(q)= t(ga)}

(**) Associative COMPOSITION m : Gs*+ 3 -> G
(***) SMOOTH LOCAL CHARTING Of M by CORRESPONDENCES,

VxMYges(x)J0zx7Ezg : (sty:> 0 -HE) =O

Ref
*

3

. LEGROUPOID is A ChrEgory (M , g ,
S

,
t

,
Id

, m)

W ALL MORPHISMS INVERTIBLE
,
7 Inv : G-G , greg" ,

which is

INTERNAL to Man
,
E HAS S St SUBMERSIVE.

NOTATION :G M ↑RPHISMofPODS Is A SMOOTH FUNCTOR .

⑥



E.g., (*) PAIR GROUPOID Pair (M) : MxM > M

s(xz , x1) = X1 ,
t(xz

, x1) = x , [dx = (x , x)

Inv(x2 , x1) = (x1
,xc) ,

(x3ixa) · (x2 , x1) = (x3 , x1)

(**) SUBMERSION GROUPOID Pair (sTy) : Given Tir : Y => X
,

YY <Y Pair (4) SURJECTIVE SUBMERSION

(***) DELOODING GROUPOD BE : G=· for G ELieprp

(****) ACTION GROUPOlD GK,
M : GxM > M

s(g , x) = x
, +(g ,x) = Jg(x) ,

[dx = (e , x)

Inv(g ,
x) = (g) , Jg(x)) ,

(h
, Sg(x)) . (g , x) = (h-g , x)

(*****) EURESMANN-AMYAH GROUPOID At(P) : GIVEN Tip : P ->I

Pair(P)/6 : (PXP)/G <PIG =I
PRINCIPAL G-BUNDLE

⑦



GROUPOIDSAS MODELS Of ORBISPACESM//g = [[x] : = +(5(xb))(x + My
CONSIDERERVE of G => M : g-ORBITof X

G : = N . (GM) : · ..GGG
↓

/MAP S
(Gnign- 11

. . . 192) if i = 0

↓

; di (Gniga-11 ... 191) = (Gnign-11 .... gith , gitl 9: , girl1 giv 191) if O < : < n

↓
(gn-11gnz1 ... 191) if i = n

FORM STRATED(A) wD=t = 1
STANDARD n- SIMPLEX

QUOTENT SPACE 11G . / := (Gn * An) /n rit. (d)(v) ,t) (5,2(t)
J( : A-> Art

,
fitz ...tu+) Critz

, ...,ti ,
0

,tit , tiz 1 ., +n+ 1

IS A HOMOTOPY MODEL of M//G:P QUENT ⑧



ENGINEERING THE HOMOTOPY MODEL ...

:

↳
- 1

191 1 92)
*LGe

19192 ↓
Se G G egfe

Gi
~ L
o oM Go ⑳ S(g) t(g)

⑳



IMPLEMENTATIONS Of SUMMETRY byGROUPODS:
-

Def1. RIGHIG-MDULE is A TRIPLE (X , M , 2) composed of

( MANIFOLD X :

(**) MAPS : M : X+ M (MOMENT) E2 : XmxtG -> X
,
(x

,g)mxg (AON)
sith

.

(RM1) u(x +g) = s(g) ; (RM2) xx[duw= X ; (RM3) (*g)th = Xag .
h·

EFTG-MODULEs (X ,M , S)
NOTATION :

X &
RESP .

E
3

-X

-LARE DEFINED ANALOGOUSLY M Sape

MORPHISM of RIGHT G-MODULESth
X

,MXG
Exidy

,Xan*G is WELL-DEFINED
21 Ea E COMMUTATILE.isA MAPE : X

, co Xa * <Xa ⑨



topr,

EG., (#) TARGET ACTION : G <M (topr) (g , x) = t(g)
x = s(g)

-M
r= m

(**) RIGHT-FIBRED ACTION : Ga g r(g , h) = g .
h

Sh s(g)= t(n)
M

l = m

,

(***) LEFT-FIBRED ACTION : G G l(4
, g) = h

. g

Sat +(g) = S(h)

PROBLEM : geG ACTS ONLY on (tIg()) = NOT by DIFFEOs
-

-
IN GENERAL

WHEREAS GFT SYMMETRIES ARE MODELLED On AUT (M) < Diff(M) ...

NEED: IMPLEMENTATION of G-ACTION by Diff(X) ⑩



Def. GLOBAL SECTION of GEM is A MAP B : McG

s.
th

. (B1) SoB = idm ; (B2) to be Diff(M) .

#> IT IS A SUBMANIFOLD B(M) < G : sYpcm) , tipcm) EDif(B(M) , M) .

NOTATION : #(G) SET of BISECTIONS of G= M

Eop*1 . B(G) is A GROUP .

&: BINARY OPERATION : Bi B2() := Bito() . B2)

N/UNIT Id -
(M)

L

E
· FirS INVERSE
-

B(M)

B = InvoBo(op) ; M ⑰



E.g ., (*) IB(Pair (m)) = Diff(M) B = (f , idm)

(**) IB(BG) = G B(o) G

(***) (B(GX,M) > [ (g,) : M-> GxM/geGG< G

(****) B(At(P)) AuTBungE(P) !

EopE? . F (X
, M , b) (LEFT) G-MODULE 7 BJ : 1B(g) carp Diff(x)

1 : (B(g) x MX X
evxidx

> GsXuX

idiig* (M , idx) !! & #

IB(g) xX -Y ⑭



E.G ., (*) TARGET ACTION topr INDUCES SHADOW ACTION
-

t : (g) > Diff(M) , Bi < toB() = B

(** RIGHT-FIBRED ACTION N INDUCES RIGHMULTIPLICATION

R : B(g) > Diff(g) , B1 > mo) , B : (tobos()

(***) LEFT-FIBRED ACTION 1 INDUCES LEFT-MULTIPLICATION
-

L : B(g) > Diff(g) , B1 > m - (Bott ,

Se So Also

CONJUGAN C : (g) < Dif(g) , B : > LpRp
⑬



STRUCTURAL PROPERTIES RELEVANT TO PHYSICAL APPLICATIONS :

top3 . Diffig (9) (= Modgop (g ,g) =LIB(G)
& : EXERCISE !

Compare : Difrcal(G) = l (6) (GFIB(BE)

Eph . ((B(G) PRESERVES IDENTITY BISECTION Id(M) :

G([dx) = [d
+

+B(x)
-

& : EXERCISE !
-

Compare : Adg(e) = e

⑭



TANGENT STRUCTURE
,
E "INFINITESIMAL" SYMMETRIES

DefE6 .
LANGENTLEALGEROID of GEM IS ME LE ALGEBROID

(SEE: Kq's COURSE)

(E = Id
*
KerTs

Te
~ M

,
F : ]g= [ing(*Eil

, < =Tt)
III

VECTOR BUNDLE LIE BRACKET ANCHOR
Lielf)

WHERE Id
*
KerTs = MinYngiKerTs

PE
>KerTs = T(WS"(xY)

1
Tz =

prs Tg/

ino
< g

TG

Firg() =

g

RIGHT- INVARIANT

VECTOR FELDS Keris E (() = (t(g) ·Tgrg (v)

G E : NTG)rg1 > ↑(Id *KerTs) for Figh ↑ KerTS-FOLATED E-VALUED
w

: R> Go R
Gt · UNERCARTANT5



OBSERVATION : SPUTTING Of TGIZAIM) IS GENERIC :

domerTSTME
E.G ., (*) Lie Pain (M) = TM ,

[1 . J
+m

= [ 1 J rcm) , dim = idM

(** Lie (BE) = LieG

#*** Lie (GX> M) = MxLieG
,
[1 : JMxLieG DETERMINED by [1 :J rieG

&MxLiege) Fundamental E LEIBNIZ PROPERTY
VECTOR FIELD

THE LATTER DEFINES AN ACTION Of LieG on M = "INFINITESIMAL" SYMMETRY

GENERALISATON : Ce:T(E) - MTM)
,
OR EVENEie(g*x)*...-



BACK TO GFT ,
E ITS G-MODELLED SYMMETRIES ...

IDEA: REINTERPRET G : M (resp . X) PASSIVELY
,
EL CONSIDER

-

DYNAMICS INDEPENDENT Of (LOCALLY) SMOOTHLY Z-INDEXED

CHANGES of REFERENCE FRAME/OBSERVER/GAUGE ...

CLASSIC REALISATION [EHRESMANN-CARTAN] : GIVEN GA, M ,
CONSTRUCT

- 2

BUNDLE ofGAUGES PL G GLOBAL CHANGES Of GAUGE

- TP
PRINCIPAL G-BUNDLE* LOCALLY MODELLED on [ x (6

,

%

, 2) ,

of ⑦
n()

-1) Ker = KerA = HP
G- INVARIANT TP

⑪
> VP =KerTip > PXLieG

-
-

CHRESMANN TTP Trpl pri
VpeP, geG : Tpeg(HyP) = HeypP

-

y y y

CONNECTION
P P P ⑰-



GXMr
~ (LOCAL MODEL)

-

f 2

NEXT
,
EXTEND Pr PxMt G E EQUIP With=

r* + id pr
TopL

#B : ↓ IS PRINCIPAL RELATIVE to M along t = ]
,

i.e.,

(prizio)" : (GXM)s* (G XM)
=

> (EXM) pre*s (GXM)

= (Priz,b) DIVISIONMAP P((g14) , 1921gig .
(x)))= (gnx)". (g2 : Sgig .

(x)) = (gign ,
J
gig.
(x)

=> & IS FIBREWISE PRINCIPAL RELATIVE To Y-

alongT : PXM PxjM
,
(p ,x)r[(p,x)] Px, M = (PXM)/G

LOCALLY MODELLED On X [Tp]

-

CRITTENDEN& INDUCESTa:=Tho connection AsAt
-



LOCAL PICTURE : G-EQUIVARIANT TRIVIALISATIONS [:TP" (O) Es 0XG YELD
-

Transition I-cocycle gij
: Dip - G As 20 (g) = (Wilgr (g) , we-

=> PEWG/ng. , (igit(rilgi(g) , i LOCAL MOD

THESE Induce [i] : Apism(0: ) Es 0.
XM

,
[ing) ,x(]1> (r, Jg(x) ,

E THEN PET(PXM) IS LOCALLY PRESENTED As

Fo = Cida, ti) for 6:: 0: -M 5.Th
· Pila = >

girs (Pj() ,WePij
M DISCONTINUOUS

·P 6-TWISTED SECTOR
Pi

O
!
I ofAUGE FELD THEORY

DEFECT (TO-BE) ⑲



TEASER for LECTURE II :

-

WHEN GAUGING SIMMETRY MODELLED On G =ME IMPLEMENTED by IB(g) ,
START from BUNDLE of GAUGES G gu

↓ e

Puysics:

Ph G PRINCIPALM -

# CONFIGURATIONAL BUNDLE [ - m [azXiv : 2503
.
09886 [math.D())

As Smoot quotient Plg
INTRICACIES :

(**) GAUGE FIELD from G-INVARIANT -

EnRESMANN CONNECTION On T # E-VALUED GAUGE FIELD

C** STRUCTURE-GROUP REDUCTIONS
(***) COVARIANT DERNATIVE from INDUCED in PRESENCE of STRUCTURE On G

EnRESMANN CONNECTION on/G (***) STACKY DESCENT Of TOPOLOGICAL
COUPLINGS....


