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G

La Géométrie est une image,

mais il n’y a pas d’image de la Géométrie.

Part II
Études in Categorification
     of (Gauge) FreedomMAKESBEAR

Y



In THE LAST EPISODE :

-

GEOMETRIC FORMULATION Of FIELD THEORY

- CONFIGURATION BUNDLES E DF AMPLITUDES

(**) CATEGORIFICATION/FIBRATION Of CONFIGURATIONAL SYMMETRY

- LE GROUPOIDS E2 THEIR BISECTIONS

(***) PROTOTTPE Of GAUGE SYMMETRY with TYPICAL FIBRE

- EHRESMANN-CARTAN : MATTER FIELDS Through ASSOCIATION ,

YET E GAUGE FELDS Through CONNECTION
,

TO BE DONE MINIMAL COUPLING Through COVARIANT DERIVATIONS



THE OVERARCHINGG:

-
(MECHANISM)

GAUGE A GEN RIGID SYMMETRY G= M !
OR (E .G., PAGr-MODEL)

(FEATURE)

EXPLAIN/EXTEND A KNOWN GAUGE SYMMETRY

OR (E .G., POSSON r-MODEL)

CONSTRUCT CURVED YANG-MILLS-Higgs
EC MORE GENERAL E-CHARGED-MATTER GAUGE DYNAMICS

(INTRINSIC DYNAMICS)



WEAVE G

↓
e

# BUNDLEofGAUGES PL 6 with G-EQUIVARIANT CONNECTION 1- FORM
-

(Principal G-bundle) 24-D =Atr(p) LieG

(**) EXTENSION GXMr
~ (LOCAL MODEL)

F 2

PxM GxM with GNM-EQUIVARIANT
-

Top CONNECTION 1- FORM T = pr
*Q + id pr*M

M

PXM
(***) CHARGED-MATTER BUNDLE E CONFIGURATION BUNDLE Y ↓-
LASSOCIATED BUNDLE)

Px, M = (PXM)/G
With CRITTENDEN CONNECTION Th :=TA

[Tp]

& SECTIONS EFELDS Per(PAM)? P:: 0; M I



GAGERANSFORMATIONS : START from AutBungE/z(P) <AUTBung()(P)
PE-P

Gau(P) <
1 : 1

> T(AdP) = p
Ad P AtP [x[

Ap Ap E
= 4 (

- W W WI I AdP = PYAnG z z z
ADJOINT BUNDLE YAHSEQUENCE--

WE HAVE
~

T 2 Tr & X

AdP AdP >PxMLGXM AdPPxM
-

->P
on Eri INDUCTION Er

ECsig
, p) = 2q(p) 5([(p , g)]

,
[Cp .x)]) = [(p , Jg(x))]

PXM
Exidm

>PxM
LOCALLY :

UPON RESTRICTION
Tr Tr Fe= Cida , (i) , 8:: 0: -G

To (BISECTIONS
,

Y ⑰ Y

PX, M >PXsMau(Px>M) bitJr(bil ⑳



CONNECTIONS GAUGE-TRANSFORM As

Tp
&

> VP

VEtGau(P) : TE T== TIE]@TIE]
V V

TP DESVP
MIS

ENSURESGauMCVARRANTPERVA
S

it
.,
DOFpE =TIE]oDOd for (pE ,) = (IETop ,TEoOoTE)

GAUGE TRANSFORMS
-- -

Local picture : Di(g) : = Tr
: Do Te Ting(xg) = id+ TegAil-

=>ci(rx) = id
,m
- k*(*) Ai(r)

AirTr
*[LieG

-
LOCALGAUGEELD

& Local Covariant Derivatives:Di : = TelDop = Thi-K
*(Pi) ·Ai



SIMPLE GAUGING SCHEME FOR G-INVARIANT TENSORIAL COUPLINGS :

MINIMALCOUPLNG : GIVEN TEN(TAMON)
&
in AgFt

CE.G .. gm in Apaq for J(f) < Iso (M , gm)

REPLACE TM)#Ai): = [t]
*

(To 0,4 T(T** (0:) @n)

E NOTE : TAiInmlGETIAjIam(O
=> FFET(T* (PXM(8) : FIsm(@ = TIAil

MPSHOT : PULL BACK F along PEN(PXMI

VITAL
:
INTEGRATE OUT A : in THE PAGU-MODEL
-

EXERCISE AssUMING M/G(Man (with M-M/G PRINCIPAL) ⑫



G : (i) CONSTRUCT BUNDLE Of FRAMES/OBSERVERS/GAUGES
MODELLED On G < M

, MAKING EQUARIANCE

wit . SPACETIME--GLOBALCHANGE-of -GAUGE
PRINCIPLEORGASING-

(ii) Extract GAUGE FIELD from EQUIVARIANT CONNECTION

(iii) MODEL CHARGED MATTER FIELDS on SECTIONS

of BUNDLE with TYPICAL FIBRE M
,

G-CLUTCHING E2-AUTOMORPHISMS

(iv) ESTABLISH ELEMENTARY GAUGE-TO-MATTER COUPLING
Through GAUGE-COVARIANT DERIVATIVES

(v) 'DESCEND' MINIMALLY GAUGE-TO-MATTER-COUPLED
SPACETIME-LOCAL DYNAMICS TO MATTER BUNDLE ⑬



Ad(i) Clef. PRINCIPALOID G-IBUNDLE IS A FIBRE-BUNDLE

OBJECT (P,
[

, G ,
5) in Mangop with TRIVIAL ACTION On I SeTHAT on P

MODELLED On I through G-EQUIVARIANT LOCAL TRIVIALISATIONS Over O = NO.
ie[

[azXiv : 2503
.
09886 [math.DG)) p

G
N

Prz 2
YeC2.1 . P HAS TRANSITION MAPS ExG) =
OxzDPr >uG
Prn

(020ej) (w , g)= (u(p, (g) Prg O > M

for Bij : Oij > IB(G) . TANSIO G-Secure GROD

I : By Prop * 3 . I
IB(G) - SRUCTURE GROUP

=> CLUTCHing MODEL P
= Sto:G/up

.

(git-Critag ,i)an



E.G ., (*) g = BG : P = P (PRINCIPAL G-BUNDLE)

(**) G = GX,M with REDUCED STRUCTURE GROUP L(2(G)
(see : Ex

.
(***) (p. 3)

: P = PXM (MODULE-EXTENDED
PRINCIPAL G-BUNDLE)

(***) G = Paiz (M) : P = EXM
,
E- ARBITRARY BUNDLE

with TYPICAL FIBRE M

NB: GIVEN PRINCIPAL G-BUNDLE (P,
2

, G,TG) G2 (LEFT) G-MODULE
g3X
SM

,
WE MAY CONSTRUCT AN ASSOCIATED BUNDLE (PrrxX)/G,
WHICH... TURNS OUT TO BE A PRINCIPALOID BUNDLE

.

=: WHAT ARE : THE STRUCTURE GROUPOID S GROUP of (PupaxX)/G ? S



Ad(ii) Def8. (COMPATIBLE)CONNECTION on P isA G-INVARIANT
EURESMANN CONNECTION TPE VPOHp

,

i

.e
.,

S .th .

11

(((1) HP C KerTMp
KerTsTp

(22) F(p1g) [Pr+G : Tphg(HpP) = Heg(pIP

POPE5. A COMPATIBLE CONNECTION On T IS EQUIVALENTLY GIVEN by
A VERTICAL Tp vo

VECTOR-BUNDLE TTP i
with

.

(CF1) Divo = idve

MORPHISM P j (CF2) TMp- =ThNECTION~

(CF3) F(p ,g) t Pr*+G :

& : HP = Ker A Tplg(kerp) = KerBeg(p)



&6 .

CONNECTION FORM DETERMINES E IS DETERMINED by
LOCAL
- & T(pr* T*0,

Q pr
*E) Over 0xM

CONNECTION DATA
-

with GLUING : Ai(v, +(pij(n)(x) = Tzx[pijc
· Aj(r, x) + Go To Fil ,x

for Fij : Oj <M > G ,
(r

,x)> Bijl(x)

&: (TPeoDoTpe)(r, g) = idig-Tadging Ailritig) by DEFINITION .

I

↓B : A: is AN E-VALUED TO -FOLIATED 1-FORM on (lide "toPei) (pWill
-
-

PHYSICALLY : THEY ARE THE /LOCAL) GAUGEIELDS .

-

⑰



Eg: 1 (*) G = BG : PRINCIPAL G-CONNECTION 1-FORM KEoA

(**) G = Gx,M w/RS9 L((f)) : DESCENDABLE

M-FLATLY EXTENDED

⑰ = pr
* (k()A) + id

pr
*TM

(***) G = Paiz (M)
: pr

*
D + idpr* TM ,

O- ARBITARY

CONCLUSION : ARBITRARY BUNDLES N/ CONNECTION ARE

COVERED by OUR CONSTRUCTION.

(I1. VPE 1 : PARATIONS of UNIT for 0. )
WE MAY NEXT LOOK fOL CHARGED-MATTER FIELDS

... ⑳



A (iii) RECALL

2 . [CLUTCHING THEOREM]

FIBRE BUNDLE E over [ with TRIVIALISAMON OXEFOXF DETERMINES
Se IS DETERMINED (UPTo ISO) by 1-COCYCLE gij

: Op+ Ant (F) .
ANALOGOUSLY , A VERTICAL AUTOMORPHISM of E DETERMINES Se IS

DETERMINED by h :: 0 : < Aut(F)
, gi -

ho = higilo
E : EF WFng.

& NOTE : RIGHT-FIBRED ACTION - : GotG < GIS PRINCIPAL
-

wil . M along t ,
with Pg :

GG(gg) gigs.Th · (g)=pic

HE ThEN OBTAIN...
⑲



Th3 . DEFINING ACTION 2 : PtG > P Is FIBREWISE PRINCIPAL

wit
.
FIBRE BUNDLE/F

,
[

,
M

,
<z) along VERTICAL D :P F MODELLED on t

.

& Di : j(0) < (0:) , Pei(g)1 < FeirtIg)) GLUE for OxzFOxM

with (FeioFej)(, x) = (r +(Bij(r))(x)) . It

Defea, The Quotient Bundle F= Plg = WM/-tP.
is CALLED The SHADOW BUNDLE (of P)

,
E THE QUOTENTMAP D
-

IS TERMED THE SITTING RUCK. FOR GAUGE SYMMETRIES
,
WE CONSIDER

ForE7. VERTICAL G-EQUIVARIANT AUTOMORPHISMS &EAnTun(E)/z (B)
ARE MODELLED On L(IB(g)) , (P2:· Eope) (rg) = (w . Liu (g) for:: 5. < IB(G)

5.th
. Free : Bij(r) · (j(r) = Vi(t) Bijk) .

& Follows from Frop* 3. . I ③
-



Refo . GROUP Gau(P) = Antun(/z(P) n Diffecy (P)L
IS CALLED THEGAUGEGROUP of Y.

G-EQUIVARIANCE ENSURES INDUCTION along SITTING TUCK ... E
P >P

EP .

7 F : Gau(P) arptAutun()/z(5) S.Th. D D
L W

I Follows from toLp = Bot , BelB(g) · I
F*

Def1. GROUPau(F)= ImE IS CALLED The SDOW GAUGE GROUP.

GIVEN ber(f) ,
ITS SHADOW GAUGERANSFORM is := Fe - p .

-
-

Eg ., g = Gx,Mw/RSG (((6)) En Gau(P) MODELLED on 2 (6)

YELDS J = PXM ⑪



TEASER for LECTURE III : VERB !
-

THE EXTENSIVE REVIEW Of THE CLASSIC GAUGE-ING SCHEME (TOGETHER
~

with The ACCOMPANTING EXERCISES) CONVINCES US THAT THE GAUGE-ING
IS A METHOD of CONSTRUCT-ING A GFT with THE REDUCED CONFIGURATION
FBRE MYG (EVER-OR ESPECIALLY- WHEN M//g#Man) . TUS INDICATES

THE CONCEPTUAL GOAL of THE GAUGE-ING of T MORE GENERAL

GROUP-ODAL SYMMETRIES WE ARE AFTER . In ORDER to ATTAIN

IT
,
we STILL NEED one Missing Piece of the Geometric Machinert,

WOUCH IS THE MATTER-To-GAUGE FELD COUPLING MODELLED by THE COVARIANT

DERIVATIVE On T (5) : Upon INTRODUCING IT, WE
SHALL-aI LONG

LAST - DO THE GAUGE-ING in THE
NONTRVIAL PAG SETTING , WHEREBY

WE Also GET Insights inTo ... THE
KNOWN gAugE SYMMETRY of THE POM ...


