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G

La Géométrie est une image,

mais il n’y a pas d’image de la Géométrie.

Part III
    Homeopathic
2-Gauge TheoryMAKESBEAR

Y



↓THE LAST EPISODE : CONSTRUCTION of

( BUNDLE of FRAMES=GAUGES MODELLED on G a lo Ehresmann
2

-ThePRINCIPALOD BUNDLE
D G

with Structure group
Mp X #(6) Oj : Bijv - L

M REALISED by L : /(g)- Diff(g)

##*) CONFURTONBUNDEAPOWER
(***) LOCALGANGED with VALUES in E = Id

*KerTs
,

from G-EQUIVARIANT PROJECTOR FELDS On : TP->VP

(****) SHADOWGAUGE SUMMETRY GROUP Gau(F) = Fx (Gau(P)



AG(iv) WHEN LIFTED To The TANGENT, g-EQUIVARIANCE YIELDS

&p9 . COMPATIBLE CONNECTION O CANONICALLY INDUCES ONE On F

5.Th
. @joTD :=TDoD

.

& INDUCE la KOBAYASMI-NOMIzU :
NoF := TD(ups)&↑ F := [0(VP)

S
I

&(p)

THIS GIVES THE DESIRED COUPLING

RefR . CARIANTDERIVATIVE On T(F) Is

Do : N(F)**TpeT (T*2@p* VF)

EXTENDING Gau(P) As (P,Q) , ,(P,

TEDoTET = DE) , we GET
-

GAUGE TRANSFORM

[*0. F(PE) +(5) xGau(P):OpE = TFE) -Dop
&: FOLLOWS from O = TIE)DETFCE)! A ⑫



IN THE LOCAL PICTURE ,
THERE EMERGES THE BASIC GAUGE-MATTERCOUPLING :

Didi = proTFei.Nop = Thi-de(bill)oAil,ll-

-
THE HiggsoiD at ITS NIggSIESt!

PROBLEM : THE qLUONOID A ; SEEMS GLUED TO THE NIGGSOiD ...

SOLUTION : ASSOCIATION 4 mPYXa)/G,
deMate

-

[azXiv : 2603
.
20914 [hep-th]]

WE FIND THE DESIRED GAUGE-TRANSFORMATION LAWS :

bild : ~ t(Vi(r)(fi(d) GLUING of LOCAL MATTER by G-ACTION

Ai(x)1 < A(r , t(i()(x)) = Ted
,
Pica · Ai(rx) + GoToFi(ix)

AFFINE & - GAUGE TRAFO of GLUONOiD
for:: 0 : xM > G ,

(r
, x)1 < Vic(x)

SHADOWY COVARIANCEG Pit p()= Tocat(fi(r)) · D
*
:(v)

of LOCAL Augezo-MATTER coupunas B3



A(v) ThE gauging of Be(g)-INVARIANTEENSORIAL COUPLINGS

GIVEN TEN(TMER) ,DEFINE(3) : = [BelB(g) 1 (top)
* T=T)
IBISECTION GROUP

*EDUCE THE STRUCTURE GROUT of PF(3)sBy(g)
=> Gau(p)u(5)

** MINIMALLY COUPLE A :
to T :T: = To Do
-

with OF :
(rx) = idim-[g() ·Ai(ix)

* TESCEND [FFFTAbist along=W)F
The Sheafy WhFi =FinaFe · Flo-Fi



PSHOT : Gau (F) - INVARIANT Coupling
Eg .,

RECALL THE METRIC COUPLING In THE PAGO-MODEL (p .
2

.) :

A[X] = exp ((lTX(nz , gm)
IITX1Inzigm Stz'n

*

gm(x)urWaX0bXV

Upon MERREDUCTION IB(g) - t* (Iso(M , gm)) = 1Bgm (9) ,

WE OBTAIN Gaug(F) -INVARIANT COUPLING
-

T() = 01 > A [p] = exp (llTanzige
for get(S*F)

, Get = F
:

* (gmo0

TE STORY Of THE TOPOLOGICAL COUPLING IS QUITE A BIT MORE INVOLVED...S



BACK To PAG
-
WHERE TWO (CATEGORIFIED) GAUGE SYSTEMS MEET...

In HIPERCOHOMOLOGY



THE GAUGING Of Hol PREREQUIRES THAT THE HIGHER-COROMOLOGICAL OBJECT G/ BE UNDERSTOOD ...

'TOY MODEL' : CONSIDER
,
INSTEAD

,
Id DIRAC -MODEL :

X : I 'M forI (22=0)

S (M ,gr ,
F)

,
FeZr(M)

,

FARADAY TENSOR

MODELLING THE INTERFERENCE PHASE In THE AHARONOV-BOUM · EXPERIMENT
...

DETECTOR SCREEN

I BRPAT
*

X

=(to ,Xo)* INTERFERENCE
-

X-
supp

=
14

(to,
xo)St... ) /2

ELECTRO (t ,x1)
i-

>

IMPENETRABLE ↳
⑯DOUBLE-SLIT

SHEET



LORENTS FORCE ON E = 1 MODELLED byXA ,
BUT TERE MAY B

-

NO GLOBAL POTENTIAL Over NON-CONTRACTIBLE LOOP X(t])uX_

(h]) .. ·

SOLUTION : USE LOCAL TRIVIALISATION Of F :

-

Fo = Gi ,
cieR(0: )

over COVER of M

kj-xi)Toj = dfij , fijt(*O , (R) S=Wo:
iET

Eju-fin + fij)tojn = Nijn ERR (E.G .

1
.

GOOD TWEIL-DERMAM])

& INVOKE [DIRAC'S3) TO GET WELLDEFINED (TOPOLOGICAL) DF AMPLITUDE

AX) =explic + Free (r))] for TESSELLATION Ag Engag

Er for NijnE2NTL (E) Per (F) <[Nk)
BORDINATE to J along X

- F2 : Ant [VzeAp : X(2) < Once
DIRAC'S QUANTISATION CONDITION ⑬



WELL-DEFINEDNESS Of ATO ES INDEPENDENCE Of ARBITRARY CHOICES MADE,

INCLUDING CHOICE Of REPRESENTATIVES : Ci-Gi + dhi
, hitCO(OR)

!

ALONG As dije25k fij~ fij + (hj -hi)lj + dij , dijeR
- Nijh-Nijh + dja-din + dij

UISHOT : FePer" (2) REPRESENTED by (di , gij
: = e "fi) =&(0) (O(0 , VII)

~.
Th

. (-idloggi + (j-diltoj , 19jh ·

giv
· gij)/pin) = 10 , 1) = 0

UpTo Kig)1 < ( : -idlogti, · (Xi)(a) = (i < gij) + Fidlogti (TX:) (a)
WHERE (Xi= eini) = (o(Oi ,Val)

HERPRINCIPAL
MOVING with CONNECTION of cuRVATUETI
m PRESENTED LOCALLY by Aikx , z)= +di

C

UP To CONNECTION-PRESERVING AUTOMORPHISM With LOCAL DATAXi8



...
Er (HOMOLOGICAL)Alget:

~

CONSIDER EGROPOD =
SUBMERSION

f
= NO: M

Def*B.

of O Groupad
a

(x , i) 1 -> X

(0) with
ARROW OXMOE etc

.L MANIFOLD
((x ,j) , (x , i)) = (X ,

i
, j)

BUILD ITS NERVE-WECEMNERLE NUCO) ENT . in

with FACE MAPS &(ii , ... in) =Kin
~

SIMPLICIAL IDENTITIES SATISFIED by d Ed ENSURE +Do An = O

forDUPONT OPERATORSN=d*: ENCO) > @ (NuxC(OT)

G So We Arrive & COCHAIN BICOMPLEX
.... &



:

Def*1. ~

dis
L

COMMUSTING

~
~

RAM with(ii)
~

dig-1 where = (
°

(
,VII) E di= -idlog

:

WHICH WE TRUNCATE FORM Degree MENN-

WE THEN FORM THE PAGONCOMPLEX :

By: [P(E with DELENOPERATORS Peritoc = d(g) + (1)*
+

5(
gkn

& Consider ITS cohomology (0 ,
D(n)" Refinement H (M ,

D(n)%

NSONDEN1

THIS IS WHERE OUR CHARGE FIELDS LIVE ! ⑳



INDEED
,
WE HAVE

2
;

(a)
n , (2)

En
, [2(2)

An
,

. . .

& & & D (di , gij) = O

did & did did
(i

, gij) ~ (di
, gij) + Dis (Xi)

%) . -(2) <(2) .....
Xi

A
(0)

gij
An A

MOREOVER , THERE ARISES A STRUCTURE Of MONOIDAL CATEGORY :

OBJECTS : (i , gij) E KerDri IDENTITIES : (1)
(Xi) POOR MAN'S VERSION

of GROUPOD Buny(M)
(ISO) MORPHISMS : Kingij)

~

(4-idlogXi , gij
· (XX:) (a) with BRYLINSKI'S CONTRACTION

COMPOSITION : (X : ) · (4 : ) = (X: 4: ) TENSOR UNITS : (0, 1) , (1)

TENSOR FUNCTOR : (i
, gii) &(Bishij) = Ki + Bi , gihip) ,

(X : )0(4 : ) = (X: 4:) (



IN TE PAGT-MODEL ,

TRIVIALISES AS (BAABRAMONDFEDHEMPH
with dBi = Ho :

(Bi , Aij , Gijk) ~ (Bi , Aij , Gijk) + Da) (Pi , Kij) ,

BUTNOW... WE HAVE SECONDARY GAUGE EQUIVALENCES
Bi

°(2)
50 , (24)

An
,Yo

An
, ...

(Piki)~ (Piki) + Dalhi)
& & &

&di da di
~ ENCODED NEARLY

(( En
, [2(2)

An
, . . . BY

& Aij & & H(M ,
D(2)%

did ⑦ did & did

%) -(() . <(2) ...>

hi O kij An a ⑫All Gijk All



M2((wi , j ,) *(jk,z) = (rik, gijn()zzz) A (rij ,
z)=+ Aij)d

M = id
Mc : d

**hod
*L= d** L = N,C(0) xU(I) ,

A IGERBE
CLUTCHING :

MODEL v v v Blo= Bi

NCCO) ENCO) ENC(O) >NCCO)
,
BERINO

I

ANALOGOUSLY , (Pik) - PRINCIPAL UCI-BUNDLE W

with CONNECTION M
,
H

(hi) ~ CONNECTION-PRES f
*
P = X+ PPF , P=

RUNG
ISOMORPHISM

of PRINCIPAL UCI-BUNDLES+ Pi &

CHOICE of HONETCOMB TESSELLATION Dz = PUEUVa SUBORDINATE to Oalong X ,

(3-VALENT) Fr : Az+ [VeeAz : X(2)< On()

YIELDS TOPOLOGICAL DE AMPLITUDE SURFACEHOLONOMY (CONSTANT On [CBA:GD)

Hel(x() = expli]8-(((((((4)(x(M) ⑬



THIS TIME
,
WE OBTAIN A MONDIDAL ECATEGORY ...

OBJECTS:= (BisAij , gijk) e KerD(z) OBJECT IDENTITIES : (0, 1)
O-CELLS = (Pi

, kij)

1. (ISO) MORPHISMS : (BisAigin) "(BitdPi , Aij + (Pj-Pillop-idlogkij , gijn
·Kjkinkj)on

1 - CELLS
(Pi

, kij)

2-(ISO) MORPHISMS :bhil =b +DxP EMORPH (1)
2- CELLS

~

(Pi-idloghi ,kij (hij Willoij
P= (P+Piki)

p2= (P) p = (Pij)

HORIZONTAL
COMPOSITION : b +Dip=hi b +Dap +p40bn=hi b +DpP = bWint -b +Dx(popt
FUNCTOR ~ ~

~

pi+ Dish P P+ Dish P

prop" + Dis(hoh)

h= (hi)

VERTICAL : b
+
Dan >DDpp = b.= Ch:hi bDP

COMPOSITION
h= (hi)

~
~

p +Dah +Dah P +Da(hh) ⑭



#ENSOR2-FUNCTOR : (B gin)(BA , gin)= (B +B +Aj , giugin)

(P)e(P)=(P+P2, k)

TENSOR UNITS : (0
,
0

, 1) .
(0, 1) . (1) (h)(h)=(h: hi) #: cuzv (g ,

* G2) = cuzu (g .)+ cuzv (G2)
-I ChirH) Is crir)= HYM

, U(D) -TORSOR

...
THE 2CATEGOofBD)GEEsGpby (M)

GIVEN f : M
. co'M2 Grf-SUBORDINATION of COVERS U = Mc

IE
., y:

-> E2 : f(O.") < O &E [1 ,24

WE OBTAIN MONOIDALPULLBACK2-FUNCTOR - *: Gpbp (Mc) -> Gpbp (M1)
with COMPONENTS (BisAigipu)1 < (f*By(i , f

*
A y()4(0) ,

f
*

gy(i)4(0)4() =: (B ,Ai , giu)
(P

,K): (f*Py(i) ,
f

*

ky()4(d) =: (PK)
CHARACTERS BEHAVE NATURALLY
:Holg(f*(2)

= Half*g()
NOTE the DISTINGUISHED IRAL GEBES (B ,

0
, 1) =: EB ,

SATISFYING THE SIMPLE ALGEBRA [Bo[Bc = [B
.
+B f

*

[B=+*. ⑮



STARTERS
before

THE MAIN DISH



GOAL : CONNECTION-AIDED DESCENT Of GEOMETRISABLE/PREQUANTISABLE
COROMOLOGICAL Structures on M to F-to M/g

Source
.

STRUCTURAL HOMOLOGICAL INTERPRETATION of MINIMAL COUPLING of GLOBAL Ai
=A

-

of
-

INTUITION To INVARIANT TRIVIAL OBJECT [ ,
BER (M)B1g? OR-SIMPLERSALL-BERYM)G

-

-

WE HAVE B = BIA] = pr
*B + pr

*(F( B) 1 pr
*

An-EPr*(R) (Rs< B)) pr
*(AndAs) ,

with k.:= -k
!"JB : LieGX M -> T*M

↑
WHICH SAMSFIES K"SH = dk

·

Pr V
M

by G- INVARIANCE of B ,
with dB = H

M M

NB : M/ftMan= INTEGRATING OUTA PRODUCES B' /E Gr G-BASIC= PASTESCENDS To M/G

TLEMMAI .

J*W(g , x)=1))(x) for k*· 9(q)4(x) = =(g) -k* sy(x)
-

I: Exercise .
I A

=> ** H =

pr
* H + dos1 Wosn= - p*~* pr

*(Kkb) pri*(E)u



OBSERVATION : (J ,PE) = (t, s) =(d ,d) for N .
(GK,M) ,

S So The CurNARE
-

IDENTITY REWRITES As duosn-ApH = 0 in TERMS of Ap= d**-d*

HOWEVER
, Ap : 2: (No(GM1) > Ri (N(G*M1) BELONGS To FAMILY GAIYEN

of DUPONT COBOUNDARY OPERATORS Alf)kd*

(SEE : p.
,
-

Each of WHICHCommutes with d..

ONE CHECKS ApWosn= O ,
S HUS ALTOGETHER INSCRIBES (H , cosn) in ...

: AS A 3-COCYCLE

Def*15. M

L

COMMUSTING

Aig) W

BOTT-SCHULMAN-STASHEFF d
- 2... &P(Ng(G =>M)

di...
BICOMPLEX

M
-

Alg-1)
for G = GXM

:

OUR OBSERVATION PROMPTS...



QUESTION: IS THE BESCOHOMOLOGY
Hs(g= M)=H*

(B:D:)
,

BP= E(Ns(G =M) ,
D(P : Bi- BP

+

v+S =

p

DPTINs( = M1)
= di + ( 1)Dis

in ANYWAYNATURAL for THE PROBLEM in HAND ?

⑯



TEASER for LECTURE IV :

-

NOW THAT WE HAVE UNDERSTOOD THE TOPOLOGIAL COUPLING in THE PAG
- MODEL In COROMOLOGICAL TERMS ,

We MAY Invoke HOMOTOPY

INVARIANCE Of COLOMOLOGY Se Look for A MODEL of The CoHomologi
ofThe EFFECTIVE CONFIGURATION FIBRE M/g of The GAUGED PA
R-MODEL flo-BE) In WHICH to PuT A SUITABLY A - COUPLED

(A) SUGGESTED by thE MINIMAL-COUPLING RECIPE for P = IB

with Bee(M)B1g)) GERBE of THE MODEL .

THIS LEADS US

TO G-EQUIVARIANT MYPERICOROMOLOGY
EL THE STUDY Of MULTIPLICATIVE FORMS.

ONCE A : -COUPLED LOCALLY Over F
,
THE GERBE STILL NEEDS to DESCEND To F

,

WHICH IS WHERE THE 2-STACK STRUCTURE COMES InTO PLAY...


