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G

La Géométrie est une image,

mais il n’y a pas d’image de la Géométrie.

Part IV

Multiplicative Equivariance,
Holonomic Reduction,
& 2-Stacky Descent

MAKESBEAR

Y



#The LAST EPISODE :

( THEUNIVERSAL' GEOMETRIC STRUCTURE FOL GROUPOIDAL
GAUGE GFT : THE SITTING Duch (9

,
0) (F

,0
E ITS GEQUIVARIANTY DESCENDABLE =
AUTOMORPRISMS GaU(P) **Gau(f)

(**) SHEAFY DESCENT Of INVARIANT TENSORIAL COUPLINGS
through GAUGE-COVARIANT MINIMAL COUPLNG

(***) THE BD HYPERCOMOMOLOGY EL 2-CATEGORY
behind THE 2-GAUGE FIELD DRIVING THE PAG DYNAMICS
of CHARGED LOOPS , EL ITS EQUIVARIANTISATION On THE HORIZON...



GOAL : CONNECTION-AIDED DESCENT Of GEOMETRISABLE/PREQUANTISABLE
COROMOLOGICAL Structures on M to F-to M/g

Source
.

STRUCTURAL HOMOLOGICAL INTERPRETATION of MINIMAL COUPLING of GLOBAL Ai
=A

-

of
-

INTUITION To INVARIANT TRIVIAL OBJECT [ ,
BER (M)B1g? OR-SIMPLERSALL-BERYM)G

-

-

WE HAVE B = BIA] = pr
*B + pr

*(F( B) 1 pr
*

An-EPr*(R) (Rs< B)) pr
*(AndAs) ,

with k.:= -k!"JB : LieGX M -> T*M

↑
WHICH SAMSFIES K"SH = dk

·

Pr V
M

by G- INVARIANCE of B ,
with dB = H

M M

NB : M/ftMan= INTEGRATING OUTA PRODUCES B' /E Gr G-BASIC= PASTESCENDS To M/G

TLEMMAI . J*W(g , x)=1))(x) for k*· 9(q)4(x) = =(g) -k* sy(x)
-

I: Exercise .
I A

=> ** H = pr
* H + dos1 Wosn= - p*~* pr

*(Kkb) pri*(E)u



OBSERVATION : (J ,PE) = (t, s) =(d ,d) for N . (GK,M) ,
S So The CurNARE

-

DENTITY REWRITES AS&osr-ApH = 0 in TERMS of Ap= d**-d*

HOWEVER
, Ap : 2: (No(GM1) > Ri (N(G*M1) BELONGS To FAMILY GAIYEN

of DUPONT COBOUNDARY OPERATORS Alf)kd* (SEE : p.
,
-
~

Eac of WHICH COMMUTEs with d ...

ONE CHECKS ApWosn= O ,
S HUS ALTOGETHER INSCRIBES (H , cosn) in ...O

: AS A 3-COCYCLE

Def*15. M

L

COMMUSTING

Aig) W

BOTT-SCHULMAN-STASHEFF d
> &P(Ng(G =>M))

di...-- 2

BICOMPLEX
M

-

Alg-1)
for G = GXM :

OUR OBSERVATION PROMPTS...



QUESTION: IS THE BESCOHOMOLOGY
Hs(5= M)=H

*

(BDC)
,

BP=EspR(Ns(G =M)) , D(P : Bi- BP+

DPTINs( = M1) = di + ( 1)Dis
in ANYWAYNATURAL for THE PROBLEM in HAND ?

ANSWER : CALLS for IDENTIFICATION of RELATION between (BI)COMPLEXES
-

WHIC INDUCES ISOMORDUISM in COROMOLOGY - THAT RELATION is ...

Deft).MOMOTOPY EQUALENCE beTween COCHAIN COMPLEXES

(C) ,
de ,2 IS A QUADRUPLE (ffhh) of FAMILIE

of MAPS : (*) COCHAIN MADS : (Cid)
f

< (Cid) E" (Cid")
(**) HOMOTOPES : f of" t id! a Forrid



I .E
.,
FneI : fil: Sithdoff

fithdiff

b h >, ded12E

fof()-id =d
sith.

f(n)f-id=

Th4. HOMOTOPY EQUIVALENT COMPLEXES HAVE ISOMORPHIC

COHOMOLOGY GROUPS .

&: NOTE THAT f"g" IMPLIES H(f") = H(g))
for H(f")[n] : = If*(1].

E

⑭



AN ELUCIDATION of THEMEANING' of Hss(G= M) NOW Follows from

Th5.TE BSS BICOMPLEX IS HOMOTOPY EQUIVALENTTO THE SUBCOMPLEX

of The DE RHAM BICOMPLEX Of THE STRATIFIED MANIFOLDLG An

Composed of 11G.IDESCENDABLE FORMS W= (WENMRPGA,PEN(P)

I .E
.,
THOSE IN-INDEXED FAMILIES of RESTRICTIONS W=

GA
of SM

FORMSERP(GAn) on HYPERPLANE lidIt
(d(r),t) (rid"(t)n = [(tit ....twita= ] , (did)(rit)

WHICH SAMSFYPESCENTIDENTITIES:1xid)
*

Widg,An
WRITTEN In TERMS of Fr : An < Any

, Citi .... tut) 1 < Citi .... tiO ,titi ....tw+
CEMBEDDINGS) ⑤



&[Dupont] DE RHAM OPERATOR on L /G " An) IS PRESENTED AS TOTALDIFFERENTIAL On BICOMPLEX

(MR(A)(G) , did , id) ,ECOCHAIN MAPS between BICOMPLEXES ARE INTEGRATION

over tomotopy Fibre A
.

Er Augmentation by WHTNEY's ELEMENTARY FORMS, RESPECTIVELY . A

USHOT: BSS COROMOLOGY IS A MODEL of De RAM COHOMOLOGY of M/lg
#(g=>M) = H* (11G . /1) =: H (M/g)

THE FORMER IS OFTEN REFERRED TO AS GEQUIARIANT COROMOLOGI.

In THE -MODEL CONTEXT, WE SHALL CONSIDER IT GEOMETRISED/PREQUANTISED :
(H

,
c

,
0

,
0= (M)@R(g) 0(G2)R

°

(Gs)
dH = 0

t
*H = s*H +di

oh S
m
*
c= pr

*co+ pr
*c *Man*

&* (idod)= ((doid)·id)



NEED : RECONCILE ABSTRACTPREQUENTISATION Of NATURAL COHOMOLOGY
-

Extension (H ,
c

,
0

,
0) of 2-GAUGE FIELD H with IDEA of IMPLEMENTING

(RIGID) GROUPOIDAL SYMMETRY g=> M by BISECTIONS...
LET BEB(g) BE A SYMMETRY of TOPOLOGICAL DE AMPLAUDE ,

Hol * (x(2))=Holg, (lt+ B
· x)(2)) =Hol (x(2)(B)9

But L

Br-Hol(3* (x(2))
·Holy (x(2)) = Holc (X(2))

· explicit
B
*c

# xz ,
x

SIMPLE SOLUTION :E
Per (Bot cInT

-

EpI . WekerDa (BeB(g) (B*= Ob =: IB(G) is A SUBGROUP !
MULTIPLICATIVE 2-FORM -HONOMICGROUP
-

&: EXERCISE . I ⑰



&

BACK toThe Source of INTUITION (p . 47.) :

( Bu(GX,M)B1(6) ,
i
.E
.,
STRUCTURE GROUP IS REDUCED

from The START !

(**) INSPECTION Of MECHANISM of 2(6) INVARIANCE of HolGIA]
for AUGMENTED GERBE GIA) = pr

*

GO InAl (AS SUGGESTED by MINIMALCOUPLNG)
with COUPLING to A MEDIATED by k : LieGXM >T*M (F*SHE-da) :

LET E : PXsM = zxM-> [xM ,
(r

,
x)+ (r , Jy()(x)) =) ,xo(yxidm))(rx)

:2-G
BE A GAUGE TRANSFORMATION . WE OBTAIN &:

*

G = pr
*

GQIwosIE]
L

E
*

GLAE)=*(pE
*GQ[WosnIAEt = (xo(xidm))*GQ[EosIAI ~ (xidm)

*

pr
*

GQ[Axidm)*Wos[E]+ EcosmIAI-

= pr
*

GQ[(xidm)*WosEE]+ EcosIATE PE
*

GQ[WoswIAT@[Axidm)*WosEE]+ E*WosIAET-WosTATE GLAJQIACE)

&(E) = (xidm)*Wosn[E]+E*WosnIAET-WosntAl3



&

using
BRILT into l

-> G - EQUIVARIANCE of : LieG <E(M)
,
K-T

.Adg=J
LEDT S-> XYELieG : *Y =-K

of soGSW

WE READILY VERIFY #(E)=0,

much givEs us(6) INVARIANCE of HotTAS

QUESTION : CAN WE REPRODUCE IT FOL ARBITRARY GM

after -HECONOMICREDUCTION B(G)O B(g) ?

⑮



*SWER : weKerArne(g) DETERMINES

k : -TM ,
e l cEsco

Def8 . 1-COMOMENTUM

i i-

THE DESIREDALGEBRAIC' PROPERTY Of K FOLLOWS from MULTIPLICATIVITI W.

Gop12 . Ft(3):(t) sk(t) + <g(tz))k(z)
= 0

&: EXERCISE . I
-

THE REMAINING ONES ARISE Through ITS INTERPLAY with HOLONOMICITY....-
(SEE : p . 16 .)

&1.BexemVB(3a)+Ta(n)ToB(M)KerToS ,
deli23 :

of(xnix2) =x(*B)(c)J(t) -Ex(+B)(3-)*(t2) +Cq(tz)s(t)

&Tra&(e)T(t*B)= k(E) . (Bo(g) -EQUIVARIANCE)
10 FULLY DETERMINED by K)

F : EXERCISE . (NB : TCB RESTRICTS To E
.) I : YNOT TRUE ELSEWHERE In Gin GENERAL. S4



E.G:, For GAM ,
WE FIND Y(giX) +GxMJ BElBwasw(G*>M) : (gix) = B(x) -

INDEED B := (g ,
. ) = -(g) DOES THE JOB .

THIS EXPLAINS WHY co IS EVERYWHERE
GSW
-

DETERMINED by K(3 , ) = (2 : /
*

3) Wosw ,
BELieG

.

WE MAY PULL BACK G to PXM along MOMENT MAP MPXE PE

& AUGMENT with ... AERY(P)@LieG As sugGESTED by MINIMAL COUPLING
9)↳ > pr

*

GE [WoswEt] =: GET ,
WHEREUPON WE INVORE

UN-TWISTED

M6
. X/GEMan = Grby(X/f) = Grby (X)1G,Do

GEQUIVARIANT
I-GERBES

5

. USES 2-STACK STRUCTURE
.

I for X = PXM

LUCKILY ,
WE DO NOT NEED To WRITE OUT SCPROVE THE THEOREM BECAUSE ...
-

THIS IS WHERE THE IMITATION BREAKS DOWN ⑮-



2 WHILE Up COULD BE USED to PULL BACKTROLEM :

DG 9) to P for DESCENT,
D

WE ONLY HAVE O : TP-VP THERE
,

E IM
with VPETG PE for dimM > O

DEA: GO DOWN DIRECTLY To F
, GO LOCAI
-

This IS

FW Where bor : Ge Ai
LIVE

=>
WE MAY DEFINE G) [Ai) := Fe* (p

*GOIcTEilILOCALA : -AUGMENTEDGERBESWil



A TACTICALPAUSE

- for CONTEMPLATION of THE QUESTION
·WHEN DOES A FAMILY of LOCAL GERBES COME from A GLOBALONE?



IN ORDER TO DEVELOP SOME INTUITION
,
REPURASE THE BD DEFINITION

of A 1-GERBE G from 1 .

43
.

IN THE 2-CATEGORIAL LANGUAGE
IN A STRUCTURED MANNER .

DEFINE LOCAL CELLS :

9)= (Bi ,
0

, 1) ([bi) < Grby(t)) i Tij := (Aij , 1) + Grbp(0)n 1 Yijn
:= (gijn) = Grbp (Oiju((2) -

THE LOCAL GERBES G ;
DETERMINE A GLOBAL GERBE G Th . Go Si

thoughThe FOLLOWING RELATIONS:
:j

: Gilo Gold

(DO) Yin:Tia Eita I
Next

,
we reformulate TheDescriptioniniMind

in A SIMILAR VEIN... ⑤



DEFINE LOCAL CELLS : I := (Pi , 1) <Grb(0) 1 4ij : = (kij) < Grbp (D) 2
To CONCLUDE THAT THE FORMER LOCAL 1-ISOMORPHISMS

: GiGi
DETERMINE A GLOBAL I-ISOMORPUISM E : G = G
betweenThe GLOBAL GERBES GELG' DETERMINED by (Girij , Yijh)
& (i , Yijn) , RESPECTIVELY , through

(D1) ↑in (ide Yiklon =Mine in I
-

FINALLY
,
NOTE THAT CELLS 3 :: = (hi) MODELLING LOCAL 2-ISOMORPHISMS

::I I!
DETERMINE A GLOBAL C-ISOMORPUISM 3 :=I

enough: 3) · jo=Bid) (D2) ⑤



ALTOGETHER, THIS IS A CTRIVIAL) MANIFESTATION of A GENERAL PROPERTY

#7 . 1-GERBES FORM A 2-STACK Over Man ,
i
.
E
.,
THERE EXISTS

-

CANONICAL EQUIVALENCE Of 2-CATEGORIES FMEManYO = EOiSiot

Grb(m)DescentDat Di
= M

THE LATTER HAVING
# O-CELLS (Gibiet . [EijbijeijnSignet) SAMISFYNG (DO) ;
(**) I- CELLS (ETbitSijhiit) SAGISFYNG (D1) ;
(***) 2- CELLS [Bibiet SAGISFYNG (D2) ,
E OBVIOUS REMAINING COMPONENTS Of STRUCTURE.

& [Stevenson ; Nikolaus-Schweigert] I ⑮



END of THE TACTICALPAUSE
E

BACK To PAG



WEHAVELOCAL A : -AUGMENTEDGERBES GTAi) := Fe* (pE
*GOlwTEil

v over J(0) ,L
-

with STRUCTURE ENSURING REALISATION of EONOODef*19. Gan(F) :=#(Gan(P) r
Gano(p) := [Gan(p) /Poye (59) = (r2(g) . U

: 0
:
->Bo(g) ,

itIn
for TRIVIALISATIONS Pei : TO) E>OXG with Bij : O ->Ba(G)

&4
.
-TWISTED G-EQUIVARIANT STRUCTURE On GS INDUCES

VEeGang(p) : I : Fle
*

GTA) =< GTAi) ,
ie I

.

& WE Have I=F( *Fold Inte for:XM <G , (rX) : < ty(ViCH)(x)
(EXERCISE !)mu & M = Fo F(t) · Fei , ..I



THE TROOF USES

LEMMA2
.

MASTER FORMULA
-

for All B : OXM <g ,A:BABHOSTR-

AS WELL AS Ap(B(r, x)) = Tedxra"A(r, x) + OoTr) , X) .

& : EXERCISE . (USE THE SPLITING from %. 16 .) I

THE LATTER GIVES US ALSO THE FUNDAMENTAL

TW8. WHENEVER G CARRIES AN -TWISTED G-EQUIVARIANT STRUCTURE ,
T FAMILY [GTAilSiet CANONICALLY EXTENDS To DESCENT DATUM .

I: We HAVE Eij = Fr Id Ees(T : GLASI) GLADI
for Bij :M < G ,

(r
, x)) < Bijlo() E Bij = (Pritop) · I

TheseForm 2-cocycle UpTo Yik
:=Fridential for Fin = (BipoBjn ,Fintain .B



Co2
.
2

. Under ASSUMPTIONS of Th8 . THE LOCAL A :-AUGMENTED GERBES
-

~SCEnd
to a globeLGrbp(F)(d : **Ge= YTAil

MORAL: A G-EQUIVARIANT STRUCTURE OU GJ-
ITSELF A PREQUANTISATION Of THEDERHAM

CLASS Over M//G ASSOCIATED with The GERBE's CURVATURE- EFFECTS An ENRICHMENT
F OXM

of THE ISTACKY CLUTCHING CONSTRUCTION of The SHADOW
:

I ( -) I5top Ed
to A ESTACKY CLUTCHING CONSTRUCTION Of the DESCENDED GERBE GE- AnYlne = id

(BY Coherence)
-

IT REMAINS To CHEC STABILITY of ISOCLASS of Ge under Gang(5).

RECALL THAT WE HAVE THE 1-ISOMORPUISMS I: (SEE : Gop* 14 .)

=> In VIRREofTh7., WE MERELY NEED THE INTERTWINING 2-ISOMORPHISMS ↑j(SEE : p . 57) : Q



Th19 WHENEVER G CARRIES AN -TWISTED G-EQUIVARIANT STRUCTURE ,
T FAMILY [I : Fle)

*GLE GTAilSiciCANONICALLY EXTENDSTo 1-ISOMORPHISM

(()*GtE:] ,Fl
*

Ej ,F
*pin) => (GtEi] ,Ejin) in Desc(Y) .

I: we have 4 =·it ideate) forBi
:= (FoBij , Bill
= (p , j)

:M -> Go
#

C.3 . Under ASSUMPTIONS of Th9 . THE GLOBAL GERBE Ele
*

GE DESCENDED

HainNONALLY
IOMORPC with THE GLOBAL GERI

-
MORAL: AG-EQUIVARIANT STRUCTURE ON GJ

EFFECTS AN ENRICHMENTOf THE 1-STALLY
-

CLUTCHING CONSTRUCTION of A GAUGE AUTOMORPRISM of
F :

I
tok & -(i)U: Bijta= Bij Cuto

+ coverence

to A ESTACKY CLUTCHING CONSTRUCTION Of GAUGE AUTOMORPRISM Of GF. ⑬



UISHOT : THE GIGAUGELIPAGEMODEL
Def20

(F, 2 ,
M ,= , 7z,a) with Gauge Symmetry Gau (f)J

/I

HAS (2,z) : dimZ =2
,
ORIENTABLE

,
22=O ,

COMPACT Gaug
(F)nGaug(f)

EUCLIDEAN OF PIECEWISE LORENTIAN

M : OBJECT MANIFOLD of G =M with METRIC GM
& MULTIPLICATIVELY -TWISTED G-EQUIVARIANT GERBE 9)

F FI : SHADOW Of PRINCIPALOID BUNDLE PTSI CARBITRARY

with -HOLONOMICALLY REDUCED STRUCTURE GROUP Br(G)
/I

E DF AMPLITUDE ↳(g)Boll

↑(F) - p1 < explTanzige) · Holg+(p(z)) =At] ⑭


