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La Géométrie est une image,

mais il n’y a pas d’image de la Géométrie.

Part V
Making Poisson Sigma Again

& Livin’ with DefectsMAKESBEAR

Y



In THE LAST EPISODE :

-

WE GAUGED A SYMMETRY MODELLED on GEM in THE PAG -MODEL

with TARGET (M , gr ,G)) by DESCENDING THE gFT To THE SHADOW

of AN ARRARY PRINCEOD G-BUNDLE With REDUCED STRUCTUREGR
IBr(g)(/B(g)

I I EE GANGE SYMMETRY Gau,(9) **Gaur(f)

( IDENTIFICATION of EXTENSION of HER(M) a HE(M ,OCY NATURAL for M//G
=> OLISTED G - EQUIVARIANT STRUCTURE onG) F : t*G =

*

G *[

~: (pr*Feidp*M*F , di* (Idod) =* (d* Rid) ·id) ,

GEOMETRising [H ,
5

,
0

,0)]eHiss(g=M) for m
*
W = pr

*
c+pr

*
W

ULTIPLICATIVITY



(**) IDENTIFICATION of RIGID-SIMMETRY GROUP By(G) = [BEIB(g) /B
*
c=03

for A HOLONOMIC GROP

(***) EXTRACTION OfBa(G)EQUVARIANT1-COMOMENTHM ETM

with PROPERTIES : FEE+ ↑(3) : <g(E) /k(t2) + &g(t2)(k(f) = 0 i i
Tt

FBe(g) : colpim) = <kooPertsTtolid-Peris/Y+000Pet Peris
RIGHT-INVAMANTRELATIVE To TGIpim =T(B(MI) @KerTSIpim) < MC FORM on G

(**** CONSTRUCTION OfBa(G)INVARIANT LOCAL A:-AUGMENTEDGERBES
G) [Ai) := Fe* (p

*GOIcTEil
Wil= lid" [d)

* (5-10:Bill

(*****) EXTENSION of EGTAi)Sist To DESCENT DATUM using (F, r)
=> DESCENDED GOUL(F)VARIANT GERBE Ge On F.



AND NOW FOR SOMETHING COMPLETELY DIFFERENT...

...
ThEFISM/FISM/RYBKA/PEz/YAPI/PUBAl... POISSON



TRYINGTo MAKE SENSE-D of the PassOn O-MODEL (p) :
&

[psm(XTXia) (AmatyX*+ MM(X)Ja &rb) drndsb
TI > T

*
M

Tz~*M

M
.
Mr DD (2X - (M , TT)

E ITS TANGENTIAL SYMMETRIES (p .4 .) : <X*Zar)TcO1zi) En))dXM( : )
* XM - HM(X)Er : An AutdEn-JuM

*

(X)Ear

OBSERVATIONSa PROPOS :

-

C 'CONFIGURATION SPACE' T*M < M for (M ,M)assON
CARRIES CANONICAL STRUCTURE Of LIE ALGEBROID :

- POISSON ANCHOR : 1#: T* M > TM
, y

1 <
y +
T

-

-LoSzaBRACKET : [Ma 1 (a]: = 1
*(21) + dya - 17

*
(a) +dy, + d(1

*
(2+) +42)065



WHENEVER INTEGRABLE IT ARISES ASI TANGENT LIE ALGEBROID of-

DefE . SIMPLECTCLE GROPOID (g ,W) > (M ,M) , with ARROW

MANIFOLD ENDOWED With MuMPLICATIVE ( !) SIMPLECTIC FORM W
,

(m* - pr
*
- pr
*)w = 0

GENERIC

IDEAof CONSTRUCTION : USEDECOMPOSITION TId (TM)↑ KerTioS = TrxG = TxId([M)o KerTraxt
--

SPECIFIC

& BEHAVIOUR COC)Fg=W(E)-TIdog , EEKerT of MULTIPLICATIVE c to VERIFY

LAGRANGIANITY Of Id(M) EOBTAINET*M
,
El < Id*(Esco) COMOMENTURY

=> POM FIELD (X ,a) HAS DOFs ofCONNECTIONOnTRVALSTAT
THAT COVERS SECTION graph (X) of F....

⑯



(**) INFINITESIMAL GAUGE SIMMETRIES MODELLED ON

Zar(M) , = Lie ( (G) [Rybicki) LAGRANGIAN
-

BISECTIONS
-

=> GAUGE TRANSFORMATIONS
* XM - HM(X)Er : An AutdEn-JuM

*

(X)Ear
M= C

#M
=Tt C (X) STRUCTURE

FUNCTIONS

DISPLAYSTRUCTURE OARISED CO-HOLONOMIC SHADOW AUTOMORPHISMS

#DEA : (*) REINTERPRET POM AS GAUGE FIELD THEORY for T(F) COUPLED To CONNECTION
①(rg) = id TegAir on

(**) DERIVE OBSTRUCTION against Gauw(F) = Bu(g)[INVARIANCE E ... KILL IT !

C***) EXTEND THE OBSTRUCTION KILLER with VIEW To GENERALISING POM
To SYMPLECTIC PRINCIPALOID BUNDLES Of ARBITRARY TOPOLOGY

&ASESTUDY : LINEAR POISSON U-MODEL (EXERCISE) ⑤



In The CONVENIENTPRESENTATION (5 ,<2) (T*M , MH) , WE HAVE (TAUTOLOGICALLY)
kid E

.

OuRdXM,
E WE MAY ASU A SEEMINGLY SILLY...

QUESTION : HOW MANY GAUGE-THEORETCALLY MEANINGFUL QUADRATC
-

POLYNOMIALS in T*M-VALUED GAUGE FIELD ,
MADE of K E2 Xg AS ABOVE ,

At THERE onxm =% Po= IXG ,
with(rig) = idig +Tidying ·A(rt(g)2

ANSWER: ONE-toWitdzX)
*

(id* [d)
*

(2011) = - [psm(XiXia)
for a() = A (r, X(r)

C4.THEPOSSON &-MODEL HAS LARGE IBy(G)[-GAUGE ANOMALY :
ApsmEr(X) , ar = Apsm[X ,a]) , WHERE

r : z- Bw(G)
5 : [ + M > G ,

(x)1 >r(x) .

by MASTERFORMULA (demmal.) : COTAT - (Pr ,
t=)

*CTAT=Y*
*(r)=A(r, ty(v(r))(X(t))

⑧



H THE ANRMANIAZ ZEATH

- H TPITTH ODOI



ITBLOODLESS SCENARIO

BER(G)=> NO ANOMALY for It2d

E
.G ., LINEAR POSSON O-MODEL

,
with w = - dOLionville

I ENEBOTOMIA U(I) Par
,
o

Per2nT => F PREQUANTISATION :

P , T*
=di

L
G

WE SHALL STUMBLE upOu XTRA STRUCTURE on Po WHEN TRING
to GENERALISE THE PSM to ARBITRARY PF.

#AATLPREQUANTISATION ,
BUT

...
REVERSE THE LOGIC:

7) GeGrbp(M)pFF:
*

G =>G=-AUGMENT TWE) p*G =:Gla 869



RetE2. THE TARALCO-ANGMENTEDPOISSON &-MODEL :

(=2xM ,
2

,
M

, pr ,d ( with GAUGE SYMMETRY B(g)[
tcPSM

HAS 2 : dimZ =2
,
ORIENTABLE

,
22=D ,

COMPACT

(M ,
17) : POISSON OBJECT MANIFOLD of SYMPLECTIC GROUPOlD (g ,w)=> (M ,M)

E GERBE G) with G-EQUIVARIANT CURVATURE HEKerDacZor(M)

G Fit
*

G => s
*

GOIw
Pr

(pit)F : SHADOW of TRIVIAL PRINCIPALOID BUNDLE PoIxG - I

with W-HOLONOMICALLY REDUCED STRUCTURE GROUP Bo(G)

E DF AMPLITUDE

↑(F) "Conn(Pk-(= lidzX) , 8) 1 < Helgi(())"Aust .%]GCONNECTIONS on Po



THE 2-STACKY ANALYSIS THAT LED To DEFINITION Of THE G-GAUGED
-

PAG -MODEL (Def
=20) YELDS STRAIGHTFORWARD GENERALISATION OfTRIVIAL

Co-AUGMENTED POM fromDefF22 .
To ARBITRARY SITTING Duch

P F with SUITABLY REDUCED STRUCTURE Grant ,to Wit :

DefE23. THECOAGMNTEDPOISSON &-MODEL :

--

F
,
2

,
M

, pr , dism) with Gauge Symmetry Gaur (f)(
HASI Ge (M ,T1) As before ,

STRUCTURE GROUP of SITTINGDUCKI FD
REDUCED TO LAGRANGEGROUP(G IN) = Bo(G) , GERBEG) ENDOWED with

&.EQUIVARIANT STRUCTURE (FIU) E DF AMPLITUDE-
↑(F)xCo)HEAD

WHERE GF IS AS in Co2 . 2 . #



NB: EULER-LAGRANGE EQUATIONS of POM HAVE STRUCTURAL

INTERPRETATION In TERMS of LIE-ALGEBROID MORPHISMS (SEE : STREBs

=> MIGHT PREFER to KEEP THEM UNAFFECTED by CO-AUGMENTATION ,
& THE LATTER CONTRIBUTES

=> FLACO-AUGMENTATIONSRRECON cu,sunquisue
-> TRIVIAL FLAT CO-AUGMENTATIONS GET (E .G ., for M : H2(M)=0) ,

with CORRESPONDING I-ISOMORPHISM Of G-EQUIVARIANT STRUCTURE :

F : [o[=Io > S
*

IOIw = [OIo = loQIo In

LOCAL DATA (PK) = R(0:) C%,U() of F SATISFY (SEE : pin)

(dPi
, (Pj-Pi)lop-idlokip Kukinkian) = (wo.. 0 , 1) SCENARIOII from p. 68.

CONCLUSION : 1-COCHAIN (P ,K) DETERMINES PREQUANTISATION (Pr ,d) ofW



THE REMAINING COMPONENT Of G-EQUIVARIANT STRUCTURE ACQUIRES
INTERPRETATION Of G-MULTIPLICATIVE STRUCTURE on (Pr ,d) :
-

U : pr
*Pop*Po > m

*Po
, Dist = id Defen.

MENTATION INTRODUCESSUMMARY: (*) GENERIC (NON-FLAT) CO-AUG

G-EQUIVARIANTWST auu(G) to PoM ;

(**) FLAT CO-AUGMENTATION ALLOWS FOL NON-PREQUANTISABLE
SIMPLECTIC STRUCTURE (G ,w) OR NON-MULTIPLICATIVE

PREQUANTISATION ;
(***) TRIVIAL FLAT CO-AUGMENTATION CAPTURES

MULTIPLICATIVE PREQUANTISATION Of SYMPLECTIC
INTEGRATION (G ,W) of POISSON TARGET (M ,M) #3



LIFE with PFECTS (is POSSIBLE



Oi

σ

γ 
i (σ)

i(σ)φ 

i(σ)φ 

iφ 
iφ 

Σ

M

φ 
i(σ)

Th 8
.

(TH-7.) SWEEPS under the RUGTHE PASSAGE from THE LOCALPICTURE-WHERE
THE GLEi) LIVE- to THE GLOBAL ONE-WHERE Gjf DWELLS , WHEREAS THE GEOMETRY
ofP F(E-on A MORE FUNDAMENTAL LEVEL-THAT ofTHE HOMOTOPY QUOTENT) INVITES US

toTHINK inTERMS of I-LOCAL FAMILIES of STRUCTURES on M SUBJECT to TRANS-LOCAL

CONSTRAINTS (GUINGS by Bo(g)-ACTIONS) ... -

T1
&

-

-

...
Er Loct⑳

IDENTIFICATIONS

(GAUGE AUTOS , ALSO MODELLED on Ba(g)) . E



QUESTIONS : CAN We MAKE SENSE ofThe 2dGFTRECTY in TERMS
of THESE LOCAL STRUCTURES ,

I
.E
.,
How Do We Formulate The LOCAL

GFTs Cover [:< Vi ,
Gli$) En GLUE THEM into A GLOBAL ONE ?

WHAT IS THE ROLE of THE EQUIVARIANT STRUCTURE (F,
r) on G in thus?

ANSWERS: WE CAN-INDEED ,
WE HAVE BEEN DOING IT ALL along...

-

... USING THE INTRINSIC STRUCTURE ofGwith DEFECTS in 2d PAGc-MODEL,
BASED ON THE ELEMENTARY 2-STACH STRUCTURE-E (F

,
L) DECORATES

THE ENSUNGGAUGESIMMETRY DEFECT
...

⑮



ep (e) p (e)+

p (v)1

p (v)2

p (v)3

v

p 

THE DF AMPUTUDE APAG Xp = X +
p

RECEIVES CONTRIBUTIONS :
I

over DOMAINS

Ap[Xp) =exp ITXpligninexp (iSBal p -PAzi
SEPARATED by ...

from LOCAL LAGRANGEAN
#ASES 10: gratin : Fiscal I Xe =

Xt
11

-
Ac[Xe) = exp (i)Apply -

N

from DOMAIN WALLS

- &

Un ↓ An [m] = G-acull <(P(l) <(p()(X(0)) 2tEa
21 1

T
from JUNCTIONS

DECORATED by L ((p+ (1)2(p-(e) Over Op+llc(p-tell
-

reVazI E INTERSECTNg aT ...

I
DECORATED by YIPC) <Pall OUeZ OeCull-(PCl) <Pcfl #



THE ABOVE IS A MANIFESTATION Of A MORE GENERAL
CONSTRUCTION

,
with XTRA MODANT :

- JUNCTIONS MAY HAVE HIGHER VALENCE ;
- GERBE BIMODULES MAY HAVE CURVAMIRE GE RICQ) .-
[Runkel-S]

DEFINITION Of POLY-PHASE PAG U-MODEL USES
ARBITRARY STRATIFICATION DULUL ofI

im

withEMBEDDEQER
NICEADAPTEDA.

CONSTRAINED AS (*)

##) BULK TARGET (M , gm , G) e

over D

(**) BI-BRANE (Q,W :G =>Got)
over L &

#***) INTER-BI-BRANEWSTh ,HEYulk-lek/n
over

CORIENTATION MAPS) Tn >9-1 , 12 ⑰



FOR THE ABOVE
,
ONE WRITES A STRATIFIED CHARACTER TRunkel-S]

Hel, ,) (X(2) (5) ,

WUCH HAS The PRODUCT STRUCTURE :

17 Hol(X(d) .MC(X(e)) :MMH
dED

& MODELS PATCHWISE SMOOTH

PROPAGARON Of CHARGED LOODS In M = MirMaw ...
within CONNECTED COMPONENTS M : < M ,

GLUED along DEFECT LiNES &L

by CROSS-DEFECT STATE CORRESPONDENCES

⑱



l1,2

l2,3

ln-1,n

ln,1

j

#MILIAREXAMPLEOfSTRING BACKGROUND : LIGIGSIMMETRYDEFECT

(*) BULK TARGET (M , gM ,G) - METRIC OBJECT MANFOLD of G =>M ,

with -TWISTED G-EQUIVARIANT GERBEG

(**) B1-BRANE (G ,
t

,
S
,
co,)

↑

2 T
II

(***) TRINION INTER-BI-BRANE (Gc I Pr , PEIM , r)
/= 1=-

#****) (n
-) - to - 1 INTER-BI-BRANE Gn-1 with MAPS

=d......

E FUSION 2-ISOMORPHISM Un
= lido -n

,
-
*) lido

. -
,ntj) ... lido*) · lido*)

F dis do ..d...dl.

⑲



THEGRAPHICALDEFECTCALCULUS

JUNCTION FACE MAPS
91 · 92
: Ent

X

di di
&

Gn-s
T T
T

X
L Gr

-

-

Gn-1 ~ X
JUNCTION-To-WALL

91 . 92:Gri
Ge

- Gene
FACE MAPS

& Gue T
T

WALL-To-DOMAIN
FACE MAPS

-
1 M Gn-1 X

Gr
T ↑

T
X

Gr
...

·
GueL ... Gn-1

Ge Gn-2 Ge Gn-2 M
(2)

G
Gr

~Trig
Gn-1

gige
&
1

Ge Gn-2
X

= d: di= -N
d

·

d
L -Goi ~

Guri-1 Guri
X Gr Ge X

g
Gr Ge

DEFECT TRINION

LINE JUNCTION ⑳



d
JUNCTION-To-WALL

da nSIMPLICIAL MAPS

~ #-di
e·

84

#

88d di***



SIMPLICIAL INDUCTION

of FUSION 2-ISOMORPHISMS da

da ·
di ·· .d ↑

⑫



PROBLEM : WHILE DEFINITION OfTE STU IS UNIQUE ,THAT Of THE Yo
-
MA SEEM HIGHLY NON-UNIQUE , BUT..

COMERENCE IDENTITY (SEE: p .51 .)

&* (idod)= ((did) ·id)
TRANSLATES into

ESOCIATORMOVE

/y
CONCLUSION: A SLONG AS WE INDUCE FUSION 2-ISOMORPHISMS for>3
from THE ELEMENTARY ONES , U , PROVIDED by G-EQUIVARIANT STRUCTURE
THE RESULT IS UNIQUE. ⑤



THETOPOLOGICAL) GAUGE DEFECT



6)HASES over DOMAINS [CO: forj(0) = 0.xG :

Mi :=.
xMc 2 : (id , Yi)=Fry , Yer(F)

with BACKGROUND grom
=· &M : E pr

*

GOINTE =Gi
SEPARATES I: from Zj

() B(G)-CORRESPONDENCES OVER DEFECT LINESL Oj :

Q (0ijM) < lij : (ide , Bijl , 4j()) =- BijoFy Bii(r)(M)cG
G * ;j(r, x) = (r, Bij(t)(x)

idext po) cidSMOOTH FIBRATION Of RISECTIONS over Op

with BI-BRANE MAPS -

-

1 = id * t Er= idS

E FLAT BIMODULES

+promot



(5) FusIONsofB(g)-CORRESPONDENCES over DEFECTJUNCTIONS jnEO . in
:

This
.. in
:= Biz-in (*M) < 4fn] : Lidz , BialMial) , Bris(Mis()) , ... Binin(Min()) =:Biz.in Flin

l

Fin
.. in
* Gn-

SMOOTH FIBRATION of M-FIBRED (n-1) -TUPLES of BISECTIONS over Oi .. in

with INTER-BI-BRANE MAPS As In THE RIGID G-SYMMETRY EXAMPLE (1 .79.)

E FUSION 2-ISOMORPHISM #DUCED from THE TRINION

with TARGET Tik : = Bijk(ik* M) < 483 : (idz , Bijl , fill) , Bik( , +k()) =·Bijk FTRY
l

lik Jb2 := idexPr

1
Fin Y Sc

MAPPING To THE BI-BRANE by 52= idexpe
Zi

(inTHE 2-1 SCENARIO)
= id M

/ E COMING with THE FUSION 2-1SOMORPHISM

bij Sjk C+t- = pr
*

jeid)Tim ⑤



#DUCTION: through ASSOCIATIVE VERTICALFUSIONofMNIONS
-

↑

↑/
&* (idod)= ((did) ·id)

THE FUSION IS WELL-DEFINED DUE TO THE FACT THAT

THE GAUGE DEFECT IS TBLOGAL ,

IE
,
A HOMOTOPIC DEFORMATION Of THE DEFECTQUIVER PRESERVES

THE VALUEOf THE DE AMPLITUDE . ⑯



YISHOT: POLY-PHASE PAY/COAUGMENTEDPOISSON S-MODEL
forARBITRARY NETWORK-FIELD CONFIGURATIONS

iS
M = WMi

9:DrGL > MWQW Q=Wij&

/

with TOPOLOGICAL GAUGE-SIMMETRY DEFECT· Tn=in Ti in

#



SUMMARY : 'GAUGE' IS A VERB M > M/g = 11G . 11

*UNIVERSAL' STRUCTURE FOL THE GAUGE-ING Of SYMMETRY G= M :

-

THE PRINCIPALOIDG-BUNDLE (P ,0)(FO) with GAUGE SYMMETRY

or (PraxX)/G I
~ IMPLEMENTED by AB(G)z

** SHEAFY DESCENTOf MINIMALLY COUPLED B(3)- INVARIANT TENSORIAL
--

COUPLNGS
*** STACKY DESCENT Of D-AUGMENTED MULTIPLICATIVELY-TWISTED
-

EQUIVARIANT COMOMOLOGICAL COUPLINGS
*** IMPLEMENTATION Of THE GAUGING by TOPOLOGICAL DEFECTS

-

**** (G ,W)-EQUIVARIANTLY CO-AUGMENTEDTRISSONSMODEL AS GAUGEDTGEI



OUTLOOK :
-

* PROPER DYNAMICS Of THE HE-ALGEBROIDAL E MGGSOID FIELDS .

** PROPAGATION Of PROBES IN EXTERNAL HE-ALGEBROIDAL FIELDS .

HOLONOMY OU PRINCIPALOD BRENDLES
.

*** THE FULLY FLEDGED BICATEGORY Of THE COAUGMENTED POSSON O-MODEL

(PREQUANTISABLE BOUNDARY SOL MAXIMALLY SYMMETRIC DEFECTSTATES eTC.) .

****DIRAC O-MODELS AS GROUPOIDAL GAUGE YFTS .

***** CONCRETE EXAMPLES of NON-ACTION STRUCTURE GROUDODS

of IMMEDIATE PHYSICAL INTEREST- E.G., THE
LU-WEINSTEIN

INTEGRATIONS of POISSON-LE GROUPS ,
E THE ASSOCIATED DUALIMES...

****** GAGING of NON-IsoMETRIES in THE PAGU-MODEL ,

******* THE ROLE Of THE COAUGMENTING GERBE In DEFORMATION QUANTISATION
CAPTURED by THE POISSON F-MODEL...
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Y


