DESCENT OF DIFFERENTIAL FORMS AND PRINCIPAL C*-BUNDLES

RAFAL R. SUSZEK

ABSTRACT. A constructive analysis is presented of the necessary and sufficient conditions for the
descent of a principal C*-bundle with a compatible connection to the base of a surjective submersion.
Inspiration is drawn from the study of the descent of differential forms to quotient manifolds for free
and proper group actions, subsequently generalised to that along arbitrary surjective submersions.
The general results are specialised — in a boomerang move — to the case of the descent of flatly
equivariant bundles of the said type to smooth orbispaces of Lie-group actions, of relevance to the
gauging of rigid smooth symmetries in field theories with a topological charge.
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1. INTRODUCTION

Symmetry is one of the deepest and most powerful guiding principles in the study of physical mod-
els. In one of its instantiations — the Gauge Principle — we are confronted with the task of descending
the dynamics from the configuration space to the space of orbits of the action of the (rigid) symmetry
group, and so, whenever — as, e.g., in the o-model — there exists a higher-geometric object (e.g., a
bundle, a gerbe, an n-gerbe etc.) over the former space, which codetermines the original dynamics (in
the said example: through a Cheeger—Simons differential character), we are prompted to answer the
more challenging question:

Question 1: Under what circumstances does a higher-geometric object descend from a manifold to

the space of orbits of an action of a group on that manifold, or, more concretely, when is the object

isomorphic to the pullback of an object (of the same type) along the projection to the orbispace if the
latter is a manifold?

The bonus of finding a structural answer to the above question is the following: It enables us to
model the higher-geometric objects on an orbispace with the distinguished higher-geometric objects
on the mother manifold even if the orbispace is not a manifold, and similarly for the field theory.
Thus motivated, we shall approach the problem is steps, starting with the largely tractable issue of
descending a differential form to the orbispace, which we subsequently generalise to that of descending
a differential form to the base of an arbitrary surjective submersion. The generalisation shall provide
us with a useful intuition that we shall employ towards solving the original problem.

2. AN ETUDE ON DIFFERENTIAL FORMS — THE EMERGENCE OF A COHOMOLOGY-FREE COMPLEX

The higher-geometric objects that co-determine o-model-type field theories of interest (to us) arise
as ‘geometrisations’ of Maxwell-type cocycles in the de Rham cohomology (possibly further refined, as
in the Wess—Zumino—Witten or Green—Schwarz case), and so it seems natural to start our journey by
carrying out a thorough investigation of the descent of these tnsorial objects. Prior to taking up the
challenge of elucidating the descent in the case of an arbitrary surjective submersion, we first deal with
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the familiar (and physically much relevant) setting: Let G be a Lie grou;ﬂ of dimension d, and let M
be a smooth manifold of dimension D equipped with a smooth (left) action

A GxM—M : (gm)—g>m=A(m).

The latter induces on M an integrable distribution spanned by the fundamental vector fields in
the image of the G-equivariant Lie-algebra homomorphism

Ki(2) i g—T(TM) : X — =T((c.0))(X,010s(2)) = Kx(2) s
with values
Kx (m) = & og Aexp(otwx) (M) € Ty M.

The integral leaves of the distribution are the orbits of the action, and if — as we shall assume henceforth
— the latter is free and proper, The Quotient Manifold Theorenﬂ ensures that there exists a(n essentially
unique) smooth structure on the orbispace

M|G={Gpm | meM}
with respect to which the projection
gt M— M|G : m+— Gp>m
is a surjective submersion. In this setting, we arrive at a counterpart of the question from the Intro-

duction:

Question 2: Which differential forms on M are pullbacks of differential forms along the projection
to the orbispace if the latter is a manifold?

It is completely straightforward to solve the problem thus posed. Indeed, let O ¢ M be the domain of
a coordinate chart

KE(xu)#eﬁz(£a7UA)(a,A)61,D7dxﬁ : OiUCRXD_dXRXd

,A)el,D-dx1,d
m— (2"(m), v (m))
in which the v# coordinatise the integral leaves, whereas the 2% — the transverse directions (such
adapted coordinates are explicitly constructed in the proof of the said theorem presented in the notes).
The condition that a p-form w € QP(M) be the pullback of a p-form w € QP(M/G) transcribes into
the identity

|
oy = K M1 B2 oA L Hp — a ai az o, a
KW = Wy g, (2) 2P AdZH? Ao A TP = Wayay..a, (2%) d2® Ad2® A A dz®

(to be satisfied in a vicinity of every point in M in the respective local adapted coordinates). The
identity can be rewritten in the form

i x L * L
vAel,d'(WJHw_O A gaiAﬁw—O),
which is amenable to an obvious ‘globalisation’:
! !
Vxeg : Kx Jw=0 A Vgea @ Ajw=w.

The latter identifies the descendable forms as those which are g-horizontal (the first condition) and
G-invariant (the second condition), and so, altogether, G-basic.

Here, our analysis reaches an early crossroads — from this point, we may take it in one of the two
natural directions: Either we replace differential forms with (physically inspired) de Rham cohomology
classes, or we replace /¢ with an arbitrary surjective submersion. The first path leads to the highly
structured realm of equivariant cohomology, whereas the second one takes us rather directly to the
theory of higher-geometric descent, circumnavigating the wuthering heights of Cartan’s cohomological
model. Each of them is interesting in its own right, and each carries its share of relevance to the
subject matter of interest to us — indeed, they reconverge at a structural solution to our problem. We
choose the former path for the sake of brevity, and with the tranquillising foreknowledge that the path
chosen ultimately does, with a touch ingenuity, take us to the physically motivated goal defined in the

IMost of our conclusions remain valid in the more general setting of topological (or even discrete) group actions, the
generalisation affecting essentially only the tangential structure.
2¢f., e.g., Ref. [Sus2]] for a hands-on proof.



introduction, whereupon we rediscover equivariance from a new, non-axiomatic angle, more geometric
(although no less algebraic) than the alternative one offered by the second approach.

Let us first take a step ‘away’ from the original problem by considering an arbitrary surjective sub-
mersion (for which there is, a priori, no structural choice of the vertical distribution) and adapting the
question from the earlier part of the section to the new, more general context:

Question 3: Which differential forms on the total space of a surjective submersion are pullbacks of
differential forms along the projection to its base?

By way of setting up the scene and developing the language for the statement of the solution (and for
the subsequent considerations), we give, with hindsight, the following

Definition 1. Let M and X be smooth manifolds, and let @w : M — X be a surjective submersion.
Denote the cartesian powers of M fibred over X as

M[”]EMXXMmexXM:{(ml,mg,...,mn)eMm | Vi ¢ w(mi):w(mj)}.

n times

The nerve of the surjective submersion w is the simplicial submanifold
N(’)(Pairw(M)) = (M(w)(')7 d(®) = f)\r,(:;rl), s(®) =id 0 x 0 x idM[o—-—l])

~.(4) .
PI; "=Pri2,.. .4 Pr53)=Pr1 ,,,,, 3 —~(2)
i pr; "=prs_;

== MV MP] M

of the nerveﬂ of the pair groupoid (written in terms of 7 : M*2 (9 : (my,ma) —> (ma,my))

Pair(M) = (M, M x M, s = pry,t = pry,Id. = (idas,idas), 0 = pry 3,Inv = 1),

with the face maps

d(")—"gffl) 7/ N /4 0 (ml,mg,...,mml)»—>(m1,m2,7_ﬁ_.;,mn+1), 1€0,n
i+1

related in an obvious manner to canonical projections, and the degeneracy maps

Sgn) =idyr x 0 xidyn-i-p ¢ M — pplne]

(m17m2»- . ~amn) — (m13m27 ey T M1 TG4 1, TTG42,5 - e e 7mn)a 1€ O,TL— 1.
In other words, it is the nerve of the (sub)groupoid
Pairg (M) = (M, M xx M,s =pry,t=pry,Id. = (idas,idas), 0 = pry 3,Inv = 7),

which we shall refer to by the name of the w-fibred pair groupoid.
In what follows, we denote the pullback of a geometric object O (from a category with pullbacks)
along the face map pr; ,, , MUF s M) (with 1<iy <ig<...<ip<n+k, k>0)as

— *
Oliyin,..osin] =PYiyig,.in O

We need one last formal step prior to stating the solution to the problem in hand. This we take in

Definition 2. In the notation of Def.[l} and for any p € N, the descent (cochain) complex of @
in degree p is the semi-bounded cochain complex (P (w)(®), A(*):

Ao Ay Al Al Ala-) Aoy
0— — >QP(X) —= Q" (M) ——> QP(M[2]) = QP( [3]) L QP(M[Q]) .

with the coboundary homomorphisms

Ay =@ Aly Z(l)md(q)* Z(l)”“(qﬂ)*, qeN*.

3In order not to lose your nerve when reading on, consult App‘



Remark 3. The identities
A?n+1) OA1(]71) =0, neN
are readily checked by hand. The first of them derives as
A’(’l) o A’(’O) = (pr§ - pr{)w* =(wopry) —(wopry) =0,
whereas the remaining ones follow from the so-called simplicial identities
A"V od™ =d" P od™ i<y,

readily verified directly. Indeed, we obtain, for n >0,

P P 2 ntl k+l ;(n+2) * (n+1) * ne2 ntl k+l (n+1) (n+2)\*
Alniny © By = > 2 (1), °d, =2 2 (DM e d) )
k=0 =0 k=0 =0
e N T TR S R o g T | S T R N e A C T B C T A
= 2 X CDMUGTY o d™ )+ Y (dT o)+ 3 3T (G4 0 )
k=1 1=0 k=0 k=0 l=k+1
n+l k n+1 n  n+l
- _ i Z (_1)k+l (d](gn+1) o dl(n+2))* 4 i (d](gn-H) o d](€n+2))* N Z i (_1)k+l (dl(n+1) od](;’t+2))>ﬁ-
k=0 [=0 k=0 k=0 l=k+1
_ _n+1 ol _\k+l [ 7(n+1) (n+2)\* oo _1\k+l [ 4(n+1) (n+2)\* _
= DR o d™ ) > Y (D) (g 0 d) = 0.
k=1 1=0 k=0 l=k+1

The significance of the cochain complex introduced above is clarified in the following observation, due
to Murray, cf. Ref. [Mur96].

Proposition 4. In the notation of Def.[3 For any p € N, the cohomology of the descent complex for
w wvanishes identically,

Ker A?

- =0.

ImA

(-1
In particular, p-forms on the total space M that are pullbacks of p-forms on the base X are precisely

those from the kernel of AI(?l)’

Voearry ¢ ( Juear(x) : w=o'w — (prs = pri)wlpme =0 ) .

H* (2 (@), A®) =

Proof. Let U = {Uy } ey be an open cover of X = M (0] whose elements support respective sections
So Mo[éo]EZ/[a—>MEM[1], w oG, =idy, -

First of all, we trivialise the cohomology in restriction to the Mc[tl] =M, =@ '(Uy,) and their higher
fibred powers Mc[yn] = MM naM an. n>2. To this end, consider the smooth mappings

qéq) : M,gq] — M([Xq”] 2 (my,ma, ... mg) — (ga ow(my), mi,ma, ... ,mq), qeN*.
The corresponding pullback operators

WS =+ QP (MET) — ar (M), e =0 s or (b)) — ar(M), gen,

together with the zero map

g =0 - () —o,

compose a cochain homotopy between the identity and zero cochain maps on the restriction of the
descent cochain complex to the M,En], neN,

Aoy Al Al Ay Al Aoy
0 0 1 1 2 2 3 3 q-1 q
> (M) —2> or(mlM) or(mP) ar(MP) —2 . 0 gr (i) 2
/ . . .
P P P picx picx pix P
h(0>// hy e sy hay hiay hiarn)
/ id |0 id |0 id |l 0 id || 0 id |l 0
7/
7/

— >QP(MC[¥0])T)QP(M(EH)T)QP(M(EQ])T)QP(M£3])*)_“*)Qp(M(E‘Z])*).“

© [65) @ ©) (a-1) @
that is, we have

higeny © By + Ala-ny ° Mgy = apartery =0 =1dg, ey, g €N



Indeed, for ¢ =0, we obtain

o My 100 1 2510 = (m050) =10 =0
for g=1,
h?;;‘ o Ajgl) + AZ()O) o h’()’lo‘ = §él) *o (prg - prf) +wrog) = idjv[([,"] —(aom) +wrog) = idng“]
= Mgy

and, finally, for ¢ > 1,

q+1 ) q )
R A A L 3 Y T
i=1 =1
q+1 ) (g+1) . g ) (@O\*
= 2 DT o)+ 33 (1) (Y o pr?)
i=1 =1
_ (=(a+) (@) « i1 (= (a+) | (@), o i+l ( (g-1)  =.(0)*
= (P oci) + 3 ()T o q?) 30 ()M (S o pry”)
i=2 i=1

q+1 . . q . *
_ idjw[tﬂ + Z (_1)z+1 (ﬁrgqﬂ) o ng)) i Z (_1)1+1 (g(gq—l) ° ﬁl(q))
* =2 =1

= idm(le’D - lzq; (-1)’ (ﬁrgﬂl) og{ -l o ﬁgq))* = ide(Mgol) )
where the last equality follows from the identities:
fﬁ"gqﬂ) o\ (my, ma, ... ,Mg) = ﬁiﬂéqﬂ)(ga ow(my), my,ma,.. .,mq) = (ga ow(my), ma, M3, ... ,mq)
= (Ca ow(my), ma,ms, ... ,mq) = g(gqfl)(mQ, ms,...,Mg) = gfgqfl) o f)‘rgq)(ml, M2, ..., My)
and, for i€2,q,
PArz(fIl) ° g(gq)(mlam% s Myg) = f’\rz(g;l)(% ow(mi), m1,ma,.. .,mq) = (ga ow(mi), m1,ma, ;’;Lg’mq)
= <D (my,mo, 'ﬁ%{’mq) =l Do ﬁi“gq) (m1,ma,...,my).

Given wq € Ker A{ ) n QP (ML), the homotopy formula yields

_ Lo p P Do _ P y2ted P
Wa = My © Ay (Wa) + Al _yy o (S (wa) = ALy (A(y (Wa)) € Tm AT,

so that the cohomology does vanish locally over X.
Passing to the global level, let w € Ker A’(’q), so that, in particular, w', s € Ker A’(’q) n QP(M,Eq]) for
each a € o/, whence

whytar = Ay (A (@)
Choose a partition of unity {Q&O) = 0a }acr On X subordinate to U, and induce from it the pullback
partition of unity {gfxq) = wfq)ga}aed on M4 (for each ¢ e N*) using the projection
W(q) == WOPIy : Ml X
We have the obvious identities
w*Q((]O) = Qg}) , I3\rl(q+1) *Q((lq) - Qgﬁl) ’ qeN*,

and so may write

w= ) o w= > Q&Q)WFML‘?] = oY qu_l)(hl()(}c)y(wagﬂ)) =A1()q—1)( > ot hl();;t(wrM([j]))7
o174 e e o174

which yields the desired conclusion
P
welmA (g-1) -
O

We shall, next, lift the intuitions developed hereabove to the higher-geometric objects of interest.



3. THE DE(S)CENT CATEGORY

In this section, we discuss the descent of principal C*-bundles with compatible connections along
surjective submersions, drawing inspiration from Danny Stevenson’s PhD Thesis [Ste00], in which a
closely related issue was addressed in the context of gerbe theory. More specifically, we intend to an-
swer, in a structured manner, the following question:

Question 4: Under what circumstances is a principal C*-bundle with a compatible connection
(P, M, mp,C*, A) over the total space M of a surjective submersion w : M — X isomorphic to the
pullback along w of a principal C*-bundle with a compatible connection over the base X of the
surjective submersion?

We first identify, on the basis of the hitherto considerations, the object of our chief interest (cf.
Refs. [GSW10, [(GSW13]), which — as shall turn out presently — yields a succinct answer to a suitably
refined variant of the question posed above.

Definition 5. Adopt the notation of Def. The principal C*-bundle descent category
C*-BunDes" (w)

is composed of
e the object class with elements, termed w-descendable principal C*-bundles with a com-
patible connection, given by simplicial principal C*-bundles with a compatible connection
P = ((P,M,7p,C*, A),x) over M(w)®), i.e., pairs made up of a principal C*-bundles over
M(w)(©,
C* ~r~>P

P

M
with a principal C*-connection A € Q!(P), and of a connection-preserving isomorphism

Puy=di P =M s P M2 P =d(V P =Py

M2 M2

id /121

of principal C*-bundles over M (w)™), subject to the coherence constraint over M ()
expressed by the commutative diagram

d?*x=
Py = ds? "V p 2 g gD P e a1V P = Py
d((JQ)*XEX[zs] ;
d@*dgl)*P o dgz)*dél)*P - d((f)*dél)*P .
dl X=X[1,3]

(3.2)
o for any pair Pk = (P, M,7p,.,C*, Ax),xK), K € {1,2} of objects, a morphism class

Homex g unmes? (w) (Pl , Pa )



with elements, termed (connection-preserving) w-descendable (principal C*-bundle)
morphisms, given by connection-preserving isomorphisms

|31%_|:>2

((b,idM) : TPy TP,

ldM

of principal C*-bundles over M (w)(®), subject to the coherence constraint over M ()™
expressed by the commutative diagram

Piuj=d” P —— = d{" P = Py g

Bppy=d @ dD*e=ap,; .

Popiy=d{V Py ——————d§V Py = Py )

Remark 6. Let us unwrap the above definition and, in so doing, work out formulee that will come in
handy presently. First off, we look at the definition of the bundle isomorphism y. Given that it covers
the identity on the common base of the two principal C*-bundles, we associate with it a smooth map

H: M, . P—P

with the property expressed by the commutative diagram

H

ME s P P
pry TP s
M2 M
pry

which enables us to rewrite x as

for any

X(mlam27p) = (mlam27H(m1am27p))

(my1,ma) € M*? such that w(m;) = w(msy) and p € P such that m; = mp(p). Let us, next,

establish a presentation of the isomorphism in local trivialisations of its domain and codomain. To this
end, we fix a cover {O;}ie; of M whose elements support the respective local trivialisations

Ti - 7T|;1(OZ‘) i> Oi XCX,

and the corresponding local potentials

A; = U;AEQI(OZ')7 UiETgl('al)

of the curvature of P. Subsequently, we define a subset

1P = { (i, in) e P2 | Oiyigy = (04, x O ) n MPl 2 g}

and use it index elements of an open cover {6(i1,i2)}(i1,i2)d[2] of the fibred square M!?! over which
both the domain and codomain of x trivialise as

~[A]

(i1,i2)

P[A] ra(il,ig) — 6(1'1,1'2) x C* - (m17m27p) —_ (mlam27pr2 OTia (p))a Ae {1a2} .

The latter maps have the obvious inverses

~[A]-1

T (i1,i2) : 6(i1,i2) xC* — P[A]f : (m17m27z) — (mhmz,Ti—Al(mA,Z))-

Oiy.ia)

Using these, we readily compute local potentials of the pullback connection 1-forms

Apa) = praA,



to wit,
A[A] _ ~[A]* A

(i1,32) ~ 7 (41,i2)

* %k * A ~[A ~[A]-1
[A] :prAUiA-AEPrAAiA EQl(O(ihiz)), Eh],iz) = Eh],iz)("l)'
We also obtain, for any (mq,ms) € @v(ihiz) and z e C*, the local data

=(2] {1]

(ir,i2) O X° ?(z'l,_ml)(ml’ ma, z) = (m1,ma, A, iy (m1,m2) - 2)
of x, expressed in terms of some h;, ;,) € Cm(@v(ihh%U(l)). In other words, we have

H(mi,ma, 7 (m1,2)) = 7, (M2, hisy ip) (m1,ma) - 2) = 771 (ma, 1) < hay i) (ma,ma) - 2,
(3.4)

where in the last transition the C*-equivariance of the local trivialisation was used. The assumption
that connection be preserved by ¥,

(3.5) X A2 = Ay s
now translates into the local statement
Aiy(ma) = Ai, (myq) +idlog h;, 4y (M1, m2) .

Passing to the coherence constraint satisfied by y, we establish, for any (my,mso,m3) € M*3 with
w(ma) =w(mp), A, B€{1,2,3} and peP such that my = wp(p),

(m1,ma,mg, H(ma,ms, H(m1,mz,p))) = X[2,3(m1, mz, ms, H(m1,ma2,p))

!
= X[2,3]° X[l,?](mla ma, m37p) = X[1,3] (m17m27 m3ap) = (mla mz,ms, H(m17m37p)) ’
and, consequently, derive the useful ‘telescoping’ identity
(3.6) H(mz,mg,H(ml,mQ,p))=H(m1,m3,p).

Upon specialising the above identity to the case mj = ms = m3 = m and invoking the injectivity of x,
we derive the identity

(3.7) H(m,m,p) =p,
and so also — for mq =mg3 —
(38) H(m27m17H(m17m27p)) :H(mlamhp):p‘

The latter description also has a local counterpart. Indeed, define

108 = { (i, ig,i3) € TP | Oiyiguig) = (O x Osy x O3 ) n M 2 5

and set
dB =g
(il,’ig,is) . [B] O<i1=i2vi3) (7‘17127713)
(mlamQam37p) — (mlamQam37pr2 OTip (p))a B« {172a3}a
to obtain — for (B,C) € {(1,2),(2,3),(1,3)} —

X[B,C] ° T}f}[l [C]-1

)(m17m27m3az) = T(il,iz,ia)(mlam27m37h(iA,iB)(mA;mB) : Z) ’

2,13

and hence the anticipated local form

(3.9) iy iz) (M2, m3) - hiiy iy) (M1, ma2) = b, gy (Ma, ma)
from which we deduce the local counterparts of Egs. (3.7) and (3.8),
h(i,i)(ma m) =1, h(ig,il)(mQ;ml) = h(il,ig)(mth)_l .

Finally, we consider the local presentation of morphisms ®. Upon fixing a common trivialising cover
{O;}ier of M for Py and Pg, with the respective local trivialisations
A w;i(@i)i(%x@x, K e{1,2}
and the corresponding local connection potentials

AlK = o'iK*AKte(Oi), O"KETiKil('v]-)v

?

we arrive at a local presentation

7 o@o7! (m.2) = (m, fi(m) 2)



for some f; € C*=(0;,U(1)), which enters the relations
A? = Al +idlog f;
encoding the condition of preservation of connection,
D Ay = A; .

The coherence constraint of Diag. (3.3) imposed upon ® over M (w)® now reads, in the previous
notation adapted to the situation in hand (through attachment of indices 1 (for ;) and 2 (for x2) to
H and the hh,iz))

(3.10) Hy(my,ma, ®(p)) = ® o Hy(my,ma,p), pemp ({mi}),
and, locally,

h%il,iz) ’ prifil = pr;fiQ ’ h%ihiz) :
We have the desired

Theorem 7. Adopt the notation of Def.@ and denote by C*-Bun" (X;idx) the category of princi-
pal C*-bundles with a compatible connection over the base X of the surjective submersion w, with
morphisms covering the identity on the base. The pullback functor

&+ C-BunV (X;idy) — C*-BunDes" (w),
with components defined by the formule

& ¢ ObC*-BunV(X;idx) — ObC*-BunDes” (w)

(E7 X7 P, (CX7A) — ((W*B7 Ma TP, C* ) EW*AL idpr;w*B) )

& ¢ MorC*~Bun"(X;idx) — Mor C*~BunDes" (w)

(2,idx) (w”@,idnm)

( 21 = (E17X77TE17(CX3A1) (E27X77TE27(CX7A2)) 522 ) [ ( ﬁ*gl

in which Te+p = pr; and Pw = pry is to be understood as the covering map of w in the commutative
diagram

Pw=pr
TP =M gy P P
(3.11) Toep=Dry e
M — X

and in which

w* ®=idp x P .
T S

(3.12) (@ ®,idy) 7 popy =PI Pri=Toep,

M M

idas

is an equivalence of categories.

Proof. We begin by checking the well-definedness of the pullback functor #@*. Thus, consider the
pullback of a principal C*-bundle with a compatible connection P = (P, X, 7p,C*, A) along w, i.e.,
the principal C*-bundle with the total space given in Diag. (3.11)) and the connection 1-form

Pm*A=priA.
The relevant pullbacks to M by the canonical projections pr 4, A€{1,2} may now be written as

przw*E = M[z] prAXTFw*B w*E = M[2] prAxprl (MWXTFB E) = M[z] wOprAXTrBE = (’w o prA)*E,

6*22 ) )



with — under this identification —
(Ew A)[A] = pr2—
But by definition
W 0PIyl 21 = @ o pry M2,
and so we may take

(@*P),,, =pryw@ P = priw*P = (=*P)

(2]
with
(EW*A)D] = (EW*A)U] )

which justifies the choice of the trivial connection-preserving isomorphism

idprrep (w*E)[l] =, (w*E)[Q]

as the remaining datum in the definition of an object of C*~BunDes" (w) induced from P.
Next, take a connection-preserving isomorphism of principal C*-bundles over X

Ph——m—P

(®,idx) : Py TPy

X X

idx

and consider the pullback isomorphism (3.12)). Taking into account the triviality of the isomorphism
datum for both pullback bundles alongside the former identifications for the (double-)pullback bundles,
we arrive at the coherence condition of Diag. (3.3 in the form

id

* — 2 pri=rPy 2 - *
(w El)[l] = M[ ] woprlxﬂgl El M[ ] woprlxﬂgl El = (w El)[z]
pr;w*gsidM[Q]xé idM[Q]xéspr;w*g ,
* = M2l (2] =(z*
(w EQ)[l] =M wopr, XTrE2 E2 idp ‘ep M wopr; XWBQ EZ = (w EZ)[Q]
r¥w* Py

putting on display its triviality. Thus, the functor @* is, indeed, well-defined.

Next, we induce a principal C*-bundle over X from a descendable principal C*-bundle (P,x) =
((P,M,mp,C*, A), x). To this end, consider an open cover U = {Uy }qeer of X whose elements support
the respective local sections

So t Uy — M
of the surjective submersion w, i.e., we have
W oG, =idy, .
With these, we may associate the family of pullback principal C*-bundles

Pca=pr,

Eoc = C;PEZ/{@ So X7p P P

TP, =PTy TP

U, M

Sa

which over Uyp = U, NUs (assumed non-empty), with the corresponding sections
Sa,B = (gou gﬁ) : uaﬁ - M[Q] )
become related as

Xa,B = g;,BX : g;ﬁprfp =Uqp Ga.p XD (M[2] pr, Xmp P) =Uup o, %xp P =P ruaﬁ
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= Eﬁ ruaﬁ =Uap 5 Xmp P = uaﬁ o XpI4 (M[Q] pry Xmp P) = <;5pr§P

(337 (ga(x),gg(z),p)) = (x,p) e (m,H(qa(x),cﬁ(x),p))

= (2, (sa(2),55(2), H(sa(x), 55(x), 1)) ,
i.e., under the above identifications,
Xa,B = (prlvpr2 °oXxe (§a,ﬂ X ldP)) ’
so that over Unpgy =Us NUg NU, (assumed non-empty), with the corresponding sections

Sa, B,y = (gocagﬁ,g—y) : Z/{aﬂ—y — M[3]’

we obtain

S8, PTT,2XZX a8 1y 5.

C;VBWPTIP =P, tu EB Tuaﬁv = §;,5ﬁpr§P

apBy

* * — * * —_
Sa,8,4vPr1,3X=Xa,~ My, Sa,8,vPT23XEXE v Tuy g,

aBy

g‘;ﬁﬁprgp = E'y ruaﬁw E'y ruaﬂw = gl:ﬁﬁprgp

The disjoint union of local bundles:

Eu = |_| Ea
aedl

clearly is not a bundle (unless |¢| = 1), but it may be turned into one with the help of a construction
similar in spirit to that used in the constructive proof of The Clutching Theorem for principal C*-
bundles. Indeed, we may consider on P, a relation

T1 =22 €Uny an
(22,P2) = Xa,a0 (21.91) = (21, H(sa(#1),55(21),p1))
We readily check that it is actually an equivalence relation. Indeed, its reflexivity is ensured, for = € U,,
by property ,
T=2 €Uy =Una A Xa)a(l‘,p)E(m,H(§a(l‘),§a(l‘),p))=(.7J,p);
symmetry follows, for y € U,g, from property (and Upa =Uap),

($1,p1,041) ~Xen (962,172,@2) — {

(y7p2) = on,ﬂ(yapl) = (yaH(ga(y)aq,B(y)apl))

— (y,p1) = (v, H(58() 50 (), H(sa(y):55(y),p1))) = (v, H(s5(1),5a(¥),p2)) = Xp.0(y,p2) ;
and transitivity is, for u € Uyp~, a consequence of the telescoping identity (3.6) in its full form,
(U,pg) = Xa,,@(uapl) = (y7H(§a(y)a§B(y)7pl)) }
(u,p3) = X5, (uw,p2) = (4, H(s5(y), 5 (4),2))
- (u,p3) = (v, H(s5(9), 53 (%), H(sa ()58 (1), p1))) = (4, H(a(9): (), 1)) = Xaq (w,p1).-
Thus, the set of equivalence classes

EX = ( |_| Ea)/n(.,,

can be formed, with the redundancy of the assignment of fibres to a given point in an intersection of
distinct elements of the open cover U removed completely owing to the bijective character of the x, 3.
We induce on PX the quotient topology along the projection

T~ t Eu—)EX : (xupva)'_)[(xapaa)]7

i.e., we declare a subset W c PX open if its preimage under 7. is open in the disjoint-sum topology
on P,. The topology is readily seen to be Hausdorff due to the following fact: Each class [(z,p,a)]
contains at most one element with a given index as

(3.13) (y,q,@) € [(z,p,a)] = (¥,9) = Xa,a(2,p) = (2,p) .
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Consequently, whenever [(z1,p1,a1)] # [(z2,p2,@2)], we have the disjunction: Either z; # x2, in which
case the two base points haveﬂ open neighbourhoods U, , 3 4, A €{1,2} which separate them, U,, N
Uy, = @, and hence give us separating open neighbourhoods 7.(Us , <., X P x{aa}) 3 [(z4,p4,@4)]
in the quotient, or 1 = @3 € Uy, a,, in which case we may rewrite [(22,p2,a2)] = [(z1,p2,a2)] =
[(Xaz.a1 (21,p2), a1)] = [(21, H (Caz,0: (21),p2), 1) ], with P2 = H(Cay a4 (21),p2) # p1 = P1 by the above
argument, so that there exist separating open neighbourhoods Vi, 3> pa, A € {1,2} in the Hausdorff
space P that yield separating open neighbourhoods m..(U% 6oy Xmp Vpa ¥ {a}) 3 [(w4,pa,04)] with
Ut = U, n ol (mp(V5,)). Having established the structure of a Hausdorff topological space on PX,
we may, next, identify the anticipated principal C*-fibration over X. In order to be able to invoke
essentially the same arguments as in the aforementioned proof (i.e., employ the local structure on the
local models P,), we need to refine the original cover U relative to the pullback covers of its elements
induced by any trivialising cover O = {O;};c; for (the base M of) P, coming with the respective local
trivialisations

it mp (0;) = 0; x C*,
that is, we consider the open sets
Uain) = N0 Uy, in€{iel | <oUa)nO;+a@ }=1,,
obtaining the cover

X = U U u(a’»ia) :

aedl iq€ln
Over elements of the refined cover, we have mappings
T(ajia) * EX ru(a‘ia) - u(u,ia) x C* [(x,pa a)] > (.’E, pTy © T, (p)) )
which — by (the argument leading up to) (3.13) — are bijections with inverses
Tlaia) © Ulin) X C —PXhy 0 (@,2) 7 (2,77 (2, 2), @) ],
and so — tautologically — homeomorphisms. These can subsequently be used to import the smooth

structure from the local models P,, whereby they are promoted (tautologically, again) to the rank of
diffeomorphisms. As such, they become local trivialisations of the ensuing principal C*-bundle

O~ PX

Tex wEx([(z,p,oz)]):x.

At this stage, we still need to derive the transition mappings associated with the above trivialisations
and verify their smoothness. To this end, pick up a point = € Ui,y NUsjs) = Ulayin)(s.js) and
peP (2 € (O, ), so that H(sa(x),55(x),p) € P,y € 15" (O, ). We then find

I(a,ia) o IZé,jB)($7 Z) = I(a,ia) ([({E7 Tj_ﬁl (‘T7 Z)a 6)]) = I(a,ia)([(XB,a((E7 7—]’_51(377 Z))a a)])
- I(ayia)([(a:, H(g,g(x), Sa(), T]Tlgl(x, z)), a)]) = (a:,pr2 oT;, © H(gﬁ($)7§a($)77'j_ﬁl(x’ Z))) ,
with
pryoT;, o H(gﬁ(x),ga(x)7 Tj‘ﬁl (z, z)) = prQ(ga(x), h(jﬁ’ia)(gg(x),ga(x)) . z) = h(jﬂ’ia)(gg(x),ga(x)) -z,
cf. Eq. 7 and so conclude that the transition mappings take the manifestly smooth form

I(ia)(B3s) = Biallpin) * Uaia)(8.55) — U().
Note that the relevant 1-cocycle condition is ensured by identity .
Having descended P to a principal C*-bundle over X, we may, next, endow it with a connection.
Let us start with the pullback connection 1-form

Aq =P A=priA
on P,. Over U,g, we find the identity

XepAs = XepPshA=xl sprsA=(pry,pryox o (sasxidp)) priA=(pryo x o (sa,s xidp)) A

4The base is a manifold, and so it is Hausdorff.
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= (Sa,p x1dp)" X" Ar2] = (Sa,p x idp) *A[1] = (Sa,p x idp) "Ps A =P A= As

cf. Eq. (3.5). The last result means that the A, descend from the disjoint components P, to induce
a smooth connection 1-form

AX e Q1 (PX)
on the quotient P, with the property

Thus, altogether, we obtain a principal C*-bundle with a compatible connection
BX = (EX7X77TE>(’(CX7AX) .

We shall now pull back PX along w and compare the resultant bundle over M with the original
bundle P. For that, we shall first formalise the obvious (canonical) connection-preserving isomorphisms:

Lot PXly — Po ¢ [(2,p,0)] — (2,p), acd.

Their diffeomorphic character (with respect to the above-induced smooth structure on the domain)
is implied by the following observations: In any neighbourhood U,y ¢ Us, the (global) map ¢4
decomposes as

Lo = (idx x T{al) o (pry,Sa xidex) © T(a,in)
in terms of smooth maps. Its (global) inverse
i (2,p) = [(z,p,0)],
on the other hand, factorises, over the same neighbourhood U, ;.), as
L;l = I(_;yia) o (idX X PIy 0 Tia)

in terms of smooth maps. Clearly, the ¢, preserve the connections. These properties are inherited by
the pullbacks

To =Wy @ w PX wal(ua) = W*(EX fua) — @ Pa-

Secondly, we need the smooth maps
So : w t(Uy,) — MPT m— (m, s 0 w(m)), aed
to define the pullback bundles
Qp[l] = w_l(ua) Say Xpry (M[z] pr, X7p P) = w_l(ua) idps Xmp P= wa—l(ua) )
Py = @ (Ua) Tay Zpry (M[Q] pry Xmp P) =@ ' (Un) cuowXnp P= M @ Xpr, (ua Sa X7 P) =w P,
related by the (connection-preserving) pullback isomorphisms
Na ZToX ¢ Plomiqu) =SaPpy — ShPro = @ Pa .
With all requisites in hand, we may finally define the composite connection-preserving isomorphisms
Na =75 oXa : Plo-iau) = w*PX Moot (Us) -

In the remainder of this part of the proof, we demonstrate that the 7, are restrictions of a globally
smooth connection-preserving wo-descendable principal C*-bundle isomorphism

(3.14) Nrx) P = @' PX.

In order to attain our goal, we need to work out the explicit form assumed by the ¥, under the
above identifications. We have, for any m € M such that w(m) e, and peP,,,

Xa @ P= (m, (m,ca ow(m),p)) — (m, (m,ga ow(m),H(m,ca ow(m),p)))

= (m, (@(m), H(m, s o @(m),p))),

whence

1a(p) = (7p(p), [ (@ o me (p), H(mp (p), 5o 0 @ 0 mp(p),p), ) ]) -
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Let, now, m ¢ w’l(uag) and p € P, as before. Using the definition of the quotient PX in conjunction
with the telescoping identity (3.6[), we then obtain the desired equality

ns(p) = (mp(p),[(womp(p), H(mp(p),sp 0@ ome(p),p),B)])

(e (p), [(@ o mp(p), H(cs 0w 0 mp(p), < 0w 0 e (p), H (mp (1), 55 © @ o 7 (p), p)), ) ])

(’TFP(p), [(w © WP(p)vH("TP(p)»ga ow o '/TP(p)vp)va)]) = 77a(P) ,

which proves the existence of an isomorphism ((3.14). It remains to verify that the latter satisfies the
identity expressed by the commutative diagram

X

P[l] P

(P, x)[1] |
X

[2]
N(P,x) [2]
= (wopr,) PX (=opr)'PY=(=PY),,

‘dpr’{w*BX

This we do by computing, for any (my,ms) € M with w(m;) = @w(my) €U, and peP,,,, and with
the above identifications in mind,

NP 2] © X(M1,m2,p) = 1P ) 121(m1, ma, H(mi,ma,p)) = (m1,ma,nq o H(my,ma,p))
(mlamQa [(w oTp O H(m17m2ap)?H(ﬂ-P ° H(mlam27p)7§a cwoTp o H(mlam2ap)?H(mlam27p))aQ)])
(m17m27[(w(m2)7H(m27§o¢ Ow(mQ)vH(m17m27p))7a)])

(ml,mg, [(w(mg),H(ml,ga ow(mg),p),a)])

(where we have taken identity (3.6]) into account once more), and comparing it with

N 1 (m1,ma, p) = (M1, ma, na(p)) = (M1, ma, [(w o mp(p), H(mp(p),sa 0 @ o mp(p),p), a)])

= (m1,mo, [(w(ml),H(ml,ga ow(ml),p),a)]).

Thus, the equality w(m) = w(msz) ensures the commutativity of the diagram. We conclude that

N(P.x) € HoMex _gunm et () (P X), & PX) .

We now pass to the morphism component of the inverse of the pullback functor Z* under recon-

struction. Thus, we consider a connection-preserving isomorphism (®,idas) : Py =, P2 subject to the
coherence condition expressed by Diag. (3.3)), encoded in the functional relation (3.10)). We commence
its descent by defining the local pullback (connection-preserving) isomorphisms

idy, xa

o, = gZ(I) : Pia=U, Sa Xp, Py U, Sa X 7Py Py=Ps,.

These compose a connection-preserving isomorphism

|| @0 : Piu— Pay
aeol

and satisfy the identity expressed by the commutative diagram

X1a,B8
Piatu,, Piglu,,
D gﬁ
Paalu,, s Paglu,,

Indeed, we compute, for z € Uy,s and pe (womp,) ' ({z}) and using Eq. (3.10)),

D50 x10,8(,0) = (7, (cal2),55(2), Hi(sal(2),55(2),p)))

= (JS, (ga(x),gﬁ(ﬂf)a(b °H1(§a($)7§ﬂ($)7p))) = (337 (%(37)7%(@7H2(§a($),§5(33)7¢’(p))))
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= x20,8(7,2(P)) = X205 © Pa(@,p).
Consequently, we may define the descended connection-preserving isomorphism
QX2 PY— Py [(2,p,@)] > [ (2, 2(p). )]
The definition makes sense as for any other representative of the argument class we obtain

@ ([(2, Hi (s5(2), 50 (2),0), 8)]) = [(2, @ 0 Hi(s5(2),5a (), p), 5)]
= (2. Ha(65(2) 50(2), 2(1)). 8)] = [(2, (), @)] = 23 ([(,p. )]) -

Clearly, we have, for any P as above,
idpXX = idpx
and, for any (®a,idy) €cx_punpes?(w) (PasPas1), A€ {l,2}
By o By XIXS = PX2XE o GXIX2
Thus, altogether, we end up with a covariant functor
Desc : C*-BunDes” (w) — C*~Bun" (X;idx)
with the object component
Desclop cx—Bundes¥(w) ¢ (PyX) —> PX
and the morphism component

(®,idar) (@X1X2idx)

(P2, x2) ) — ( P Py ) )

Upon pulling back the descended isomorphisms to the total space of the surjective submersion,

Desc rMor(CX—‘Buni)esv(w) : ( (Pl’Xl)

a*(@XI1X2,idX) . a*B)l(l = @*B;(z,

we may, next, ask the natural question as to the commutativity of the diagram

]
P1 P2
(P1,x1) M(P2,x2) |
w*P)l(l wx-P%(Q
— w* PX1oX2 —

This can be checked in a direct computation,

W*QXMXQ © 77('P1,X1)(p) = W*thXQ (TFP1 (p)7 [(w o Tp, (p)7H1(7TP1 (p)aga O T oTp, (p)vp)7a)])

("TP1 (»)s [(w omp, (p), P o H1(7TP1 (p),Sa 0w o TP, (p)vp)»a)])

= (ﬂ-Pl (p)7 [(w © TPy (p)7H2(7TP1 (p),(a oW oTp, (p),(b(p)),a)])

(ﬂ-PQ ° q)(p)v [(WOWPQ ° q)(p)vHQ(ﬂ—Pz O(I)(p),ga O W O TP, ofb(p),@(p)),a”)

= 77(7)279(2) Oq)(p)7

carried out for an arbitrary p € (womp,)™ (U ). All in all, the n(p ) compose a natural isomorphism

n.= {U(P,X)}(P,X)eObcx—%unmgV(w) : Idcn%un@eﬂ(w) ——— @" o Desc .

We complete the proof by showing that Desc is also a left functorial inverse of Z*.
Given a principal C*-bundle P = (P, X, mp,C*, A), we consider the pullback descendable bundle

7%*2 = ((W*E =M WXWB Ea M; pry, Cc* P pr;A)a id(thprl)*E) )
and subsequently identify
(@*P)a

Ua Sa Xpry (M WX’TTBE) =U, gaXnBEEEFua s
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so that

Xo,8 =idpp,

Ua,p

and, accordingly,
(w*E)id(WOPH)*B = E’ (pr%A)id(WODH)*B = A,

or, quite simply,
Desco@*(P)=P.
Thus, we obtain the (trivial) connection-preserving isomorphism
Up =idp ¢ Idex gunv(xiidx) (P) —> Desco @ (P).
Passing to (iso)morphisms,
(@,idx) : P1 — Po,
we find, under the above identifications,
(a*(gj idX))idwoprl)*gaid(woml)*g = (®,idx),
and so
Desco@*(®,idx))odp, = (@,idy)oidp, = (®,idy) =idp, o (®,idx)

1922 ° IdCX—‘BunV(X;idx) (@, idX) :

We conclude that the ¥p» make up a natural isomorphism

v.= {ﬁB}BeOb(CX—‘BunV(X;idx) : IdCX—‘BunV(X;idx) = Desco @" .

4. DESCENT THROUGH EQUIVARIANCE
Now that we have derived a perfectly hands-on answer to Question 4, we may return to the origi-

nal Question 1 and extract an answer to the latter from a specialisation of the former. Thus, we enquire

Question 1’: Under what circumstances is a principal C*-bundle with a compatible connection
(P, M,7p,C*, A) over the total space M of the surjective submersion myyc @ M — M|G
isomorphic to the pullback along i of a principal C*-bundle with a compatible connection over
the quotient manifold M |G (whenever the latter exists)?

The answer can be read off from Thm. It is quantified (and the question itself is made precise) by
the equivalence of categories

Tage © C=Bun’ (M/G;idyyc) = C-BunDes" (my/c)

which, however, we want to massage into an equivalent form based on a ‘more natural’ description of the
nerve M (7 ) of the projection to the orbispace. To this end, note the existence of diffeomorphisms

E(n) : GxaniM(’ﬂ'N[/G)[n], n € N*

(GnsGn-1,---,91,Mm) —> ((m,gl >m), (g1 >m,goq >m),...,(Gn-1:1 > M, g1 > m)) ,
written in the shorthand notation
9k:1 =9k "9Gk-1""""91,
which together with the identity map (®) =idy; compose a simplicial diffeomorphism
e® + N® (G M) > N® (Pairy,, (M)
based on the equivalence of Lie groupoids
(5(0),5(1)) D G M — Pairy,, . (M)
between the action groupoid

Gy M = (M,G x M, s =pry,t=\I1d = (e,-),0= (m(; Opr173,pr4),1nv = (InvG Oprl,)\))
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and the 77 /g-fibred pair groupoid of Def. Invertibility of the latter functor,
(5(0>7€(1>)‘1 = (@1 M1y,
immediately yields an equivalent solution to our original problem: It suffices to ‘pull back’ the descent

category (CX—%un@eﬁv(ﬂ'M/G) from N(')(PairﬁM/G (M)) to N®)(GxyM) along the diffeomorphism
£(*). The intuition is made precise and concretised in

Theorem 8. Adopt the hitherto notation, let o be a 1-form on G x M satisfying the identity
(4.1) Aé)gz(pr§’3+(idgx)\)*—(mg xidpr)*)o=0
over G*2x M, and let (CX—%unV(M)S be the category of (G, p)-equivariant principal C*-bundles

with a compatible connection over M, composed of

e the object class with elements, termed (G, p)-equivariant principal C*-bundles with a
compatible connection, given by simplicial principal C*-bundles with a compatible connec-
tion P = ((P, M, 7p,C*, A),7) over N (Gx\ M), i.e., pairs made up of a principal C*-bundles
over N (G M) = M,

(CX

with a principal C*-connection A€ Q' (P), and of a connection-preserving isomorphism

AP = (G x M) xxn, P ! (G x M) pr,%n, P=priP oI,
pry pry R
GxM - GxM
idgxm

of principal C*-bundles over NV (GxyM) = G x M (Z, is the trivial bundle of the said type
equipped with the connection 1-form prid+o, where ¥ € Q1(C*) is the (left- Jinvariant Maurer—
Cartan 1-form on the Lie group C*), subject to the coherence constraint over N(Q)(GIXAM) =
G2 x M expressed by the commutative diagram

pri 37 .
pr;,3)\*P pr§73pr;P ®Ipr§ 50 (mg xidar) "pryP ® Zimgxidp)*o ®I(pr§’3—(mc;xidM)*)g

(mgxid ) y®id

(ldG X )‘)*)‘*P ®I(pr§73—(m(; xidps)*) o (mG x id]VI)*A*P ®-,Z’.(pr;3
(4.2)

—(mgxidp)*)e

. * *
(idg x A\)*prsP ®IA%2)Q %@dcﬂ)\)w@id
e for any pair Prx = ((Px,M,7p,,C*, Ax),vk), K € {1,2} of objects, a morphism class
HomCX—‘BunV(M)S (P1, PQ)

with elements, termed (connection-preserving) (G, g)-equivariant (principal C*-bundle)
morphisms, given by connection-preserving isomorphisms

pp—2> P,

(q)7 ld]\/[ ) : el e

Me————-M

ldM
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of principal C*-bundles over M, subject to the coherence constraint over G x M expressed by
the commutative diagram

AP, n

prsP1 ®Z,
(4.3) PRE pri®eid .

NPy = priPy ® T,

The equivalence (6(0),5(1)) induces an equivalence of categories
C*-BunV (M)§ = (CX—%un”Desv(wM/G) .
Proof. First of all, note that ¢ = 0 automatically satisfies condition (4.1)), and so it makes sense to

consider this possibility, which leads us to look for principal C*-bundles endowed with connection-
preserving isomorphisms

AP prsP
pry pTy
GxM=——Gx M
idaxm
subject to the coherence condition
* * pr;’S’Y * * : * *
pra sA“P pr3 spraP (mg xidps)*prsP
(mgxidar)*y
(idg x A)*prsP =<———  (idg x A\)*A*P =———= (mg x idp/)*\*P
(idaxA)*y

and, for any pair thereof, connection-preserving isomorphisms between them subject to the coherence
condition

P ——— 1 prsP1

AP pry®
* *
)\ P2 —>72 pr2 P2

among pullbacks of objects of the descent category along the diffeomorphism e(?) and — respectively —
pullbacks of morphisms of that category along the diffeomorphism £(?). But under the former pullback,
Diag. (3.1)) is readily seen to transform into

5(1)*— "
Mg pzprsp — X \p=cMxg(V*p
pry pry 5
Gx M - GxM
idaxm
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whereas the pullback of Diag. (3.2)) along @) takes the form

5(2) *de) *szr;):ss(l) *x

5(2)*dgz)*d§1)*P = pr} 4pr5P 6(2)*(1;2)*6%1)*'3 = pri g A*P 5(2)*d(()2)*d§1)*Ps (idg x \)*eM *prip

<@ *a(D %y magxayteM*x

e@*aP g *p = (mg xidp)*priP e@*aD (D *p = (mq xidpr)* AP e@*a(D gD *p = (1dg x A)*A*P

(2 *d§2) *»yz(meidlu)*z(l) *y

so that we are led to the invertible postulate
E(l) *X _ ,y—l'
The ultimate confirmation comes from inspection of the pullback of Diag. (3.3)) along e,

(1) *
e g Py =prspy — X MgV *p, = AP,

eM* g p=pria 5(1)*d81)*<1>5)\*<1> ,

) *dgl)*Pz = pr3Ps 1)+ ’ 5(1)*‘1((31) Py = APy
€ X2

which completes the proof. O

Putting the two main results of the present exposition together, we arrive at the final answer to the
question from the Introduction:

Corollary 9. Under the previous assumptions, and in the hitherto notation, there exists a canonical
equivalence of categories

C*-BunV (M)§ = C*-Bun" (M/C; idar/c) -

APPENDIX A. NEVER LOSE YOUR NERVE
Some useful phraseology, lest the Avid Reader should lose it. . .
Definition 10. Let C be a category with the set of objects Ob(C). A simplicial object (X,,d(*),s(*))
in C is a collection of objects X, € Ob(C), n € N, together with distinguished morphisms: the face
maps dg”) € Home (X, X,-1) and the degeneracy maps 55") € Home (X, Xp11), defined for all
0 <i <n and satisfying the simplicial identities:

d" M od™ = d"Vod™, i<y,

8§n+1) o Sgn) _ S;:_qu) o sgn) ’

<7,

s od™ i i<y,

idx, if i=jori=j+1,
s od™ i isjl.

d§n+1) o 5§n)

A simplicial object in the category Set (resp. Top, (s)Man etc.) is termed a simplicial set (resp.
space, (super)manifold etc.).

A fundamental class of examples is provided by nerves of categories (c¢f. Ref. [Seg68]).

Definition 11. Let C be a small category with the set of objects Ob(C), the set of morphisms
Mor(C) and structure maps s : Mor(C) — Ob(C) (the source map) and ¢t : Mor(C) — Ob(C)
(the target map), respectivelyﬂ The nerve of C is the simplicial set No(C) with the following data:
No(C) = Ob(C) and, for n >1,

Nn(C) ={ (f1, fas - fn) €Mor(C)™ [ £(fi) = 5(fis1) }

()

1

50ne should not confuse the source map s with a degeneracy map s
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i.e., N,,(C) is the set of all n-tuples of composable morphisms (note that in this ordering convention f;
and f;+1 are composable if f;,;o0 f; makes sense). The degeneracy maps are: so(a) =id, for a € Ob(C),
and, for n>1,

Sgn)(flafZa--wfn):(f17f27"',fiaidt(fi)7fi+17~~-;fn)-
The face maps are: do(f) =t(f) and di(f) = s(f) for feMor(C), and, for n > 2,

(f?af?)v"wfn) for iZO,
A (fro fareoo i fn) =3 (1o foreoos fisn o finooo s fu) for O<i<n,,
(fisfas- ooy frm1) for i=n.

<

A natural context for physical applications of nerves and higher-geometric structures over them is
provided by the study of (super-)o-models of dynamics of extended distributions of (super-)charge in
ambient geometries in the presence of defects (and so, in particular, symmetries, including the gauged
ones, and more general dualities of the underlying field theories), cf., e.g., Refs. [GSW10, (GSW13]
Sus22].
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