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INTRODUCTION

HAMILTONIAN MECHANICS LAGRANGIAN MECHANICS

· ASSOCIATED WITH A PHASE SPACE P

WHICH IS SYMPLECTIC (PW) OR POISSON

(P,A) MANIFOLD
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INTRODUCTION

HAMILTONIAN MECHANICS LAGRANGIAN MECHANICS

· ASSOCIATED WITH A PHASE SPACE P · LIVES ON" THE TANGENT BUNDLE

WHICH IS SYMPLECTIC (PW) OR POISSON TM

(P,A) MANIFOLD
· LAGRANGIAN FUNCTION 2: TM < IR

·C OR 1 ARE USED TO PRODUCE A - VARIATIONAL CALCULUS GIVES EULER-

VECTOR FIELD FROM A HAMILTONIAN LAGRANGE EQUATIONS AND DEFINITION

FUNCTION H :PR OF MOMENTA

OR
SYMPLECTIC Xy - W = ol

· LAGRANGIAN FUNCITION + TULCYJEW MAP

POISSON df-1 = XH
<

p
: TT*M > T * TM

IN DARBOUX COORDINATES qi = A pi =- GIVES PHASE EQUATIONS ON T*M

USING POISSON BRACKET : = 47,My QUESTION : WHAT GEOMETRIC STRUCTURE IS

RESPONSIBLE" FOR LAGRANGIAN

MECHANICS ? > ALGEBROID
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TULCIYJEW TRIPLE

M-CONFIGURATION MANIFOLD

TM-POSITIONS & VELOCITIES TM-POSITIONS & MOMENTA-PHASE SPACE

D
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T *T*MS TT*M >T *TM
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7
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I
X
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in L M -M
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P =Xa(T +M) = B(dM(T*M) D= 2(d2(TM)
F

BOTH
CAN BE

GENERALIZED
/SOME LAGRANGIAN SUBMANIFOLD

OF T* TM

D = B(Sn) D =2(54)
I 6/35

SOME LAGRANGIAN SUBMANIFOLD OF T* TAM
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, -)
EXAMPLES - MASSIVE AND MASSLESS RELATIVISTIC PARTICLES ↓
IN THE FOLLOWING WE ASSUME THAT M IS AN AFFINE MINKOWSKI SPACE WITH CONSTANT METRIC M .

ONE MAY WORK AS WELL WITH THE SPACE-TIME OF GENERAL RELATIVITY AS LONG AS WE TREAT PARTICLES AS

TEST PARTICLES I
. E. NOT BEING SOURCES OF THE GRAVITATIONAL FIELD

.

M7q TMEMXV TM = MXV*

- : V < V * -(5) = y(i) 101 =

y(0,
2)

y (0,2) > 0

Bu Cn
T

*
T*M < TTM > T * TM

MxV
*

+ V *
+ V MxV +

+ V + V*
MxVxV * + V

(4 , P ,
- p , q) < · (9 , P , Q , P I > (a , 8 , p , P)

D p * FREE PARTICLE OF MASS m

H : MxV * x /R > IR
if +

t -
+

2 4) , P , wy (P) , 0) :

L :MxV
+

>RH(0 , P , 2) = v (1p11-m)
<P, (p)) =m r >0} L(q , q) = m/ql

26
=0

Sc = 0(Mx V
+ )
2q

particles PARTICLE

&

4) q , 02 ,
0

,
m

(0) 1)
P

Hql
· TIMELIKE

*

ANTIPARTICLE p= (0)
= m

)
7/35

antiparticles "ll

LEGENDRE MAP IS NOT INVERTIBLE



GENERATING FAMILY :

h
F > IR (VA) <T * F Du = g(dhv(VF)))
V e + CONDITIONS FOR I ENSURING
Q V THAT DM IS ACTUALLY A SUBMANIFOLD

T*Q

GENERATING FAMILY IN MECHANICS

Se : T *M xnTM < I H (q , 0 , P) = < p , q) - L(q ,9)

SOMETIMES GENERATING FAMILY CAN BE SIMPLIFIED

L (q , q) = m 11qIl

M(9 , p , 8) = < p,> - ((9 , g) = <p, -

m 11ql

↓ En = 0 = p
- (G) =

p
-my( => a = v(p)

VELOCITY IS PROPORTIONAL

& (01P , 2) = < p ,
~ i (p) - m <(p

=

TO" (p) WITH POSITIVE

COEFFICIENT !
un

= WIp1- vm2 =

= r(lp1P - m2)
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MASSLESS PARTICLE

Bu Cn
T

*
T*M < TTM > T * TM

MxV
*

+ V *
+ V MxV +

+ V + V*
MxVxV * + V

(4 , P ,
- p , q) < ↓ (9 , P , 0 , P) I > (a , 8 , p , P)

WORLD LINE OF A MASSLES PARTICLE

LIES ON THE LIGHT CONE

D = G(q , p , q , p) : I pl = 0
, p = 0 q= rj(p)

H : Mx(V +)
=

+ /R
+

> I ↓
NON-CERO VECTORS

L : MxV" + IR
+

> R

H(q , q , y) =yy(p, p)

T 7

L(q , q ,y) =<ty y (0) , %)

THESE TWO GENERATING FAMILIES ARE

RELATED BY THE LEGENDRE TRANSFORMATION
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LIE ALGEBROID

THERE EXISTS SEVERAL EQUIVALENT DEFINITIONS OF A LIE ALGEBROID ON A VECTOR

BUNDLE T : E > M

E S
< TM

I 5 .

, . ] : Sec(t) x Sec(t) > Sea(F) ,

m = m
VB MORPHISM

ANTISymmetric [X
,] = - [Y

,
X]

,

JACOBl IDENTITY [x
,
[Y

, 2]] = [ [x
, Y], 2] + [7

,
[x

, 2]],

[X
,
fY] = f [x , Y] + g(x) (f) Y

, 8 t(0(M) .

EXAMPLES : (1
,
[

,
3

, idtm)
M

20 , [13 , 0)
404

PPG
FOR A PRINCIPAL BUNDLE TH WE DEFINE AP=TP/G

M

WITH SECTIONS BEING INVARIANTVECTOR FIELDS ANDG COMING from TS
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LIE ALGEBROID

THERE EXISTS SEVERAL EQUIVALENT DEFINITIONS OF A LIE ALGEBROID ON A VECTOR

BUNDLE T : E > M

E S
< TM

& [ .

,
. ] : Sec(t) x Sec(t) > Sea(F) ,

m = m
VB MORPHISM

ANTISymmetric [X
,] = - [Y

,
X]

,

JACOBl IDENTITY [x
,
[Y

, 2]] = [ [x
, Y], 2] + [7

,
[x

, 2]],

[X
,
fY] = f [x , Y] + g(x) (f) Y

, 8 t(0(M) .

2 AAR POISSON STRUCTURE A ON E * (4:3)
y y

COMPATIBLE WTH A VB STRUCTURE CLOSED ON LINEAR FUNCTIONS

HOMOGENEOUS OF DEGREE -1 : En
*

A=

ex : E< /
, ix(y) = <y ,

X)

[2x
, 2yy =

2 Ex
,y]

42x
,
π

*24 = π+ (g(x)f)
1

/
T : E *

> M 10/35



1 BRACKET OF Sec(T) & ANCHOR

2 LINEAR POISSON STRUCTURE ON E *

3 A HOMOLOGICAL DERIVATION de : A(E*) ACE) Of Degree 1

IN THE GRASSMANN ALGEBRA ALE *) OF E *

oE : AY(E *) < Alt(Et) ,

d = 0
,

dz(x-B) = (d4) 1 B + (-1)"21de(B) , at A
:

(E +)

RELATION WITH THE BRACKET

fe(P(n) = a (e+)
, def e AY(E*) (of, X) = g(x)f ,

neA(E *) de 4(X, Y) = g(x) <4 , Y) - g(y)( ,
X) - <x

,
[x

,7]).
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1 BRACKET OF Sec(T) & ANCHOR

2 LINEAR POISSON STRUCTURE ON E *

3 AHOMOLOGICAL DERIVATION DE OF DEGREE I

4 A DVB MORPHISM E : THE > TEA OVER THE IDENTITY ON E*

E
-

L

=

T * E

>=

X I =*

T
Te *

E ide* *
L

X X
S

E > TM
T i

M4
T

> M c
T

14135



1 BRACKET OF Sec(T) & ANCHOR

2 LINEAR POISSON STRUCTURE ON E *

3 AHOMOLOGICAL DERIVATION DE OF DEGREE I

4 A DUB MORPHISM E : T *E > TEA OVER THE IDENTITY ON E*

E

T * E
-

L
*

X I = RELATION WITH LINEAR POISSON
Te *

E
*

L I ide*

> L
*

T STRUCTURE

-

g* = E
T*M > L X TE >TE *

S
E > TM I

T i Res i

I =*
M4

T

> M c
T -* L

i
q. E =

oCOORDINATES
30 ° E = Mb

M : (qi) TE* (a" a, b) : o E = 9(a)y
E : (a) , ye) T* E (G , ye , P ; b) 3 E = Sb(a) y Ya

+ g(a) Pi 15/35

E *: (q" , 3a)
E(0 , ye , Pi / b)

= (a) , 46 , 90(a) y%,%(a) y ya + g(a) Pi)



1 BRACKET OF Sec(T) & ANCHOR

2 LINEAR POISSON STRUCTURE ON E *

3 AHOMOLOGICAL DERIVATION DE OF DEGREE I

4 A DVB MORPHISM E : THE > TEX

5 IN SUPERGEOMETRIC LANGUAGE :

A HOMOLOGICAL VECTOR FIELD ON THE SUPERMANIFOLD

TTE ASSOCIATED TO THE V
.

B. E >M

M =TE

CP(M) = A(E*)

VECTOR FIELD OE
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TULCLYJEW TRIPLE IN LIE ALGEBROID SETTING

D

i I
E

d T * E * > T E * < T *

E

E
* I =

> E
*

X - = E* -

dL

M

E

I

S

M

TM -

-

S

/E
↓ 2

,
4

THE TWO WAYS OF ENCODING A LIE ALGEBROID STRUCTURE PRODUCE THE

TULCLYJEW TRIPLE
.

THE PHASE SPACE IS NOW E*, WITH DCTE*.

DCAN BE GENERATED BOTH FROM LAGRANGIAN AND HAMILTONIAN GENERATING OBJECT.
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R
T E * <

E

T *

E
EULER-LAGRANGE EQUATIONS

E
*

x - = E* -

dL IN LIE ALGEBROID SETTING

TM -
S

8 : I < E

M => /E 2(d)(v(t))= X(W(t)

E(0 , ye , Pi / b)
= (a) , 46 , 90(a) y%,%(a) y ya + g(a) Pi) E-o = 1 +
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R
T E * <

E

T *

E
EULER-LAGRANGE EQUATIONS

E
*

x - = E* -

dL IN LIE ALGEBROID SETTING

TM -
S

8 : I > E

M => /E 2(d)(v(t))= X(W(t)

E(0 , ye , Pi / b)
= (a) , 46 , 90(a) y%,%(a) y ya + g(a) Pi)

(t) = g(q(t))y(t) /
ADMISSIBILITY CONDITION

(a(0(t) ,y(t)) = (b(a(t) y
% (t)Ea(q(t) ,y(t) + 9 b(ar(t)i(q(t) , y )

of (tye) -copyd -git = 0

19/35



D

I
T E * <

E

↑ *

Er
d

EULER-LAGRANGE EQUATIONS

E
*

x - = E* -

IN LIE ALGEBROID SETTING

TM -
S

E 8 : I < E

M => n 2(d)(v(t))= X(W(t)

E(0 , ye , Pi / b)
= (a) , 46 , 90(a) y%,%(a) y ya + g(a) Pi)

(t) = g(q(t))y(t) /
ADMISSIBILITY CONDITION

(a(0(t) ,y(t)) = (b(a(t) y
% (t)Ea(q(t) ,y(t) + 9 b(ar(t)i(q(t) , y )

EXERCISE FOR STUDENTS -> WRITE EULER-LAGRANGE EQUATION

of (tye) - Copyd-git ) - = 0 In Coordinates (gi ,%) Associateo

TO A BASIS OF SECTIONS OF TM- M DIFFERENT THAN

(8q1 ...., 20n) .
YO WILL SEE SOMETHING LIKE THE E-L

EQUATION ON LIE ALGEBROID WITH APPROPRIATE G AND &

DO WE SEE SITUATIONS LIKE THIS IN MECHANICS ?
20/35



CHAIR OF MATHEMATICAL METHODS IN PHYSICS
↑

KATEDRA METOD MATEMATYCINYCH FIZYKI



MECHANICS ON LIE ALGEBROIDS-FIRST EXAMPLE

ALGEBROIDS IN MECHANICS APPEAR E
.
G. AS A RESULT OF REDUCTION WITH RESPECT

TO SYMMETRIES
.

THE SIMPLEST EXAMPLE IS THE SYSTEM ON A LIE GROUD WITH INVARIANT

LAGRANGIAN

G - A LIE GROUP 2 : TG <R 2(Tlg(v)) = 2) 0) TG= Gxg 2(g , X) = ((X)
-LEFT MULTIPLICATION

BY g
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.
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TO SYMMETRIES
.

THE SIMPLEST EXAMPLE IS THE SYSTEM ON A LIE GROUD WITH INVARIANT

LAGRANGIAN

G - A LIE GROUP 2 : TG < /R 2(Tlg(v)) = 2) 0) TG= Gxg 2(g , X) = ((X)
-LEFT MULTIPLICATION

BY g

FULL TULCIYYEW TRIPLE

T* T* G E
BG
TTAG

XG
> T* TG

IN TRIVIALIZATION BY LEFT MULTIPLICATION TGIGAG ,
T*GE GAG

*

BG XG

Gxg
*

+

g
*

+

O G +

g
* +

G +

q
+ > G +

g
+ g

*
+

g
*
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MECHANICS ON LIE ALGEBROIDS-FIRST EXAMPLE

ALGEBROIDS IN MECHANICS APPEAR E
.
G. AS A RESULT OF REDUCTION WITH RESPECT

TO SYMMETRIES
.

THE SIMPLEST EXAMPLE IS THE SYSTEM ON A LIE GROUD WITH INVARIANT

LAGRANGIAN

G - A LIE GROUP 2 : TG < /R 2(Tlg(v)) = 2) 0)
-LEFT MULTIPLICATION

BY g

FULL TULCIYYEW TRIPLE

T* T* G E
BG
TTAG

XG
> T* TG

IN TRIVIALIZATION BY LEFT MULTIPLICATION TGIGAG ,
T*GE GAG

*

CALCULATED BY

BG XG *
MARCIN ZAJA

,

C IN HiS

Gxg
*

+

g
*

+

o
< G +

g
* +

G +

q
+ > G +

g
+ g

*
+

o
MASTER THESIS

19, 3 , ad 3 -

y ,X) 1(g , 3 ,
X

,3) > (g ,
X

, y -ad
*

3 , 3)
!

IN TRIVIALIZATION Tu(g , X) = (hy , X)
INVARIANT LAGRANGIAN 2(g ,X) = 2(hg ,

X) = h(x)

d((g , X) = (g ,
X

,
0

, d)(x)
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Gxg
+

+

g
+

+

q
>

BG G+

g
* +G+

g
+ 40

> G +

g +g
*

+ o

K =

Gxqx 40) x
COSTOTROPIC

7 SUBMANIFOLD

<

TANGENT PROJECTION
FROM GROUP V

ACTION Tg
*

E V SIMPLECTIC

L I I REDUCTION

g
+ x ot 1 g +

g
*

- *

of
/

AFTER REDUCTION I HAVE A MAP IN THE OTHER

DIRECTION
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Gxg
+

+

g
+

+

q
>

BG G+

g
* +G+

g
+ 40

> G +

g +g
*

+

o
*

K =

Gxqx 40) x
COSTOTROPIC

7 SUBMANIFOLD

<

TANGENT PROJECTION
FROM GROUP V

ACTION E V SIMPLECTIC

g
+ x
o
* L g +

g
* REDUCTION

y
AFTER REDUCTION I HAVE A MAP IN THE OTHER

DIRECTION

TG IS REDUCED

TgF

g
*

+

g
*

<
gx g

*
= T Of

TO LIE ALGEBRA

OVER A POINT

13 ,
00

/ 3) < 1 (X
, 3) 24
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Gxg
*

+

g
*

+

O
BG G+

g
* +G+

g
+ XG

-Gx
g xg

*
+ q

* COISTOTROPIC

7

k =

Gxgx 40) +

o SUBMANIFOLD

<

TANGENT PROJECTION
FROM GROUP V

ACTION E V SIMPLECTIC

g
+ x
o
* L g +

g
* REDUCTION

y
AFTER REDUCTION I HAVE A MAP IN THE OTHER

DIRECTION

TG IS REDUCED

TgF

g
*

+

g
*

<
gx g

*
= T of

TO LIE ALGEBRA

OVER A POINT

13 ,
00

/ 3) < 1 (X
, 3) 24

FULL DVB MORPHISM FOR o
E *

Tg* To of
*

x q* g
+

g
*

g ↳ ↑ -- ↑
C

g
* g

S
40y ~ gt"-

903 ,

gt 303
4034 of g

*

X X
L

4.3 I 4. ~ - ·

is
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D = E(d(g))
s

E

o
*

x of* q
+

o
*

↑

g
+ 1

4 -- g
* L ↑ ( dL

m

T *

903
g

*

·

90

·

is
-

LEGENDRE MAD : x :

q(q
+ X/(d(X)

DYNAMICS D = ((5 , 3) : 5 = dL(x); = ad,(dL(x)y

EULER-POINCARE EQUATION ON
O : ·) = ad*e↑

EULER LAGRANGE ONO

27/35



FURTHER GENERALISATIONS : SKEW ALGEBROIDS ...

WE HAVE SEEN ON PREVIOUS SLIDES THAT WHAT WE REALLY USE IN MECHANICS IS A LIE ALGEBROID

IN A FORM OF DOUBLE VECTOR BUNDLE MORPHISM
.

WE CAN THEN GENERALIZE IT DROPPING

ASSUMPTIONS : JACOBI IDENTITY
,

ANTISYMMETRY... UP TO JUST DUB MORPHISM THE > TE*

OVER THE IDENTITY ON F * DO WE NEED IT SOME OF IT -MAYBE

28/35



FURTHER GENERALISATIONS : SKEW ALGEBROIDS ...

WE HAVE SEEN ON PREVIOUS SLIDES THAT WHAT WE REALLY USE IN MECHANICS IS A LIE ALGEBROID

IN A FORM OF DOUBLE VECTOR BUNDLE MORPHISM
.

WE CAN THEN GENERALIZE IT DROPPING

ASSUMPTIONS : JACOBI IDENTITY
,

ANTISYMMETRY... UP TO JUST DUB MORPHISM THE > TE*

OVER THE IDENTITY ON E *. DO WE NEED IT? SOME OF IT - MAYBE

EXAMPLE : NONHOLONOMIC CONSTRAINTS + MECHANICAL LAGRANGIAN

WE START FROM LIE ALGEBROID (E , E) AND SUBBUNDLE KCE OVER M (FOR SIMPLICITY)

LAGRANGIAN IS ANY SMOOTH FUNCTION L : E > IR

FROM VARIATIONAL APPROACH -

- d'ALEMBERT PRINCIPLE

(a) yt ,yd) CONSTRA
sa

y = 0

qi =y

of(i) - C yD -cypEp -geti = 0

↑ THIS PART
,
PRESENT FOR ARBITRARY LAGRANGIAN

,
MEANS THAT

29/35WE CANNOT LOOK AT K ONLY
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ANTISYMMETRY... UP TO JUST DUB MORPHISM THE > TE*

OVER THE IDENTITY ON E *. DO WE NEED IT? SOME OF IT - MAYBE

EXAMPLE : NONHOLONOMIC CONSTRAINTS + MECHANICAL LAGRANGIAN

WE START FROM LIE ALGEBROID (E , E) AND SUBBUNDLE KCE OVER M (FOR SIMPLICITY)

LAGRANGIAN IS ANY SMOOTH FUNCTION L : E > IR

2 :K >E

FROM VARIATIONAL APPROACH - GEOMETRICALLY c:E
* >k

*

- d'ALEMBERT PRINCIPLE

↑ E
E

> TE* T2 +

> Tk

(a) yt ,yd) CONSTRA
sa

dL

1

~

=k

/k 2
K > E * > ↓

y = 0

qi =y

of(i) - Cyp -CypEp-get=

↑ THIS PART
,
PRESENT FOR ARBITRARY LAGRANGIAN

,
MEANS THAT

WE CANNOT LOOK AT K ONLY 30/35



FOR A MECHANICAL LAGRANGIAN :

t
G-BUNDLE METRIC ONE E = kQK

1

9 : EXME CIR / Pya 2(q",y
-

,y) = y y top - V(q)
BILINEAR y
POSITIVE DEFINITE

SYMMETRIC jax
= 0
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FOR A MECHANICAL LAGRANGIAN :

t
G-BUNDLE METRIC ONE E = kQK

1

9 : EXME CIR / Pya 2(q",y
-

,y) = y y top - V(q)
BILINEAR y -

POSITIVE DEFINITE

SYMMETRIC jax
= 0 THIS PART DOES NOT MATTER

i . E . WE CAN WORK WITH

y = 0 B
= 9a88" /y

= 0 LAGRANGIAN DEFINED

ON K ONLY

qi =y

of(i) - Cyp - C yep -get
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FOR A MECHANICAL LAGRANGIAN :

t
G-BUNDLE METRIC ONE E = kQK

1

9 : EXME CIR / Pya 2(q",y
-

,y) = y y top - V(q)
BILINEAR y -

POSITIVE DEFINITE

SYMMETRIC jax
= 0 THIS PART DOES NOT MATTER

i . E . WE CAN WORK WITH

LAGRANGIAN DEFINED

y = 0 B
= 9a88" /y

= 0
ON K ONLY

qi =y

of(i) - Cyp - C yep -get

E = KOmkt = K*&K
·

2 : KC> E P : E > K a = (A , x)

↓
y=0

siyf+ gn i 0
L

ITE ESTE (q" , yA0, Pj , 3 a10)- 194310 , giya , cybatg Pi , App Bargpt
T* P

1

↓Tit V

↑
3= 0

T* K
EK

> TK*

(qi , y , Pj , 3a)
Ek

~ (q"
, 3A , piyf , by

*

3A + 9Pi)
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E = kOnkt E
*

= K
*
&nK
·

2 : KC E P : E > K

↓
y=0

siyf+ gn i 0
L

ITHE ESTE * (q" , yA0, Pj , 3 a10)- 194310 , giya , cybatg Pi , App Bargpt
T* P

1

↓ V

↑
3= 0

T* K
Ek

, Tk *

(qi , y , Pj , 3a) (q43a , phyf , by
*

3A + 9'Pi)

WE HAVE A DOUBLE VECTOR BUNDLE MORPHISM T* K >Tk*

OVER THE IDENTITY ON K * CORRESPONDING TO

A BIVECTOR ON K *, BUT NO JACOBI IDENTITY

THE BRACKET ON K *
IS CALLED A NONHOLONOMIC BRACKET

THE THEORY WORKS FOR PARTICULAR LAGRANGIANS/HAMILTONIANS
ONLY
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ANOTHER EXAMPLE OF THE SAME TYPE

WORKS FOR MECHANICAL LAGRANGIANS
WITH MAGNETIC FIELD-LIKE TERMS

DATA FROM THE LAGRANGIAN ENTER

THE STRUCTURE

LINEAR CONSTRANTS

NO RESTRICTIONS FOR LAGRANGIANS

REPLACE MAPS WITH RELATIONS

/
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CROCUSES IN TATRA MOUNTAINS PHOTO : PORTALTATRZANSKI . PL

THANK YOU FOR YOUR ATTENTION !


