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Abstract

It is pointed out that the Hopf fibration—a special but very basic non-trivial principal fiber
bundle—occurs in at least seven different situations in theoretical physics in various guises. Sur-
prisingly, the gauge theory aspect is in the minority here.
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1. Introduction

The Hopf fibration as a purely mathematical idea has been around since 1931 when
it allowed Hopf to determine the third homotopy group of the 2-sphere and to show, in
particular, that this group is non-trivial, by exhibiting a suitable map from the 3-sphere
to the 2-sphere and the fibration of the 3-sphere related to it. It was realized only much
later that this fibration occurred in the same year well-hidden in a physics context when
Dirac extended the framework of wave mechanics by admitting for “wave functions”
what we now call sections of non-trivial complex line bundles, and studied, in particu-
lar, quantum mechanical motion in the field of a magnetic monopole. The basic defini-
tion of the Hopf fibration is, however, also closely related to the distinction between state
vectors and states in quantum mechanics, and its base space—the 2Sphappears
literally in the case of two-level systems (“qubits”, as they have been called recently)

1 [23]; later Hopf invented more fibrations that now bear his name, but we will stick strictly to the 1931
construction in this article.
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as the so-called “Bloch sphere”, as was pointed out, e.g., by Penrose. Without recognition
of the nature of the base space, a directly related fibration was—as remarked by Hopf—
considered in the context of the parallelism invented by Clifford in 1873, couched, however,
in the language of real projective 3-space (elliptic version of non-Euclidean geometry). A
very direct occurrence, without any obvious role for the nature of the base space, appears
when the phase space flow of the two-dimensional harmonic oscillator is restricted to a
non-trivial energy shell. A more tricky occurrence of the fibration is in Penrose’s theory
of twistors, where it serves to illustrate one special geometrical realization of a (projec-
tive) twistor. More features of the Hopf fibration are involved in its occurrence in General
Relativity, namely in the global structure of Taub-NUT space: the nature of its base space
and the linking of its fibers play an essential role in the study of that space. Complex line
bundles associated with the Hopf fibration appear directly when the zero mass helicity rep-
resentations of the (covering group of the) Poincaré group are considered (“Wignerism”),
the non-trivial topological features making themselves felt at various instances, inhibiting
the procedure of going from finite to zero mass. Finally, the Hopf fibration determines the
spin structure of the 2-sphere, a concept entering not only “two-dimensional Wick-rotated
physics”, but appearing also upon separation of the ordinary Dirac equation in spherically
symmetric external electrostatic fields—although this fact is seldom mentioned in conven-
tional treatments of the relativistic hydrogen spectrum.

This remarkable multiple occurrence of Hopf's fiber bundle in at least seven different
physical situations indicates that it is a basic geometrical element, possibly useful in the
physical description of more situations, rather than a mathematical curiosity which most
physicists did not know about before the mid-1970s. In the words of Penrose, it may be
regarded as an “element of the architecture of our world”. Naturally then, the present
article is more a matter of contemplation rather than researcAppendix A we will
include the definition and a brief indication of several mathematical features of the fibration
together with textbook references; the reader is advised to consult, if necéggaapdix A
parallel to the main text. I8ection 2 the appearance of the fibration in two-level quantum
systems is described, including a “connection” in the bundle that is related to adiabatic
transport and Berry’s geometrical phase. This is, in a sense, a “top-down” version of the
description, and in this form the fibration makes its appearance also in the two-dimensional
isotropic harmonic oscillatorSection 3, in Taub-NUT spaceSection 4 and in twistor
theory Section 9. Its is only in Wigner’s helicity representations of the Poincaré group
(Section § and in Dirac’'s monopole quantizatioBéction § that the bottom-up view—
cherished by us physicists since we learn it this way in gauge theory—comes first; in fact,
it is only the latter example where the scheme “local gauge potential, local field strength”,
augmented by global considerations because of singularities in the local, gauge-dependent
quantities, leads to the well-known patching construction of the fibration. We close by
pointing out the role of the fibration in giving the 2-sphere’s spin structBectfon §,

a concept necessary for global considerations involving the Dirac equation and the Dirac
operator.

Our collection could result in the moral that there are perhaps more fiber bundles in
physics than a local, gauge theory shaped eye allows to see, and that, therefore, there may
be some merit for us physicists in also looking at the non-differential geometric methods
of studying them.
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2. Hopf and the qubit—two-level quantum systems

The occurrence of the Hopf fibration in two-level quantum systems—systems that can
be described using a two-dimensional complex Hilbert space, also nowadays known as
qubits—was mentioned, e.g., by Penrd8é], and is described more extensively[#8];
so we can be brief and somewhat schematic about it here.

We take the two-dimensional Hilbert space just toQfewith its standard Hermitian
inner productz, w) := z1w1 + Zowo = sz. The states of the system are given by density
matrices, i.e., Hermitian-positivex22 matrices of trace 1; the observables of the system are
given by Hermitian matrices; the expectation values of the observable with maitrishe
state with density matrix is given by the real number Trp. Whenp has rank 1, it has the
form of a one-dimensional projectqr,= ZZT/ZTz, and is called a pure state, represented
by the (non-zero) state vectore C2, and the expectation value ﬂfbecome&TAz/sz.

One notes that a pure state determines the state vector only up to a non-zero complex factor,
and even whep is required to be normalizedz, z) = z=1a phase factor® « real,
remains undetermined. This of course means that the pure states can also be identified with
the points of the projectivized spaceéd®) = CP4, but for the moment we will stick to the
density matrices.

Consider now the expectation values of three observahles, o3, where

[0 1 (o i (1 0
=\10) T\i o) T\o 1)

(These are known as the Pauli spin matrices, since they relate to the components of the spin
angular momentum observables of a séiparticle; but for our formal purposes here this
interpretation is not essential.) Collecting them into a matrix vegter (o1, 02, 03), we
have for its expectation value in a stat¢he vectorR := Tr po € R3. One can verify that
this relation can be inverted as= %(1+ R - o), where the positivity op impliesR? < 1,
equality holding precisely for pure states. This means ®a) = zTaz/ZTz satisfies
R?(z) = 1. In other words, the density matricesnay, in the qubit case, be represented by
vectors inR2 belonging to the closed unit baliz (the “Bloch sphere”, in physics jargon,
since it was used by F. Bloch to illustrate magnetic spin resonance phenomena), and the
state is pure iff the representiff-vector is a unit vector.

We can also get a geometric picture of the state vecidreemselves by looking at
C? as beingR?, taking the real and imaginary parts of z» (in some order) as its real
components. Then the assignmert R(z) givesusamaR?* — S, ¢ R3, and restricting
to normalized;, sz = 1, whose realifications fill the 3-sphefg c R*, we get a map
Sz — $. This is theHopf map if the real components of are numbered suitably and
the definition ofR(z) is written out explicitly in terms of them, the above expression for
the latter becomes literally identical to Hopf's original formulae. It is easy to check that
the inhomogeneous coordinate= z»/z1 on the space of pure states when looked at as
CP1 isjust the complex stereographic coordinate on the Bloch 2-sphere when this sphere is
projected onto its equatorial plane from its south pole. The inverse images of the points on
the Bloch 2-sphere under the Hopf map are “phase circles” on the 3-sphere. The 2-parameter
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system of phase circles on the 3-sphere so obtained constititepfsfibration In [48],
the author explains the visualization of this system of circles by stereographic projection
of the 3-sphere onto its equatorial 3-plane, where it appears as the system of “Villarceau
circles” on a nested family of coaxial concentric tori orthogonal to the unit 2-sphere.

In [48], the author describes the idea of Penrose how to represent normalized state vectors
z in terms of the Bloch sphere picture: one assigns twt only the phase-insensitive
position R(z), but also the phase-sensitive unit tangent vector at that position given by
P(z) := RZ(z), whereZ(z) := {z, oz} with {z, w} := z3w2 — zow1. Whenz undergoes a
phase change, this tangent is just rotated through twice the phase angle.

In [48], the author further discussed adiabatic transport of state vectors over curves in
the space of pure states, as specialized from the general case to the qubit case. For a given
curver — R, on the 2-sphere, the transpert> z, is required to satisfy the differential
equation(z, (dz/dr)) = 0, i.e.,z; is to be a curve o3 havingR(z;) = R, whose tangent
vectors are annihilated by tleennection formz, dz) = zT dz. Itis shown there explicitly
that the associateBl(z) undergo Levi—Civita transport (which again only illustrates several
general theorems). The holonomy of the connection resulting from parallel transport over
a closed curve in state space—yields the famous “geometric phase” of Berry. Note that this
connection is invariant under the action of the unitary group on our Hilbert space—it is in
fact the only one with this property and will be encountered aga®eiction 7

3. Hopf and mechanics—the har monic oscillator

It may surprise some that the simple two-dimensional isotropic classical harmonic oscil-
lator provides an example of the occurrence of the Hopf fibration in physics. But indeed, its
phase flow, restricted to a non-trivial energy shell, Hopf-fibers the latter! To see this easily,
we scale everything such that the mass and the angular frequency of the oscillator become
1; the Hamiltonian then reads

H=3(pi+ p+d5 + 43,

whence the equations of motion
4k = Pk Pk=—q (k=1,2).

Employing the usual complex variables:= gx + i px, these become
H=3(a1)* + a2, @ =—ia

with solutionay (1) = ax (0) exp(—ir). If H(0) # 0, energy conservation allows to normalize
ax/v2H =: zi, thez satisfyingzi (f) = zx(0) exp(—i), |z1]2 + |z2|% = 1. Hence we see

that the phase space trajectories give a Hopf fibration of the energy shell. Moreover, the
2-surfaces given byfy = const, H, = const, whereH, = 3(p? + ¢?) = 3|a|? are
conserved and have vanishing Poisson bracket with each other, are analogous to the tori
whose stereographic projection is depicted48]; they are just the Arnold tori of our
integrable system. The similarity of the pictures of the Hopf fibration with Fig. 242]of

or with Fig. 31 of[16] is, therefore, not accidental. More details, such as the relation of

the Hopf map to the concept of moment map, as well as its role in rigid body motion and
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classical analogs of the quantum geometric phase, together with many historical remarks,
are given in Section 1.10 ¢51].

Interesting generalizations concerning the linking of flux lines of divergence-free vector
fields on 3-manifolds, with application, e.g., as an obstacle to the dissipation of magnetic
energy in stars, discussed in Chapter I1[2)f, show that the important feature of the Hopf
fibration in the present context is the linking of its fibers @gbpendix A).

4. Hopf and General Relativity—Taub-NUT space

Around 1950, Godel and Taub independently started the investigation of spatially ho-
mogeneous cosmological models in General Relativity. The ones constructed by them are
space-time#/ having line elements of the form

ds? = —dr? + )/.k(r)wiwk,

where then* are essentially left-invariant 1-forms on a three-dimensional Lie gébaipd
the product of forms in & is symmetric tensor multiplication as usual. More precisely,
M =1 x G, wherel is some interval for, to be determined during the process of solving
the Einstein field equations, which become ODEs under the ansatz above, afdatee
pullbacks undeM — G of left-invariant forms org.

By “the” Taub universe one means the solution of Einstein’s vacuum field equations with
vanishing cosmological constant in which thebelong tog = SU(2) (“Bianchi type IX”)
and may be constructed from the manifestly left-invariant Maurer—Cartan niatfixiU/,
which is Lie algebra-valued and so may be decomposéd-a®)w oy, theoy again being
the Pauli matrices. Furthepy (7) is assumed diagonal andi1 = y2». As a consequence,
ds? has as isometries not only the left translations of SU(2) (augmented-byr) but also
the 1-parameter group of right translations generatedily: the latter does not preserve
ol, w? but does preserve® and (w1)? + (w?)2. Using the group approach to the Hopf
fibration (described irAppendix A), we see that it is this extra symmetry which brings
in the Hopf fibration—and it also permits the Einstein equations to be solved explicitly.
(Without it, the SU(2) model is known as “mixmaster univerg€], for which the vacuum
field equations are not integrable; on the other hand, requiing: y33in addition implies
symmetry under all right translations and thus makes the model isotropic as well, so that no
distinguished Hopf fibration appears: this is the geometry of the standard Robertson—Walker
cosmology with positive spatial curvature.) Even without imposing field equations, the extra
symmetry causes the 4-geometry to be “algebraically special” in that its Weyl tensor is of
Petrov—Penrose type [21,35] both degenerate principal null directions of it having the
Hopf fiber tangents for their spatial projections. This is also related to the “optical geometry”
of the Taub space-time, which in turn is related to the standard “CR-structuBg’[dB].
When the vacuum field equations (without cosmological constant) are imposed, the general
solution of the resulting system of ODES[#)]

k cosh(ktraup+ o) . k
21+ cosh(ktraup+ B) Y22 v = cosh(ktraup+ @)

Vi1 =

2 2 2
dr® = y11y33 ity
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Herew, g andk > O are the constants of integrati®.he interval forrraus is the whole

real line, but contrary to Taub’s original belief this does not prevent this space-time from
being incomplete. We cannot go into a discussion of this in any detail, but only highlight
the appearance of the Hopf fibration in the further development. By a number of trans-
formations one (analytically yet non-uniquely!) continues to other regimes (NUT regimes,
after[28,34)—remarkably discovered independently, following an entirely different route),
where the symmetries described above—which are spacelike in the Taub regime—become
timelike in part. More specifically, it is the Killing field tangent to the Hopf fibers which
becomes timelike; thus the appearance of closed timelike lines makes the solution very
peculiar. The transitions from one regime to the other hapf&85]) across a “Cauchy
horizon”, anSz null hypersurface generated by the SU(2) symmetry group, whose null
geodesic generators are just Hopf fibeis the NUT regime, a further feature of the
Hopf fibration becomes important—the linking of the fibers. Generally, the linking of
the inverse images of points under a smooth 18ap—> S, can be expressed by a cer-
tain integral, its Hopf invarianf4], and it turns out that this integral is related here to a
physical quantity called “NUT charge” or “dual mag88]. The linking also prevents the
NUT regime from being asymptotically flat in the usual global sense, although its curva-
ture tensor goes to zero asymptotically: it is only locally asymptotically flat, there are no
global spacelike hypersurfaces. Nevertheless a null conformal boufidaay be attached

[38] to the asymptotic region; however, it does not have the usual top@pgy R but
ratherSz, again Hopf-fibered by its null generators. There are many more peculiar prop-
erties of the Taub-NUT solution which we cannot even mention [29¢ NUT space

has been termed the spherically symmetric “gravimagnetic monopolf5i indeed,

the analogy to the spherically symmetric Dirac magnetic monog&set{on § would be-
come more pronounced if a Kaluza—Klein type formulation [41]) of the latter were
used.

5. Hopf and twistor s—Raobinson congruences

The concept of twistor can, according to its inventor, Penrose, be introduced in a number
of ways, and all conformally invariant field laws in flat space-time can be reformulated in
terms of twistors, generating new ways of looking at such laws; this has already been very
fruitful in the past in many cases.

Clearly, this is not the place to give any of the different ways of approaching or using
twistors. We rather pick out one way of representing a twistor space-time-geometrically

2 Because it is seldom written down explicitly, we give the transformation between Taub’s time coordinate and
constants of integration and the ones used later, following the NUT fja#keNamely, one achieves a rational
dependence on the time coordinate and the constants by introduging via

= tanh(a — B), 40/ m? + 02 =k,

t—m

1
m = tanhé(ktTaub+ B),

m
N m? + 02
renderingy11 = 12 + €2, y33 = 402U, dr? = dr?/ U, whereU := (¢2 + 2mt— 12) /(£2 + 1?).
3 Moncrief [31] has shown that there exists a wider class of solutions to Einstein’s equations posse&sing an
Cauchy horizon Hopf-fibered by its null geodesic generators.
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and highlight its relation to Hopf, referring {@3,18] for more concerning twistors. For
this, we will make a shortcy#t7] that, while unfortunately destroying manifest conformal
covariance of the geometry, fits nicely to the group geometric description of the Hopf fibra-
tion (given inAppendix A). Namely, instead of the group SU(2) consideredpendix A

we here take the group U(2) all unitary 2 x 2 matrices. The unitarity restriction for

U € U(2) implies that the determinant déthas absolute value 1, so leaves open an arbi-
trary phase factor for it: U(2) is a four-dimensional compact Lie group. It may in fact be
decomposed as a productly x SU(2), but this is slightly tricky, in that the ‘naive’ decom-
positionUU = Uz+/detU yields a direct product decomposition withdetU € U(1) and

Uy € SU(2) only locally,* sincev/detU is 2-valued and it is not possible to pick a unique
branch in a continuous fashion because U(2) is not simply connected. No such problem

arises if we set
U 1 0 U -
“\o detv )%

U—U 1 0
— 7%\ 0 detv

the assignment¥ +— Up € SU(2) andU +— detU € U(1) are both continuous here.
However, the decomposition is now onlysamidirectone in the algebraic sense: SU(2),
being the kernel of the homomorphisni2y — U(1) given byU +— detU, is an invariant

1 0
or normal) subgroup, but the matricgs
( ) group 0 detU

that is not invariant. So we have the homomorphisms de®) U> U(1) and : U(1) —

1 0
U(2), sending expi — 0 expir )’ whose composition is the identity on U(1), thus

splitting the short exact sequence-1 SU(2) — U(2) — U(1) — 1, this is the situa-
tion of a semidirect product. Using this decomposition we seettipatiogically U(2) =
S x S

The relation of this setup to twistor theory comes from a way of putting a Lorentzian
global metric on U(2) which is locally conformal to the Minkowski metric and which
is such that the cosets of the subgray@J(1)) are null geodesicsThis system of null
geodesics constitutes an example (in fact the only one up to conformal transformations) of
what Penrose calls Robinson congruencef null geodesics and which is a geometrical
representation—either in U(2) or in the conformally related Minkowski space, as we shall
see shortly—of a (projectivajvistor. We now describe the relation to Hopf and give the
metric involved.

form a subgroup isomorphic to U(1)

4 Globally, we have a homomorphism of the direct produ¢t)u< SU(2) onto U(2) given byiexp ir, U1) —
Uy exp e with kernel{(1, 1), (-1, —1} = Z,. More important for us will be the universal covering homomorphism
R x SU(2) — U(2), sending(a, U1) > U1 exp ix with kernel{nx, (-1)"|n € Z} = Z.
5 In the group theory sense, one can still regard the 3-sphere as the coset space U(2)/U(1) if U(1) is embedded
as just described. This makes it the simplest example of a Stiefel manifol@3%de] for physics applications
of the more general cases.
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The relation to Hopf is easy: one simply applies to the second, global decomposition the
first, local one, writing

1 0 ) <1/«/detU 0

U=U
0 <o detU 0 JdetU

)x/detU,

or

1 0 1/J/det 0
U= Up = VdetU Up.
(0 detU) 0 ( 0 «/detU) °

The unimodular partindicated by the brace constitutes the projection of the cagétd@f))
passing througlt/o € SU(2) onto SU(2) in the local direct product decomposition sense.
If Up is kept fixed while deV is varied,U traces the coset througlp in U(2), while
the indicated local projection traces part of the Hopf or anti-Hopf fiber thradugln
SUQ2) = Ss.

To get the metric, start from the right (resp. left) invariant Maurer—Cartan m@trix
dU - U~ (resp.= U~1dU) on U(2); then for arbitrary real constanisfs the symmetric
differential forms of degree 2 given y(Tr £2)2 + g Tr(£2?) are bi-invariant, i.e., invariant
underU — AUBfor all A, B € U(2). (Here multiplication of differentials is symmetric
tensor multiplication as in the usua} du’ du® for metrics; i.e., iftthe:’ are some parameters
on the group manifold, thg;; for the above forms argj;, = aTr(U,iUfl)Tr(U,kal) +
ﬂTr(U‘,-U—lU,kU—l).) Among them, the ones with the rateo: § = —1 are of partic-
ular importance because of their Lorentzian signature and their high (maximal possible)

conformalsymmetry. If we take-o = 8 = % we have

1Tr(2%) - 3(Tr 2)? = —det2 = —detU~detdU =: ds,

where also under the det sign symmetric multiplication of differentials is understood.

We refer the reader tpt7] or [18] for the description of the full conformal symmetry
of dsé in terms ofU, but repeat from there its relation to Minkowski space; it is given as
follows. Decompactify U(2) by removing all having detU — 1) = 0; to the rest, apply
the Cayley transformation

X=—iU+HU-DleoUu=X-iDX+iD) 1
producing Hermitian matrice¥ from unitaryU and conversely. One then calculates
dX =2i(U - ) 'duU -1,  detdX = —4detU(detU — 1))~2dets2.
Finally, parametrizingf as

0, .3 1_;:2
X+ x xXT—1lx 0
X = ] =x1+x-0
<X1+|x2 xo—x3>
with the Pauli matrices = (o1, 02, 03), we see that the Minkowski metric
ds?; == ()2 — dx? = detdx

is conformally related toxﬁ, i.e., the Cayley transformation is conformal.
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The decompactification above removes from the SU(2) subgroup just the single element
1; the rest gets, via Cayley, related to the hypersurfack ¥ 0—i.e.,x% = 0—of the
Minkowski space constituted by the or (x'); one checks that this is just a stereographic
relation. The system of Hopf fibers on 8) = S3 thus gets mapped to the system of
Villarceau circles described {48].

Letus now have a closer look as@in orderto see that the cosets of our subgrg@d (1))
are null geodesics. Write det= exp 2it, U = Uy expir, U1 € SU(2), remembering that
7 and expt are only locally defined as smooth functions, having jumps on non-contractible
loops which we know exist on U(2); sards still globally defined. In terms of this local
decomposition, we haw@ = i dz1+ 2 with 21 := dU1 - U7 * (resp.=U; * dU1), so that
Tr 21 = 0 from detl/; = 1. This gives the manifestly global definition of ds(1/2i)Tr 2
and

dsZ = —det(idrl + £21) = dr? — det2;,

where def2; = detdU; is seenAppendix A) to be the usual line element & = SU(2),

for which the Hopf fibers, being great circles, are geodesics. Sir@:e’sda Riemannian

sum of two metrics, its geodesics are given by their local projections which are geodesics
in their respective metrics. Thus the cosets under consideration are indeed geodesics for

O )
.| (resp.a —

dsZ; and they are null, since parametrizing thenwvas> U
E Y P g 0 (O exp ix

1 0

0 expu

Two remarks are as follows. (1) On passing from U(2) to its universal covering group
R x SU(2) (cf. the preceding footnote}, becomes globally defined, andédis then the
usual metric on the Einstein cylinder univeiRex S (up to some scaling); and while the
closure of the Cayley image of Minkowski space within U(2) is all of U(2), the closure
(of a connected lift) within the universal cover gives the usual ‘conformal infinity’ picture
[13]. (2) Performing the local projection onto SU(2) first and Cayley afterwards is not
the same as doing Cayley first and orthogonally projecting onto SU(2)’'s Cayley image
3-spacex? = 0 in Minkowski space thereafter. Thus the Cayley images of the above
cosets (null geodesics ofv@) are null geodesics ofs@1 and therefore straight null lines
by the well-known conformal invariance property of null geodesics. So their Minkowski
orthogonal projections ont = 0 are straight lines there and not the stereographic Hopf
Villarceau circles! As Penrose points out, the latter are useful nevertheless in this context,
however: a null straight line in Minkowski space is easily constructed from an initial pointin
x9 = 0 and the direction there of its projection onfb= 0 by running through the straight
line given by these data with the speed of light; and for the null geodesics in quekiton,
direction is given by the tangent to the stereographic Hopf circle at the stereographic image
point. This is how Penrose instructs us to read the stereographic Hopf fibration in the twistor
context.

We finally describe, following Penrose, the relation to (projective) twistors. Twistors are
elements of a four-dimensional complex vector spaaquipped with a Hermitian form
h of signature(2, 2) and a compatible determinant functierthe automorphism group of

Up), we easily find def2 = 0 along them.
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this structure, S(2, 2), is a 4:1 covering of the (connected component of the) conformal
group of dr%. We will be interested in the projective twistors, i.e., the one-dimensional
subspace€T of T (0 # T € T)—so notice that all equations below are homogeneous in
the twistor variables that occur, unless special normalizations are made. We first interpret
CN,0# N € T,inthe null casé (N, N) = 0, and only then interpr&€7,0# T € T, in
the non-null casé(T, T) # 0 by looking at those null twistor§ = 0 which are orthogonal
to T, h(N, T) = 0: this will lead to the Robinson congruences.

We choose a basis il that diagonalizes, so that its matrix is diad, 1, —1, —1);
thenh(T, N) = TINY + T2N2 — T3N3 — T4N*. Consider now a null twistoN: we have
IN12 4+ |N?)2 = |N3|2 4 |N*2. Therefore a unitary & 2 matrixU € U(2) exist$ effect-

: N3 Nt . _ N [ N3
ingU <N4 = <N2 , but it is not unique. We exemplify this by the chméeN4 =

1
(0>: we then haveN1|2 + |[N?|2 = 1, andU is given byU = Updiag(1, exp ix) with

1 2
Ug = (Zz ~ ) € SU(2) anda real—so in this cas€N determines and is deter-
mined by the left coset througtiy of 1o(U(1)). For some other choice @¥*, we would
similarly have obtained the coset of a conjugate subgroup, which, by the invariance of
our metric, would again constitute a null geodesic. This gives the interpretation of null
twistors. The choiceV* = 0 of the example already exemplifies the interpretation of a
non-null twistorT havingh (T, T) < 0, since if we takel’ to haveT* as its only non-zero
component, the conditioh(7, N) = 0 just impliesN* = 0, allowing to normalizev

to look as above witlUg € SU(2) arbitrary. ThusCT indeed gets interpreted by all the
cosets ofg(U(1)), constituting the Robinson congruence considered before. Similarly, if
we choosel’ to haveT? as its only non-zero component, exemplifying non-null twistors
having the opposite sigh(7, 7) > 0, the null twistorsN orthogonal to it satisfyv2 =

0; when we scalev! = 1, the condition orl/ becomes the same as before witire-
placed byU—1 andN?1, N2 by N3, N, implying thatU now runs through right rather than

left cosets: this is related to the anti-Hopf fibration, having the opposite sense of twist.
(A general position ofl’ leads to a general position of the congruence, whose descrip-
tion in Minkowski space by the method above would involve Dupin cyclides instead of
tori.)

6. Hopf and Wignerism—helicity representations

In all examples discussed so far, the bundle, or total, sBaveas of immediate impor-
tance and thus in the forefront of the formalism; the base sBaaen the other hand, did
figure in the qubit case and is used in technical treatments of NUT space that work with the

6 The description of conformal transformations in terms of fractional linear block matrix transformations of the
unitary matriced/ as given inf47] can be directly inferred from this parametrization of null twistors. A similar
parametrization using Hermitian matric&sis possible when components with respect twd basis are used
(the relation of theX to theU being given just by the Cayley transformation);[df8,13]
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space of Killing trajectories. In the two examples to follow, it will be the other way round:

it is the base space that is in the foreground, while the bundle space appears as derived,
e.g., via a patching construction. The latter is necessitated by the need to look at the global
aspects of the objects involved. The situation in which such an object is a connection or
covariant derivative will be treated in the next section; common to that example and the one
to be treated now is a smoothness requirement that will provide a domain of definition for
certain differential operators.

In the present example, the latter will be the generators of the (homogeneous, proper,
orthochronous) Lorentz grouf in the well-known “masslesdielicity representationsf
the (universal covering group of the proper orthochronous) Poincaré graRplt may
surprise some that something topologically unusual should be lurking behind this matter,
but consequences of this fact have indeed been discussed in the lit¢2dt@® These
representations show up as one of the “physical” cases in Wigner's classification of the
unitary irreducible representations®fwhich in turn are building blocks of any formalism
that realizes relativistic symmetry in the quantum donjd#j.

From the fact that the translation subgrofipf P is an Abelian invariant subgroup one
derives that every such representation can be realized in the gpag®f sections of a
(complex) vector bundle€ over an orbitO of £ in the vector spacd * dual to 7. (In
physics, that vector space is the space of wave numbers and is, according to de Broglie,
via x (inverse Minkowski metric tensor), identified withexcept for its physical dimen-
sion, which then is momentumf (covering£) acts onE, eachL € L transforming
the fiber overp € O into the fiber overLp by a linear transformatiom (L, p). From
this derives a linear action ofi(E) which is irreducible iff for any “origin”"p € O the
O(L, p) furnish a unitary irreducible representation when ihare restricted to the sub-
group}C —the “little group”—of £ that leave$ unchanged. Further, the representation of
L in I'(E) is determined (“induced”) uniquely up to unitary equivalence by that represen-
tation of the little group. Thus the classification is by classifying the orbits iof 4-vector
space and by classifying the unitary irreducible representations of the associated little
groups.

The case of interest for us is the one whéris a half null cone irif * (forward or back-
ward), corresponding to zero mass particles, sophanull (lightlike) and the little group
has structure 1) x C (semidirect product). Further, the relevant representations of the little
group are those where the invariant subgroup corresponding to the @tovering “null
rotations”) is represented trivially in the fiber overthen, for irreducibility and unitarity,
the U(1) factor has to be represented one-dimensionally, i.e., the whole representation is
determined by a character of U(1), and the vector bundle has one-dimensional fibers—it is
a complex line bundle. The characters are indexed by integers; since U(1) double-covers a
1-parameter subgroup of rotations©find since the effect of non-null translations on the
state vectors of the representation may be compensated by such rotations depending on this
integer, 1/2 times the relevant integer is calledhkécity A of the particle associated with
the representation.

Our interest in those representations comes from the fact that for non-vanistieg
line bundle is topologically non-trivial, enabled by the fact that the base space null cone
O = S, x Ris non-contractible. The interesting topology already resides in the restriction
of the line bundle to a, cross-section of the null cori@; we may take it to be the orbit of
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p under the SO(3) subgroup gfand may then restrict the little group to be U(1). We thus
get an induced representationf SU(2) (double-covering SO(3)), carried by the space of
sections of the restricted line bundle 082t and this is the point where the Hopf fibration
appeatrs in the setup.

To seethisfirstas cheaply as possible, we use a mathematical trick of th¢Qrgdé (4]

[41]). Namely, in situations like the one above (“homogeneous vector bundles”), there is a
standard bijection between sectiahsf vector bundles over group orbits and vector-valued
functionsy on the group itself with a prescribed behavior along the cosets of the little §roup.
In our case as restricted$p and SU(2), to every section of the line bundle there corresponds
bijectively aC-valued functiony on SU(2) whose values change @sU exp ixo3) =
exp(2ira) ¥ (U) as one goes along a left coset of U(1) in SU(2). Thus again using the group
description of the Hopf fibering, we see that the Hopf fibers serve as “guiding lines” for
the behavior of the functiong. The representation of thieis, in this language, given by
composing the/ with the left translation by.. (Since the Hopf fibration is left-invariant,

the defining property of thé is not lost.)

In physics texts, this is presented somewhat differently and slightly heuristically. One
uses the system of “improper” eigenvectors common to all translation operators as a basis
in representation space. They are indexed in part by the spectral values of the translation
generators, and the Lorentz group acts on that spectrum which thus must, for irreducibility,
be an orbit of the Lorentz group. One fixeand chooses a basis in the eigenspace indexed by
it. One then imagines this basis transported to all other eigenspaces, using the representing
operators of selected Lorentz transformations, one for each orbit ptoriie reached from
p. Traditionally, these coset representatives are chosen, for definiteness and explicitness,
as boosts. In the “massive” cagejs timelike, and the boost is taken with respect to an
“observer” whose 4-velocity is parallel to it; but in the massless case we are interested in,
such choice is impossible, since a 4-velocity must be timelike. However, if any timelike
choice of the observer is made, there is a unique boost with respect to it that panies
p (by the Doppler and aberration effect, physically speakex@eptwhen p has its space
direction antipodal to that gb with respect to the observer. In this case, the boost becomes
undefined, the necessary speed being that of light. One might argue that fixation to boosts
w.r.t. one single observer or to any boost at all is unnecessatry, it could be just any Lorentz
transformation representing the coset defineghbut for a simple topological reason no
choice that would depend continuously pis possible for all ofO, because if it were, the
topology offcp and ofO would imply the infinitely connected topolo@s x R x U(1) x R?
for L—but the latter is simply connected. Why bother about continuity at a single null line

7 As a representation of SU(2), it is reducible; according to Frobenius reciprocity, it contains all irreducible
representations with highest weightsi. +1, 1+ 2, ... exactly once, and none else. The irreducible subspaces are
spanned, in they-language” below—by “spin-weighted spherical harmonid<®], in the context ofSection 7
also known as “monopole spherical harmonics”. Incidentally, since the base Spacay be regarded as the
complex manifoldCP4, it makes sense to ask whether these complex line bundles are holomorphic—and they
are. The spaces of thdinlomorphicsections are only finite-dimensional, as one may check by series expansion
around the north and south pole, and are easily related to binary forms in the homogeneous coaidinates
of CP; which are well known to carry the irreducible representations of SU(2). This illustrates a famous general
construction of Borel-Bott—Weil in rudimentary form.

8 Explicitly, if ¥ : O — E is the section, the associatéds given byy (L) = (Q(L, p)) "1y /(Lp).
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on the con®—in the end the representation spd&&) will be enlarged anyway to include

all sections square-integrable over the cone? The reason is that one wants to have continuous
representations, and for them one must provide a domain of definition for the infinitesimal
generators of, which are differential operators—so we want to start with the space of
smooth sections of a smooth vector bundle. The above continuous, in fact smooth, choice
allows the construction of the bundle just over the patct efhere the boosts work, and

one can then choose an anti-podal origin and boosts “starting” from there to obtain a second
patch, and finally match the two. The bundle so obtained is non-trivial for non-zero helicity,
but it is clear now that the trick used above is preferable to doing the patching explicitly:
this is possible in our “group-dominated” situation. We just mention that for the restricted
bundle overS, considered above one can choose the coset representatives to belong to
SO(3) instead of being boosts; one then encounters a similar problem, and the necessary
patching will be related to the patching to be treated in our next example.

Alternatively, one can see the occurrence of the Hopf fibration by starting from the Weyl
equation(d; £ o - V) = 0 and the “positive frequency condition” for 2-component spinor
fields, which are well known to carry helicit:y:% under these conditions. In Fourier (i.e.,
momentum) space, the latter aig”1 + p - o)y (p) = 0 andp® > 0, implying that the
Hermitian matrix 22 := p%1+ p- ¢ is singular. This putg on the forward light con® and
implies P to be of rank 1, s®® = 27 for some complex 2-rowed column(2-component
spinor). It follows then thatTfﬁ = 0, soy is uniquely determined by apart from a
complex factor, while; is uniquely determined by apart from a phase factor. This says
thatp > ¥ (p) is a section of a complex line bundle o@rassociated t62\ {0} = S3x R
viewed as a circle bundle ov& = S, x R whose fibers over the consist of allz; € C?
havingzzJr = P. So if we consider the- case and restrict to the cross-sectjgh= 1 of
the cone, we can immediately compatdéormally with the 2x 2 density matrix of a pure
state as discussed 8ection 2o obtain the same geometry as discussed there.

The — sign leads to anti-Hopf; other helicities obtain from generalized Weyl equations
for positive frequency fields carryingA totally symmetric indicefl 2]; the corresponding
line bundles oveD are then tensorial powers of the one above—the tautological line bundle
of CPy, cf. Appendix A—and of its dual, as follows easily from the spinor algebra described
in [12]. This will bring in identifications modulo|2|th roots of unity, related to so-called
“lens spaces”Appendix A), also to be mentioned in the next section.

7. Hopf and magnetic monopoles

This example of our collection is probably the first one that caught the attention of a
larger number of physicists. As announced, the Hopf fibration comes here from a bottom-up
construction.

In his 1931 article “Quantised Singularities in the Electromagnetic Field” (magnetic
monopoles), Dira¢19] starts out looking for a generalization of wave mechanics in which
the wave function does not have a definite value for its phase difference between two
points. In the 1970s, it was realiz§D] that it is advantageous to rephrase Dirac’s idea in
the “fiber bundle with connection” language that had been given to electromagnetism and
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non-Abelian gauge theories in the 1960s by DeV¥i, Lubkin[27], Loos[26], Trautman

[41]. Inthe e.m. case and neglecting spin and inner degrees of freedom, the relevant bundle is
a complex line bundl& over space-time, and instead of ordin@yvalued wave functions

one considers sections of the line bundle. (Dirac still called them wave functions.) Ordinary
numerical wave functions reappear when a basis (consisting ofamr@yon-zero vector

per fiber in the case of a line bundle!) is chosen in each fiber, smoothly from point to point,
and the value of the section at each point is written as a (complex) scalar multiple of that
basis vector. The gain in generality here is that one can consider non-trivial line bundles
(“twisted” like Moebius bands), which are still smooth but not capable of a smooth choice
of basis vectors, except locally. In regions where two choices (two “gauges”) coexist, one
has two smooth numerical wave functions for one smooth section, related by a smooth
gauge transformation (of “second kind”); but although a section can be smooth globally, in
the non-trivial case there is no globally smooth choice of gauge (due to the independence
condition on basis vectors), and thus no globally smooth numerical wave function for that
section. To include the cases where the line bundle has, because of spin and inner degrees of
freedom, to be replaced by a vector bundle with higher fiber dimension, one isolates from
the line bundle the bundle of its unit vectors—a circle bundle over space-time, a principal
fiber bundle with structure group U(1)—and then considers vector bundles “associated” to
it. In this scheme, there is a global but more abstract description of the e.m. field in terms
of a connection and its curvature on the (circle) bundle space, and a local “patchwork”
description of it in terms of the usual scalar and vector potentials.

To see in more detail how the Hopf fibration relates to this, we first indicate how to
derive the Dirac quantization condition on magnetic charges in the modern approach. To
the magnetic fieldB produced by a static distribution of (hypothetical) magnetic charge,
compactly supported, with total magnetic chapggg 0, there corresponds the equivalent
2-form B8 = BdS = B,dy Adz + --- having divB = 0 ord A B = 0 outside the
support. Locally, we then have there the existence of a vector potdntiathe equivalent
1-forma = A dx such thatB = curlA or 8 = d A «. If one restrictsg, « to a sphere
S, surrounding the support and uses the same symbols for the restrictions, one still has
locally 8 = d A «; buta cannot exist globally on the sphere, as this would givé 9 =
fsz BdS = fs2 B= fasz a = 0 by Stokes, since the sphere is closed. Covering the sphere
by Ut := S, \ {south pol¢, U~ := S\ {north polg, one has for the restrictios™ of A to
U* that8* = d A o with 1-formsa™® definedall overU®, since these are homeomorphic
to R2. Clearly onU := Ut NU~ we have 0= gt — 8~ = d A (aT — ™), so locally there
at — o~ = dA for some functionA. SinceU is not simply connected4 will not exist
globally there as a continuous function. For example, if we considalong the equator
contained inU, it will have a jump somewhere on it of sizedA = fot — fa™ =
Jyrdnat+ fy-dna = [y BT+ [y B=[s, B = g using Stokes and denoting by*
the hemispheres contained¥. (Note that this involves a convention on the unit foy
The replacement, od, of o~ with o™ = «~ + dA is called a locabauge transformation

Now quantum mechanics comes in, where the Hamiltodlaa (1/2m) p? entering the
Schrddinger equation for a particle with electrical chargeoving in a given magnetic field
is built from the canonical momentup = (/i)V + (e/c) A, which is gauge-dependent.
Therefore, agauge transformation of the local potedtiahas to be accompanied by a phase
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transformation (“gauge transformation of second kind”) of the numerical wave fungtion
of the particle, i.e., by its replacement with = v~ exp(—i(e/c) A), all onU, to keep the
physics locally gauge-invariant. However: have to be smooth there, being restrictions
of functions belonging to a domain of definition of the Hamiltonian, which is a differential
operator. So, although globally has the non-zero jump somewhere on the equator, its
exponential exfi(e/c) A) is not permitted to have one, which impliesy/2rc) € Z to be
an integem. This is the Dirac condition. The integermay be interpreted as the winding
number, or mapping degree, of the map from the equator circle to the unit circle given by
x > expi(e/c) A(x)).

With the idea of interpreting/* as component functions of a smooth sectiprof
a smooth complex line bundle with respect to two local normalized basis sectigns
one derives the transition function between the latigr= exp(i(e/c)A)s~. From the
interpretation ofid + (ie/c)a™)y* as the local components of a covariant differential of
a sectiomy one gets the interpretation dfe/c)a™ as local pullbackd ™. unders* of a
connection formw on a principal bundle whose curvature forntiis/c) B dS. Multiplying
by —(27i) %, one get$10, p. 309]the representative (e/2rc) B dS of its Chern class and
—(eg/2nc¢) = —n as itsChern numberThe integer (“topological quantum number)
being the winding number of the transition map taken along the equator, characterizes a
complex line bundle ove®, or the associated circle bundle of its unit vectors uniquely up
to bundle isomorphismigl, p. 301] It should be clear now that from the conceptual point
of view the state vectors of our quantum mechanical system are given by global sections
of the relevant line bundle and that the Hamiltonian is built from the covariant derivative
operators acting on sections.

Our point here is that for = 1 such a circle bundle is isomorphic to the Hopf bundle.
(n = —1 would correspond to anti-Hopf.) Since we have defined the Hopf bundle up to
now globally as embedded inR"*, to see this we must first patch the bundle up as above
and find two sections, one smooth oukt, the other smooth oveéi—, and then look at the
transition function between them when followed round the equator of the basisSpace
A sections is the result of trying to find a right inverse to the bundle projectien R(z).
GivenR € S, c R3, we formp = %(1 + R - o), which is Hermitian-positive with trace 1

andrank 1; s = 27 for somez € C? havinngz =1, unique up to a phase factor—but
we know we cannot make the choice such thesta continuous function aR all overS,.
cos(6/2)

Using polar coordinates faR, we may take; = s+ (6, ¢) = ) !
gp y take = s (6, ¢) <sm(9/2)e'¢

) for a section
cos(6/2)e ¢
sin(6/2)
overU~. (Sincef = 0 and 0= & each give only one point on the sphere forglthese
sections are discontinuous at the south and north pole, respectivelxppeadix Afor
the less dangerous complex stereographic parametrization.) The transition function thus
equals &, and the associated winding number as defined above is 1, which we wanted to
check.

Actually, the Hopf fibration provides more than just the topologh2]; [17, p. 110).
Namely, the canonical connection form on the bundle space, given globafﬂ'/dmyand

st continuous ove™ andz = s71(6, ¢) = ( ) for a sections™ continuous
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locally, using a parametrization givenAppendix A by (i/2)(dy — cost dg) is invariant
under the U(2) action on and pulls back by the section$ (which are obviously given

by v = +¢) to the forms(i/2)(£1 — cosh) d¢ with curvature form (exterior derivative)
(i/2)sinddo dg = (i/2)(x/r®) dS. These provide the vector potential§ and magnetic

field B for the exterior of a magnetic charge distribution invariant under the associated SO(3)
action and thus spherically symmetric—e.g., of a single point monopole; one immediately
checks that the Chern number-isl. To construct the circle bundle globally outside the
point monopole, i.e., over the p&e \ {0} = S, x R of physicalspaceR3, we present the
bundle space a2 \ {0} = R*\ {0} = S3 x R (rather than only its unit sphere) but factor
out only the U(1) action — €¢z (rather than th€* action, which again would give only

the quotientS, = CP;1). Concretely, the bundle projection is— zToz; all concentric
spheres get Hopf-fibered this way asSection 3 A U(2)-invariant connection form on

this U(1) bundle is given by.‘fl(zT dz/sz) = (i/2)(dyy — cosf d¢), where nowd, ¢ are
regarded as angular coordinates on alRéf, {0}. (Note that the standard radial coordinate

in physical space isTz, while on ourR? it is given by\/ﬁ!) We leave this somewhat
sketchy, however, because our goal—to present a role of the Hopf fibration in the monopole
context—has already been reached before.

We mention finally that the circle bundles corresponding to higher valuégs| afre
so-called lens spaces. Roughly, they are the bundles of unit vectors of complex line bundles
obtained by taking tensorial powers of the= 41 line bundle, as can be seen immediately
from their transition functions. For connections on them,[d@e13]andAppendix A

8. Hopf and the Dirac equation °

The two-level quantum systems®éction 2nay be considered, in particular, as describ-
ing the spin states of a non-relativistic sp%rparticle—i.e., one ignores its spatial degrees
of freedom. If the latter is not done, one must write spinorial wave functions, subject to
appropriate wave equations. In the relativistic regime, the relevant wave equation is the
Dirac equation. We shall point out here that the Hopf fibration has significance also in
this context. Most directly this comes about when one considers the analog of the Dirac
equation in two-dimensional space-times in their Euclideanized and compactified versions,
which is done either when studying field theories in two space-time dimensions for their
own sake, or in (super)string theory. In this cont&gt= CP1 is just the simplest example
of such a space-time or string world-sheet, more complicated ones being Riemann surfaces
corresponding to algebraic curvg7]. The concept of spinor field, to be subjected to a
Dirac equation, requires that ofgin structurewhich is a 2:1 covering of the space-time’s
bundle of oriented orthonormal tangent frames (see, [@4]. for detailed exposition suit-
able in the present context). Now the assignment Z(z) used inSection 2o graphically
represent state vectors in the Bloch sphere picture of pure states shows that the Hopf bundle
yields a 2:1 covering of the bundle of oriented orthonormal tangent frames of the 2-sphere,
the structure group U(1) playing the role of the spin group covering the frame bundle’s

9 The idea to include this topic is due to A. Trautman.
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structure group SO(2). Indeed one verifies by elementary calculatioRPthat RZ(z),
Q(z) := JZ(z) satisfyP? = Q2 =1,P-Q = 0, P x Q = R. Thus the Hopf bundle is the
spin bundle of the 2-sphet#&.

The canonical connection on the Hopf bundle @&bpendix A) already played a role
in Sections 2 and .7lts associated covariant differential for sections of vector bundles
associated to the Hopf bundle provides the necessary ingredient for the definition of the
Dirac operator, since it is directly related to the Levi—Civita connection on the 2-sphere, as
already remarked iBection 2

It is, however, not necessary to enter these esoteric two-dimensional worlds to see the
Hopf fibration as a relevant structure in the realm of spinor fields: Traufdgras noted
that the Dirac operator on 2-spheres appears when one tries to solve the Dirac equation in
ordinary four-dimensional Minkowski space in presence of an external spherically sym-
metric electrostatic field by the method of separation of variables, using polar coordinates.
Indeed, the operatorg and k appearing in Section 71 and Section 53[@f and [14],
respectively—just to quote two popular expositions—are essentially the Dirac operator on
the 2-sphere: this is easy to see locally, and was shown to be true glob#l¥]inAs
Trautman points out, there is a direct global analog for Dirac operators to the well-known
splitting of the Laplacian omR3 into a radial operator and2x (Laplacian onS,).1t At
least for the mathematically minded, this way of looking at the formal procedu6glif]
will be more satisfactory; and it allows for interesting generalizatjdd$and applications
[45].
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Appendix A.12
A.1. Defining the Hopf fibration

In mathematics, the Hopf fibration is nhowadays defined as follqdsp. 227} [5,
Section 16.14] Take the complex vector spa@? of columnsz = (z1 z2)', where

10 Also,z®z +— Z-dR. turns outto give an explicitisomorphism between the tensorial square of the “tautological”
line bundle (bundle of chiral spinors) associated to the Hopf bundle and the holomorphic cotangent bGRgle of
mentioned inAppendix A see[37] for the extension of this aspect to higher genus algebraic curves and its
application in superstring theory.

11 Even the otherwise rather complete monogriff misses this point.

12 As a general reference for the concepts used below, we recommend tfieriext
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zi € C. Then the complex projective lifg@P(C?) = CP; obtains fromC? \ {0} by factor-

ing out the equivalence relatiop *~ wiff w = Az forsomexr € C* = C\ {0}". Since these
equivalence classes bijectively correspond to the one-dimensional subsp@éesra can

also define the points of the projective space to be just these subspaces. For its (complex)
manifold structure (seft, p. 75} [5, Section 6.11][10, p. 134). Instead, one can first
restrict to the unit 3-spher® c R* = C? given by thez havinngz = 1, and then factor

out “z ~ w iff w = Az for somei from the unit circleS; = U(1) = {1 € C, |A] = 1}".

Using the stereographic maps frad®; to the 2-spher&;

22 2 X 1—|:|2>
= — 9{ 5 ’ ’
d 21 ( 1+1¢12 J1+|§|2 1+ (¢/?

whereverz; # 0 and

g_/_ngCR 2 1—|r;’|2)
T 11271+ 012 14+ 1¢12)

whereverz, # 0, one gets a smooth mapfrom S3 onto S, ¢ R3 which we can also
express as

2 (2RZ122, 237122, |211% — 12219 =: R(2).

(¢, ¢’ are the inhomogeneous complex coordinates around 6&&andCP4). This is the Hopf
map.r is a projection in the sense th&j is a principal fiber bundle over the base space
S, = CPy with structure group U(1)%, Section 16.14]7, Section 4.4.4][9, p. 50) which

we will call the Hopf bundle oHopf fibration* Hopf actually started out with a version in
real terms, considering instead®? its realificationR?, i.e., columns¥ = (X1, ..., X4)7,
wherezy = X1 + X2, z2 = X3 + iX4. The real counterpart of multiplying by i is
multiplying X by the matrix (ecomplex structuréor R%)

0O -1 0 O

1 0 0 O
J =

0O 0 0 -1

0O 0 1 O

We also equipC? with its standard Hermitian inner produtt, w) = sz = Zaw1 +
Zowo. In R4, with Y the real counterpart af, this gives rise to the standard inner prod-
uct ((X,Y)) = R(z,w) = X'Y and an anti-symmetric non-degenerate bilinear form
@(X,Y) = TJ(z, w) = Riz, w) = ((IX Y)). In terms ofX, the unit sphere i¥TX = 1,
and the fibers of the Hopf bundle—the inverse images of the poirtss ahder the Hopf
map—turn out to be linked great circles®# the orbit ofz under the U(1) actiory — z €,

isin real termsy — X cosw + JX sin «, whereX andJX are orthogonal unit vectors. We
note that the tangent to the fiberzas given by i, thus in real terms at by JX. The linkage

13 We will write dimensions as subscripts except where they at the same time can be read as Cartesian powers;
it should be clear from the context whether a real or a complex dimension is meant.
14 Likewise, one ha€? \ {0} as a (holomorphic) principal fiber bundle ov@P; with structure groufC*.
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can be visualized by stereographic projection of the 3-sphere to its equatorial 3-plane: one
obtains one family of Villarceau circles on each torus of a system of nested coaxial con-
centric tori orthogonal to the unit 2-sphere in that 3-plane; see [48j.and works quoted
there for detailed illustration, arjd, pp. 227—-239]for more on linking. The linking of the
fibers was used by Hopf to compute the homotopy gres(®,) = Z, while nowadays this
is done using the machinery of the exact homoptopy sequence of fiber buddies209}
[5, Section 16.30, EX. 5,5]

It should be noted that this linking of the fibersiistin conflict with the local triviality of
the bundle. Since it is needed in one of our applications, we make this explicit with respect
to a bundle atlas consisting of two charts. Lkt = S, \ {southpol¢ andU™ = S, \
{north polé be the open subsets wherand:’ are well defined, respectively; together, they
cover the 2-sphere. Then an explicit fiber-preserving diffeomorphismrobiUu*) to the
product bundle§)* x U(1)—in which the fibers are not linked—is given by; z2)T —
(z2/71, z1/lza) forUt and(z1  z2)T — (21/22, z2/|z2]) for U~ with respective inverses
(¢ @) > (L4+]¢H) V2 (1 )T and((, €72) > (1+|¢'1H)H22(¢ 1)T. The
usual polar coordinate$ ¢ centered at the north pole of the 2-sphere are related to the
complex stereographic coordinat®y ¢ = tan(6/2) €¢ (projecting from the south pole to
the equatorial plane). Takingy = 0 anda = 0 we get cross-sections ands~ of the
Hopf bundle ovetJ* andU~ given by

cosg
2

1
sT() =1+ |c|2>—1/2< ) = ;
¢ siné g®

and

O i
—i¢
COs—- €
¢\ 2
)=

ST = A+ 1T ( )
sin=
"2
respectively, which ot N U~ are related by™ = €%s~ with the transition function

€¢.15 Instead of9, ¢, a1 Or 6, ¢, arp ONe may also Use, ¢, ¥ := a1 + a2 Or 6, a1, a2 S
convenient coordinates on the bundle manifgid-

1= cost do — cos? @ W-0/2 L, _gin? daz — gin? g2,
2 2 ’ 2 2
A.2. Clifford parallels

Clifford parallelismin real projective 3-space with the elliptic version of non-Euclidean
geometry may be described as the following instruction to “draw” “parallels” to a given

15 Similarly, one has local trivializations of the bundle mentioned in the previous footnote using the holomorphic
local sectiong — (1 ¢)T and¢’ — (¢ 1)T with transition functiort.

16 Note that the latter are nbtndlecoordinates. The former are, being essentially Euler angles when the 3-sphere
is interpreted as the group SU(2) as below and thus as the covering group of the rotation group SO(3).



144 H.K. Urbantke / Journal of Geometry and Physics 46 (2003) 125-150

straight linef. The geometry being specified by an “absolute” quadric of signature-+,
thus having no real points but defining a real polarity, one complexifaadd intersects it
with the complexified quadric. This gives the complex-conjugate pdtraad P. Through
them there pass complex-conjugate generagandg, both taken from the same of the
two families of straight lines=tgenerators) carried by the complexified absolute. (Due to
the present signature, each family is invariant under complex conjugation.) Any complex
line joining a pointP’ on g with its complex-conjugaté’ on g is the complexification of
areal line?’, which is then called &lifford parallel of £. Depending on which of the two
families of generators is being used, one has a right and a left Clifford parallelism. One can
show that Clifford parallels are skew and equidistant in the sense of elliptic geometry and
may be defined without using complexificatif#) p. 200 et seq.]

We now indicate the relation of the Hopf fibration to Clifford parallels. We stated above
that whenC? with its Hermitian form(-, -) of signature++ is realified, i.e., regarded as
R4, the latter comes with the quadratic foki, -)) and the complex structute One now
complexifies theR* to becomeC* and extends/ and the bilinear form corresponding to
(-, -)) linearly and bilinearly, respectively, denoting the extensions by the same symbols.
FromJ2 = —1 it follows that i/ has eigenvalues1, the corresponding two-dimensional
eigenprojectors beiné(l +iJ). The eigenspaces are complex-conjugates of each other,
check to be totally null with respect t¢-, -)) due to the relatior(JX, JY)) = ((X, ¥)), and
to belong, due to signature+++-, to thesameamily of 2-spaces contained in the null cone
defined by((-, -)) (their Pliicker tensors are both selfdual). Given now C?, we have its
realificationX; we can formJX and the 2-space sp@X, JX). Then the two null directions
contained in the complexification of the latter are parallekte- iJX, thus belonging to
the eigenspaces just introduced. Projectivizing everything we see that the projectivized
spaces spdiX, JX) are indeed Clifford-parallel straight lines BP; = P(R*) with the
projectivized((-, -)) for its absolute. (Note that one gets a system of Clifford parallels for
anyJ sharing the properties just written. Also remember that the process of projectivization
identifies anti-podal points 08;.)

A.3. Symmetry group

The Hopf fibration has a symmetry group: the action of the unitary group U(Z%n
leaves the 3-sphere invariant and carries fibers into fibers, as it commutes with the U(1)
action; it thus descends to an action on the 2-sphere by ordinary rotations. This gives
nothing but the well-known covering homomorphism @U— SO(3), as will transpire
from the quantum mechanical interpretatiorsiection 2 The difference between U(2) and
SU(2) is ineffective on the 2-sphere due to the factoring out of the structure group U(1).

A.4. Group theoretic definition

It will be useful for our purposes to give a slightly modified description of the fibering
of the 3-sphere. To the columpsve attach their unitary perpendiculars to form the 2

matrices Uz) = (

1 _ZZ>; if Tz = 1, they make up the group $B) = S. (If z is left
2
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arbitrary, one obtains a matrix ring isomorphic to the skew field of quaternions.) The U(1)
action onz can be replaced here by multiplying on the right by diag.~1) € SU(2), so
that the Hopf fibers are just left cosets of a U(1) subgroup in SU(2) embedded as indicated,
and we now have the 2-sphere as the coset space SU(2)/U(1). The above-mentioned U(2)
symmetry of the fibration corresponds to left multiplication by SU(2) matrices in addition
to right multiplication by the U(1) subgroup elemehf€ne can also consider right cosets
of that U(1) subgroup, resulting in thenti-Hopf fibration—its stereographic projection
gives the second family of Villarceau circles on the tori mentioned above, with the opposite
sense of linking. Embedding U(1) into SU(2) by= €* > explianfo;) (Where thes; are
the Pauli matrices; these subgroups are all conjugate to the one above) one gets all other
systems of Clifford parallels, one for each paie of real unit vectors.

The standard metricsd = dz1 dz1 +dzo dZ of Sz can also be written asl= detd/ =
dets2, where2 is the left or right invariant Maurer—Cartan matrix on SU(@),*dU or
(dU)U~1, and where the products of differentials are symmetric tensor products asf2sual.
takes values in the matrix Lie algebra of SU(2) which consists of traceless anti-Hermitian
matrices. If it is decomposed &8 = (—i/2)w*oy, the o* constitute a basis of left- or
right-invariant 1-forms on the group manifold. They are use&dattion 4 In terms of
them, one getssd = lajka)fa)k, so that thev* /2 form an orthonormal (co)basis and the
Riemannian volume form is given byzw! A w? A ®. (The sign has been chosen so as to
conform with the standard orientation of the 3-sphere as embeddeR1ras we have it
here.) For the left-invariant forms one hés 2 = —2 A £2, implying the Maurer—Cartan
relationsd A o = —%ngka)j A oF. In particular, fore® = 2i(z1 dz1 + Z2dzo) = 2z dz
one has @ = —w! A ©?, so that the volume element also equgis® A d A o°.

The exterior 2-form globally defined d®® by R - dR x dR restricts to the usual surface
elementX on the unit 2-sphere with its standard orientation (locally= sin 6 d9 A d¢
in polar coordinates)¥ is trivially closed but not exact, as its integral o\gris 47 £ 0.
When pulled back t&z by the Hopf map — R(z), some computation (usir‘dz =1)
yields the 2-form 2idzy A dZ1 + dza A dz2) = d A (—w®), which is manifestly exact on
Ss. Generally, for a smooth map: Sz — S, the pullbackf* ((47)~1X%) = d A« is exact
since it is closed as the pullback of a closed form and since all closed 2-forigs ame
exact. The integrafs3 a A d A ais called the Hopf invariant of ; it can be showij4] to
be an integer equal to the linking number of the inverse images of any two poiSts in
under f. For the Hopf map, this number becom@sr) 2 Js, 3 Ad A= (27071
volumeS3) = 1.

Note in this context that for any 1-formthe (non)vanishing of the integrandA d A «
is the Frobenius criteridfl for the local (non)existence of 2-surfaces on whictestricts
to zero or which are orthogonal to the flow lines of the vector field metric-relatedIto
case of non-existence, the vector field is said towisting

Locally, using the parametrization by, 0, ¢, the left-invariant 1—f0rsz dz equals
(i/2)(dyy — coshdb), and the Hopf map isy, 6, ¢) — (6, ¢) (so that locally it is

17 S0 the symmetry group seems to be(3Ux U(1), but the action has a kerngb consisting of(1, 1) and
(—1, —1); the quotient is isomorphic to U(2).
18 For the interesting history of this criterion and its generalization[3@f
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immediate that the surface element of the 2-sphere pulls back to the exterior derivative
of —w?3, but notice the dangers of sloppy notation!). It will be met again below.

A.5. Associated line bundles: lens spaces

We will encounter complex line bundles associated to the Hopf bundle, the basic one
being thetautological line bundle ove€P1.1° This is C? with its origin “blown up”, i.e.,
the subset of the trivial rank 2 vector bundl®; x C? consisting of those pair&P, z),
wherez belongs to the one-dimensional subspac€bfdetermined by the equivalence
classP € CP1. The others will be tensorial powers of it or of its dual (“negative” tensorial
powers; the zeroth power is defined to be the trivial line bu@ite x C). Equivalently,
these are associated to the Hopf bundle in the sense of foii®ingC) /U (1), where U(1)
acts on the “standard fibeC by some of its one-dimensional representatians> A",

n € Z ([5, Section 16.14.7]7, Section 4.4.5][9, p. 54).

The circle bundles formed by their unit vectors—the Hopf bundle is just the bundle of
unit vectors, in the sense 6f ), of the tautological one—are so-callleths spacek (3, n)
(employing the notation d#t]—we warn the reader that there are other notations for them,
depending on the generalizations envisaged). A related constructio¢8ot)L(cf. [42])
is by first considering the circle bund&®,,; — CPp—defined in complete analogy to
our S3 — CP;—and then considering the circle bundle indu¢edp. 60] from there
over CP; under the Verones$é embeddingCP; — CP,. The most direct definitiof,

p. 243]consists in quotientin§s by the (free) action of the subgrodpy ¢ U(1) generated

by exp2ri/n): thusS3 — S3/Z, = L(3,n) is ann-fold covering, and, writing 4] for
zmod Z,,, we have the U(1) action]x := [zAY"]on L(3, n) which makes itinto a principal
U(1) bundle over the 2-sphere, homomorpBicp. 53]to the Hopf bundle via the covering
map and the homomorphism(l) — U(1) given by — A". The standard metricxa dz

on the 3-sphere descends to a metric ¢8, k) which is thus one of the positive curvature
Clifford—Klein space form$! notice that the identification of points in the transition to

L (3, n) reduces thglobal isometry group of the 3-sphere to &) x U(1)/{1, —1} for
L(3,n), if n > 2. The lens space(B, 2) is just real projective 3-space as we used it above
for Clifford parallelism, or, using the group description of the Hopf fibratio(3,2) =
SU2)/Z, = SO(3); as a bundle over the 2-sphere, it is isomorphic to the latter's bundle
of oriented orthonormal tangent frames. The Hopf bundle is thusire bundleof the
2-sphere, so that the tautological bundle is also the bundle of the 2-sphere’s semispinors of
one chirality. (The other chirality corresponds to the bundle dual to the tautological one.)

We shall not need the holomorphic aspects of the line bundles above; but let it be men-
tioned that these bundles are similarly associated to the holomorphic principal bundle that
came up when we introduced the Hopf fibration, and thus are holomorphic; the square of

19 Apart from the blowing-up of the origin &2, the fiber over a point c€P; is the one-dimensional subspace of

C2 which a point ofCP; is by definition—hence the name. Other names to be encountered are natural, canonical,
universal (cf[4, p. 268] [5, Section 16.16, ex. 1, 2[7, p. 13} [10, p. 306).

20 suitably identifyingCp.1 with thenth symmetric tensorial power 6, one gets an isometric m&$ — C"+1

by assigning ta € C? its nth tensorial power®”; this descends to an embedding of the projectivized spaces.

21 These spaces are sometimes considered by cosmolfsfists
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the tautological bundle is holomorphically equivalent to the holomorphic cotangent bundle
of CPy; its positive powers admit only the zero section for holomorphic sections, while if
n < 0itsnth powers possess-n + 1)-dimensional spaces of holomorphic sections. (This
is best seen by series expansion using the local trivializations mentioned.)

A.6. Connections

A connectionin a principal fiber bundle is specified geometrically by choosing, in each
tangent space to the bundle manifold, a complement to the tangent space of the fiber in
such a way that the distribution of these complementshtiizontal subspacégss smooth
and invariant under the action of the structure grd&p $ection 20.2][9, p. 63} [41]).
Equivalently, one can use tleennection formw, defined in those references, which takes
values in the Lie algebra of the structure group and annihilates the horizontal subspaces.
In the Hopf bundle, a particular and distinguished connection is obtained by taking the
horizontal subspaces to be orthogonal to the fibers; it is sometimes called the canonical
connection, and it obviously shares the full symmetry possessed by the fibration. (For
its definition in terms of the group theory description of the bundle and in terms of the
holomorphic aspects, s¢@, p. 103]and[10, p. 178] respectively.Parallel transportof
points in the bundle space over a given curve in the base space means going along a curve
in the bundle space that projects to the given one in the base and is tangent to the horizontal
subspace at each of its points. Thus for the canonical connection of the Hopf bundle these
curves are orthogonal to the Hopf circles—so their tang&nés positionX must satisfy
((X, X)) = 0 to be tangent to the 3-sphere af{dX, X)) = 0 to be orthogonal to the
fiber. This givesz, z) = 0 as the equation for parallel transport. The connection form for
the canonical connection ig, dz) = szz; it is obviously also invariant under the full
symmetry group of the bundle.

Since the distribution of horizontal subspaces for a connection on the Hopf bundle is to be
invariantunder the action of the structure group—and therefore undgrstsbgroups—one
can use the covering projection to the lens spa@i) to define a connection there; its con-
nection form is such that its pullback to the Hopf bundle via the covering projection equals
n times the connection form one started with, and the same also holds tortregure form
[9, p. 79] This implies, in particular, that the Chern clg$8, p. 305]of L (3, n) or the asso-
ciated line bundle ia times the one for Hopf. In particular, from the canonical connection
one gets a connection on eactBln) whose horizontal subspaces are again orthogonal to
the fibers in the sense of the metric mentioned above, again possessing the same symmetry
group. One can also obtain it by pulling bd8kp. 82] via the Veronese embeddiftf], the
canonical connection form on the U(1) bun@g 1 — CP", which is similarly defined.

The connection obtained in(B, 2) from the canonical connection on the Hopf bundle is
nothing but the Levi—Civita connection on the 2-sphere, as is clear from its symmetry; con-
versely, the canonical connection on the Hopf bundle isgieconnectioffor Levi—Civita.

A.7. CR-structure

The horizontal subspaces of the canonical connection, orthogonal to the Hopf fibers,
enjoy another property that has physical relevance mention8edtion 4 They are the
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maximal subspaces of the tangent spaces to the 3-sphere thahgkexsubspaces of the
embeddingC?, since beingd, )-orthogonal ta; is a complex-linear condition. This presents
the 3-sphere as@R-manifold but we refer the reader {8,46] for any further discussion
of this aspect.

A.8. Covariant differentiation: local gauges

Along with a connection in a principal bundl2 comescovariant differentiationv
of (smooth) sectiongs of associated vector bundlgs ([5, Section 20.3][9, p. 113]
[41]). There are two equivalent ways of describing it invariantly and globally, one using
parallel transportin associated bundles and one using the bijective correspondence that exists
between such sections and functiahsn the principal bundle with values in the standard
fiber F of the associated one, subject to a certain equivariance condition. (We make use
of this correspondence Bection 622) One derives from this (cf41]) a description using
local trivializations (ocal gauge choicesn physics terminology), and that is the way we
need for comparison with the monopole situation.

Let w be a connection form on the principal bundle sp&¢andy cross-section of the
associated vector bundie — M, where the structure group G acts on the standard fiber
F of the latter by the representatien(and its Lie algebra by the representatioh let
U C M be an open subset of the base spécands : U — P be a local section. The@
is locally given by theF-valued functiony, := v o s onU and its covariant differential by
the F-valued 1-form @/, + 'Y, onU, wherel™ ;= 6(s*w). In Section 7we are interested
in G = U(1) and complex line bundles—thus in unitary representatioos F = C; they
are given by the charactess: € — €, n € Z. The formsw, s*w andI” are then purely
imaginary, likew = szz onSg. The local version8g, + I'; of the covariant derivative, with
Iy = (ie/c) Ay, are used irbection 7or writing the Hamiltonian of an electrically charged
particle in a magnetic field.

The description of principal bundles in terms of local trivializatiofts Section 16.13]
[9, p. 51) is particularly simple in the case of the Hopf bundle (and the lens spaces derived
from it), since one needs only a covering of the basis 2-sphere by the two open &iibsets
containing the upper#) and lower () closed hemispherdsd®: over these contractible
subsets, the bundles are trivial, so sections exist, and one has only to write down the one
single transition function (“clutching function”) between themldh N U~. For Hopf and
anti-Hopf, we did this explicitly before, and we get it immediately for the lens spaces—as
we defined them—to bé’#@. (Bott and Tu4, p. 301]teach us that this already exhausts all
circle bundles and associated complex line bundles over the 2-sphere, up to isomorphism,
sincen fixes the homotopy class of the clutching function.)
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