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Current density: 𝐽 Ԧ𝑟, 𝑡 = 𝐽 Ԧ𝑟 =
ℏ 𝑞

2 𝑖 𝑚
Ψ∗𝛻Ψ − Ψ𝛻Ψ∗

Ψ 𝑥, 𝑡 = 𝐴+𝑒
𝑖𝑘𝑥 + 𝐴−𝑒

−𝑖𝑘𝑥 𝑒−𝑖𝜔𝑡

𝐽 Ԧ𝑟 =
ℏ 𝑞 𝑘

𝑚
𝐴+

2 − 𝐴−
2

In the case of de Broigle wave:

In the case of the evanescent (decaying) wave: Ψ 𝑥, 𝑡 = 𝐵+𝑒
𝜅𝑥 + 𝐵−𝑒

𝜅𝑥 𝑒−𝑖𝜔𝑡

each wave carry current

𝐽 Ԧ𝑟 =
ℏ 𝑞 𝜅

𝑖 𝑚
𝐵+𝐵−

∗ − 𝐵+
∗𝐵− =

2 ℏ 𝑞 𝜅

𝑚
Im 𝐵+𝐵−

∗

The calssical wave: Ψ 𝑥, 𝑡 = 𝑅𝑒 𝐴+𝑒
𝑖𝑘𝑥 + 𝐴−𝑒

−𝑖𝑘𝑥 𝑒−𝑖𝜔𝑡

Only the superpositoion of + i –
amplitudes gives real current!
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The calssical wave:

each wave carry current
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𝐴 𝑒𝑖𝑘1𝑧

𝐵 𝑒−𝑖𝑘1𝑧

𝐶 𝑒𝑖𝑘2𝑧

𝐷 𝑒−𝑖𝑘2𝑧

region 1 region 2

𝐶
𝐷

= 𝑇 21 𝐴
𝐵

=
𝑇11 𝑇12
𝑇12
∗ 𝑇11

∗
𝐴
𝐵

𝑟 = −
𝑇12
∗

𝑇11
∗ 𝑡 = −

1

𝑇11
∗

𝑇 21 (0) =
1/𝑡∗ −𝑟∗/𝑡∗

−𝑟/𝑡 1/𝑡

b
ar

ri
er
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𝐴 𝑒𝑖𝑘1𝑧

𝐵 𝑒−𝑖𝑘1𝑧

𝐶 𝑒𝑖𝑘2𝑧

𝐷 𝑒−𝑖𝑘2𝑧
b

ar
ri

er

𝑇 21 (0) =
1/𝑡∗ −𝑟∗/𝑡∗

−𝑟/𝑡 1/𝑡

𝐶
𝐷

= 𝑇 21 𝐴
𝐵

=
𝑇11 𝑇12
𝑇12
∗ 𝑇11

∗
𝐴
𝐵

𝑟 = −
𝑇12
∗

𝑇11
∗ 𝑡 = −

1

𝑇11
∗

𝑇 21 𝑑 = 𝑒−𝑖𝑘2𝑑 0
0 𝑒𝑖𝑘2𝑑

𝑇 21 0 𝑒𝑖𝑘1𝑑 0
0 𝑒𝑖𝑘1𝑑

= 𝐴2
−1 𝑑 𝑇 0 𝐴1(𝑑)

The other direction:
𝐵
𝐴

= 𝑇 12 𝐷
𝐶

𝑇 12 (0) =
1/𝑡∗ 𝑟/𝑡
𝑟∗/𝑡∗ 1/𝑡

region 1 region 2
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Examples:

𝑇 =
4𝑘1𝑘2
𝑘1 + 𝑘2 2

𝑅 =
𝑘1 − 𝑘2
𝑘1 + 𝑘2

2

𝑇 + 𝑅 = 1
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Przykłady:

𝑇 =
4𝑘1

2𝑘2
2

4𝑘1
2𝑘2

2 + 𝑘1
2 − 𝑘2

2 2 sin2 𝑘2𝑎
=

= 1 +
𝑉0
2

4𝐸 𝐸 − 𝑉0
sin2 𝑘2𝑎

−1

𝑇 =
4𝑘1

2𝜅2
2

4𝑘1
2𝜅2

2 + 𝑘1
2 + 𝜅2

2 2 sinh2 𝑘2𝑎
=

= 1 +
𝑉0
2

4𝐸 𝑉0 − 𝐸
sinh2 𝜅2𝑎

−1

𝐸 > 𝑉0

𝐸 < 𝑉0

Anti-well energy levels!
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𝑡 =
𝑡𝐿𝑡𝑅

1 − 𝑟𝐿𝑟𝑅 exp2𝑖𝑘𝑎

𝑇 = 𝑡 2 =
𝑇𝐿𝑇𝑅

1 − 𝑅𝐿𝑅𝑅
2
+ 4 𝑅𝐿𝑅𝑅 sin2

1
2𝜙

𝜙 = 2𝑘𝑎 + 𝜌𝐿 + 𝜌𝑅

𝑇𝑝𝑘 =
𝑇𝐿𝑇𝑅

1 − 𝑅𝐿𝑅𝑅
2 ≈

4𝑇𝐿𝑇𝑅
𝑇𝐿 + 𝑇𝑅 2
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𝑇 = 𝑡 2 =
𝑇𝐿𝑇𝑅

1 − 𝑅𝐿𝑅𝑅
2
+ 4 𝑅𝐿𝑅𝑅 sin2

1
2𝜙

𝑇𝑝𝑘 =
𝑇𝐿𝑇𝑅

1 − 𝑅𝐿𝑅𝑅
2 ≈

4𝑇𝐿𝑇𝑅
𝑇𝐿 + 𝑇𝑅 2
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𝑇 ≈
𝑇𝑝𝑘

1 +
𝛿𝜙
1
2𝜙0

2 𝑇𝑝𝑘 =
𝑇𝐿𝑇𝑅

1 − 𝑅𝐿𝑅𝑅
2 ≈

4𝑇𝐿𝑇𝑅
𝑇𝐿 + 𝑇𝑅 2profil Lorentza

𝜙0 = 𝑇𝐿 + 𝑇𝑅
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Beilstein J. Nanotechnol. 2011, 2, 714–719.

zinc(II) porphyrin
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http://wandlowski.dcb.unibe.ch/research/nanostructures/me.html

Metal nanocontact Single molecule junction Resonant tunneling
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From macroscopic to         nanoscale electronics

copper ( 1 μm) organic molecules (0.3- 3 nm)

State-of-the-Art: Electronic Circuits

CH2

C2H5

C2H5

C2H5

Gate

Source

Drain

transistor:

(FET)

diode: CH2

CH2

X

X

Y

Y

barrier: - CH2 - - CH2 CH2 -

4-terminal complex logic elements

3- and 4-terminal junction

wire:

6
Jaszowiec 0606’05

Kees Hummelen - University of Groningen
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Nanotransistors
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http://www.lucent.com/news_events/pdf/researchreview.pdf

Nanotransistors
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6
Jaszowiec 0606’05
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3-terminal junctions: ‘Tour’ wires[1]

[1] J.Am.Chem.Soc., 1998, 120, 8486.   [2] Ann. NY. Acad. Sci., 2002, 960, 153.

CN

CN

O

O

CN

CN
O

O

CH3

CH3

CH3

CH3

A

B

C

V+ 

4-terminal: junctions … no examples

logic elements, AND-gate:

C2H5

C2H5

C2H5

*

*
*

M.A. Ratner et. al.[2]

“…failure to measure transport

when built on meta-positions…”

[3] Chem. Phys. Lett., 2003, 367, 662.

C. Joachim et. al.[3]

“…molecules remain based on 3-branch molecules…”

7
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State-of-the-Art: Electronic Circuits
Kees Hummelen - University of Groningen



Hwang Woo-Suk
Hwang Woo-Suk 
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Hwang Woo-Suk
Hwang Woo-Suk 
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𝐼𝐿 =
2𝑒

ℎ
න
𝐸𝐿

∞

𝑓 𝐸, 𝜇𝐿 𝑇 𝐸 𝑑𝐸

𝐼 =
2𝑒

ℎ
න
𝐸𝐿

∞

𝑓 𝐸, 𝜇𝐿 − 𝑓 𝐸, 𝜇𝑅 𝑇 𝐸 𝑑𝐸𝜇𝑅

𝜇𝑅

𝜇𝑅

𝜇𝐿

𝜇𝐿

𝜇𝐿

𝐸𝐿

𝐸𝐿

𝐸𝐿

𝐸𝑅

𝐸𝑅

𝐸𝑅

𝑒𝑈

𝑒𝑈

𝐼𝑅 = −
2𝑒

ℎ
න
𝐸𝑅

∞

𝑓 𝐸, 𝜇𝑅 𝑇 𝐸 𝑑𝐸

𝐼 =
2𝑒

ℎ
න
𝐸𝐿

∞

𝑓 𝐸, 𝜇𝐿 𝑇 𝐸 𝑑𝐸

𝐼 = 𝐼𝐿 + 𝐼𝑅



𝐼 =
2𝑒

ℎ
න
𝐸𝐿

𝜇𝐿

𝑓 𝐸, 𝜇𝐿 𝑇 𝐸 𝑑𝐸

Quantized conductance
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𝐼 =
2𝑒

ℎ
න
𝜇𝑅

𝜇𝐿

𝑓 𝐸, 𝜇𝐿 − 𝑓 𝐸, 𝜇𝑅 𝑇 𝐸 𝑑𝐸𝜇𝑅

𝜇𝑅

𝜇𝑅

𝜇𝐿

𝜇𝐿

𝜇𝐿

𝐸𝐿

𝐸𝐿

𝐸𝐿

𝐸𝑅

𝐸𝑅

𝐸𝑅

𝑒𝑈

𝑒𝑈

For temperatures 𝑇 → 0:
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𝑓 𝐸, 𝜇𝐿 − 𝑓 𝐸, 𝜇𝑅 ≈

≈ 𝑒𝑈
𝜕𝑓 𝐸, 𝜇

𝜕𝜇
= −𝑒𝑈

𝜕𝑓 𝐸, 𝜇

𝜕𝐸

𝜇𝑅

𝜇𝑅

𝜇𝑅

𝜇𝐿

𝜇𝐿

𝜇𝐿

𝐸𝐿

𝐸𝐿

𝐸𝐿

𝐸𝑅

𝐸𝑅

𝐸𝑅

𝑒𝑈

𝑒𝑈

𝐼 =
2𝑒2𝑈

ℎ
න
𝐸𝐿

∞𝜕𝑓 𝐸, 𝜇

𝜕𝐸
𝑇 𝐸 𝑑𝐸

For metals 𝜇𝐿 = 𝜇 +
1

2
𝑒𝑈 i 𝜇𝑅 = 𝜇 −

1

2
𝑒𝑈 :

𝑒2

ℎ
= 38,7 𝜇𝑆

ℎ

𝑒2
= 25,8 𝑘Ω

𝐺 =
𝑑𝐼

𝑑𝑈
=
2𝑒2

ℎ
න
𝐸𝐿

∞𝜕𝑓 𝐸, 𝜇

𝜕𝐸
𝑇 𝐸 𝑑𝐸 ≈

2𝑒2

ℎ
𝑇 𝜇

Resistance is finite even for the ideal conductor!

Quantized conductance (S – Simens)
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Landauer formula (wzór Landauera ) – when dealing with multiple channels of the conductance

𝑒2

ℎ
= 38,7 𝜇𝑆𝐺 =

𝑑𝐼

𝑑𝑈
=
2𝑒2

ℎ
න
𝐸𝐿

∞𝜕𝑓 𝐸, 𝜇

𝜕𝐸
𝑇 𝐸 𝑑𝐸 ≈

2𝑒2

ℎ
𝑇 𝜇 = 2𝐺0

′𝑇 𝜇 = 𝐺0𝑇 𝜇

𝐺 = 𝐺0

𝑛

𝑇𝑛 𝜇 ≈ 𝑁𝐺0
′

Different definitions of 𝐺0 - more often with 2: 
2𝑒2

ℎ
= 77,4 𝜇𝑆

Mind the definitione of  𝐺0!

𝑁 is the sum of various conductivity channels
eg. two different spins give 𝑁 = 2

For  𝑇 = 𝑐𝑜𝑛𝑠𝑡 we obtain Ohm law.
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The system in the thermodynamic equilibrium at T ≠ 0 (under V = const i N = const) corresponds 
to the minimum of the Helmholtz free energy F = U – TS, and not the minimum of U – states
with higher energies are also occupied.

For fermions in thermodynamical equilibrium - Fermi-Dirac distribution (𝜇 – chemical potential, 
"Fermi level"):

𝑓 𝐸, 𝑇 =
1

𝑒
𝐸−𝜇
𝑘𝐵𝑇 + 1

0 < 𝑓(𝐸) < 1
𝑓(𝜇) = 0,5
for 𝑇 = 0 – step-like distribution
for 𝑇 ≠ 0 – the smear of 3 kT
1– 𝑓(𝐸) – the the probability that the 
state is unoccupied

M. Baj
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න

−∞

∞

−
𝜕𝑓 𝑥

𝜕𝑥
𝑑𝑥 = 1

Czyli dla 𝑇 → 0

−
𝜕𝑓 𝐸, 𝑇

𝜕𝐸
= 𝛿 𝜇

Derivative of Fermi-Dirac distrbution

𝑓 𝐸, 𝑇 =
1

𝑒
𝐸−𝜇
𝑘𝐵𝑇 + 1

≡
1

𝑒𝑥 + 1

−
𝜕𝑓 𝑥

𝜕𝑥
=

𝑒𝑥

𝑒𝑥 + 1 2
=

𝑒−𝑥

𝑒−𝑥 + 1 2

It is an even function, for which:
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Thus, for 𝑇 → 0

−
𝜕𝑓 𝐸, 𝑇

𝜕𝐸
= 𝛿 𝜇

M. Baj
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The statistical average (of the energy-dependent quantity):

Let 𝐴(𝐸) is an energy-dependent physical quantity of the electron

𝐴 𝑇 = න

𝑆𝐵

𝐴 𝐸 𝑘 ⋅ 𝑓 𝐸 𝑘 , 𝑇 ⋅ 𝜌 𝑘 𝑑𝑉𝑘 = න

𝑏𝑎𝑛𝑑

𝐴 𝐸 ⋅ 𝑓 𝐸, 𝑇 ⋅ 𝜌 𝐸 𝑑𝐸

𝐴 𝑇 is a thermodynamically averaged total contribution to the quatnity 𝑨 of all the electrons 
in the band; 

For example, the concentration of electrons in the band (𝐴 = 1): 

𝐴 𝑇 ≡ 𝑛 𝑇 = න

𝑆𝐵

1 ⋅ 𝑓 𝐸 𝑘 , 𝑇 ⋅ 𝜌 𝑘 𝑑𝑉𝑘 = න

𝑏𝑎𝑛𝑑

1 ⋅ 𝑓 𝐸, 𝑇 ⋅ 𝜌 𝐸 𝑑𝐸



Classical metal

2017-06-05 39

The statistical average (of the energy-dependent quantity):

Let 𝐴(𝐸) is an energy-dependent physical quantity of the electron

𝐴 𝑇 = න

𝑆𝐵

𝐴 𝐸 𝑘 ⋅ 𝑓 𝐸 𝑘 , 𝑇 ⋅ 𝜌 𝑘 𝑑𝑉𝑘 = න

𝑏𝑎𝑛𝑑

𝐴 𝐸 ⋅ 𝑓 𝐸, 𝑇 ⋅ 𝜌 𝐸 𝑑𝐸

𝐴 𝑇 is a thermodynamically averaged total contribution to the quatnity 𝑨 of all the electrons 
in the band; 

For metals 𝜇 ≡ 𝐸𝐹 ≈ 5 eV, thus
E𝐹

𝑘𝐵𝑇
≫ 1 at 𝑇 = 300 K (𝑘𝐵𝑇 = 25 meV). Therefore

𝐺 𝐸 = න

0

𝐸

𝐴 𝐸′ ⋅ 𝜌 𝐸′ 𝑑𝐸′

we obtain

𝐴 𝑇 = න

𝑏𝑎𝑛𝑑

𝐴 𝐸 ⋅ 𝑓 𝐸, 𝑇 ⋅ 𝜌 𝐸 𝑑𝐸 = න

𝑏𝑎𝑛𝑑

𝜕𝐺

𝜕𝐸
⋅ 𝑓 𝐸, 𝑇 𝑑𝐸
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The statistical average (of the energy-dependent quantity):

𝐴 𝑇 = න

𝑏𝑎𝑛𝑑

𝐴 𝐸 ⋅ 𝑓 𝐸, 𝑇 ⋅ 𝜌 𝐸 𝑑𝐸 = න

𝑏𝑎𝑛𝑑

𝜕𝐺

𝜕𝐸
⋅ 𝑓 𝐸, 𝑇 𝑑𝐸 = න

0

𝐸𝑚𝑎𝑥
𝜕𝐺

𝜕𝐸
⋅ 𝑓 𝐸, 𝑇 𝑑𝐸 ≈

≈ ቚ𝐺 𝐸 ⋅ 𝑓 𝐸, 𝑇
0

𝐸𝑚𝑎𝑥
− න

0

𝐸𝑚𝑎𝑥

𝐺 𝐸 ⋅
𝜕𝑓

𝜕𝐸
𝑑𝐸 ≈ න

0

∞

𝐺 𝐸 ⋅ −
𝜕𝑓

𝜕𝐸
𝑑𝐸

Introducing 𝑥 =
𝐸−𝐸𝐹

𝑘𝐵𝑇
thus 𝐸 = 𝐸𝐹 + 𝑥𝑘𝐵𝑇

𝐴 𝑇 = න

0

∞

𝐺 𝐸 ⋅ −
𝜕𝑓

𝜕𝐸
𝑑𝐸 = න

−
𝐸𝐹
𝑘𝐵𝑇

∞

𝐺 𝐸𝐹 + 𝑥𝑘𝐵𝑇 ⋅ −
𝜕𝑓

𝜕𝑥
𝑑𝑥 ≈ න

−∞

∞

… 𝑑𝑥

Vanishes in 0, because 𝜌 0 = 0 For metals: vanishes in 𝐸𝑚𝑎𝑥, because 𝑓 𝐸 = 0
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The statistical average (of the energy-dependent quantity):

Introducing 𝑥 =
𝐸−𝐸𝐹

𝑘𝐵𝑇
thus 𝐸 = 𝐸𝐹 + 𝑥𝑘𝐵𝑇

𝐴 𝑇 ≈ න

−∞

∞

𝐺 𝐸𝐹 + 𝑥𝑘𝐵𝑇 ⋅ −
𝜕𝑓

𝜕𝑥
𝑑𝑥

Due to the strong degeneration only the values near 𝑥 = 0 give important contribution to the 
integral ⇒ expanding 𝐺:

𝐺 𝐸𝐹 + 𝑥𝑘𝐵𝑇 = 𝐺 𝐸𝐹 +
𝜕𝐺

𝜕𝐸
𝐸𝐹

𝑥𝑘𝐵𝑇 +
1

2

𝜕2𝐺

𝜕𝐸2
𝐸𝐹

𝑥2 𝑘𝐵𝑇
2 +⋯

Using the integration by parts and the formula: 

න

0

∞
𝑥

𝑒𝑥 + 1
𝑑𝑥 =

𝜋2

12

We obtain:

𝐴 𝑇 ≈ න

0

𝐸𝐹

𝐴 𝐸 ⋅ 𝜌 𝐸 𝑑𝐸 +
𝜋2

6
𝑘𝐵𝑇

2
𝜕 𝐴 𝐸 ⋅ 𝜌 𝐸

𝜕𝐸
𝐸𝐹
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The statistical average (of the energy-dependent quantity):
The example:
The dependence 𝐸𝐹 𝑇 (substituting 𝐴 𝐸 = 1 and assuming 𝑛 𝑇 = 𝑐𝑜𝑛𝑠𝑡)

𝐴 𝑇 ≈ න

0

𝐸𝐹

𝐴 𝐸 ⋅ 𝜌 𝐸 𝑑𝐸 +
𝜋2

6
𝑘𝐵𝑇

2
𝜕 𝐴 𝐸 ⋅ 𝜌 𝐸

𝜕𝐸
𝐸𝐹

𝐸𝐹 = 𝐸𝐹0 −
𝜋2

6
𝑘𝐵𝑇

2
𝜕 ln𝜌 𝐸

𝜕𝐸
𝐸𝐹

The example :
Internal energy of the electron gas (substituting 𝐴 𝐸 = 𝐸)

𝑈 𝑇 = 𝑈0 −
𝜋2

6
𝑘𝐵𝑇

2𝜌 𝐸𝐹

In metals, the density of states 
at the Fermi surface decides!



Triangular well

2017-06-05 43

𝐸𝑛 =
3

2
𝜋 𝑛 −

1

4

2/3
𝑒𝐹ℏ 2

2𝑚

1/3

http://www.phys.unsw.edu.au/QED/research/2D_scattering.htm

WKB approximation (Wentzel – Krammers – Brillouin) – for slowly varying potential
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𝐸𝑛 =
3

2
𝜋 𝑛 −

1

4

2/3
𝑒𝐹ℏ 2

2𝑚

1/3

http://www.phys.unsw.edu.au/QED/research/2D_scattering.htm

WKB approximation (Wentzel – Krammers – Brillouin) – for slowly varying potential
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𝑒2

ℎ
= 38,7 𝜇𝑆𝐺 =

𝑑𝐼

𝑑𝑈
=
2𝑒2

ℎ
න
𝐸𝐿

∞𝜕𝑓 𝐸, 𝜇

𝜕𝐸
𝑇 𝐸 𝑑𝐸 ≈

2𝑒2

ℎ
𝑇 𝜇 = 𝐺0𝑇 𝜇

𝐺 = 𝐺0

𝑛

𝑇𝑛 𝜇

B. J. van Wees et al. Quantized conductance of point contacts in a two-dimensional electron gas 
Phys. Rev. Lett. 60, 848–850 (1988) 
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B. J. van Wees et al. Quantum ballistic and adiabatic 
electron transport studied with quantum point 
contacts Phys. Rev. B 43, 12431–12453 (1991)

𝐺 =
2𝑒2

ℎ
𝑇 𝜇 = 𝐺0𝑇 𝜇
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M. A. Topinka et al. Coherent branched flow in a
two-dimensional electron gas Nature 410, 183 (2001)

𝐺 =
2𝑒2

ℎ
𝑇 𝜇 = 𝐺0𝑇 𝜇
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R.M. Westervelt, M. A. Topinka et al. 
Physica E 24 (2004) 63–69 
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R.M. Westervelt, M. A. Topinka et al. 
Physica E 24 (2004) 63–69 
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𝐺 =
2𝑒2

ℎ
𝑇 𝜇 = 𝐺0𝑇 𝜇

M. A. Topinka et al. 
Nature 410, 183 (2001)

Experiment
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𝐺 =
2𝑒2

ℎ
𝑇 𝜇 = 𝐺0𝑇 𝜇

M. A. Topinka et al. 
Nature 410, 183 (2001)

Experiment

Modeling
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M. A. Topinka et al. 
Nature 410, 183 (2001)
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R.M. Westervelt, M. A. Topinka et al. 
Physica E 24 (2004) 63–69 
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R.M. Westervelt, M. A. Topinka et al. 
Physica E 24 (2004) 63–69 
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electrodes controlling the tunneling

the gate

Dot behaves like a small capacitor of energy 𝐸𝑐~
1

2

𝑒2

𝐶

𝑉𝐺 = 0
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Dot behaves like a small capacitor of energy 𝐸𝑐~
1

2

𝑒2

𝐶

𝑉𝐺 = 0 𝑉𝐺 = +𝑉 𝑉𝐺 = −𝑉
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Luis Dias – UT/ORNLhttp://sces.phys.utk.edu/~dagotto/condensed/Lectures_2008/UTK_Lecture1_March08.pdf
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Luis Dias – UT/ORNLhttp://sces.phys.utk.edu/~dagotto/condensed/Lectures_2008/UTK_Lecture1_March08.pdf
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𝑉𝑏 = 0
𝑉𝑏 = 𝑉2𝑉𝑏 = 𝑉1

𝑉𝑏

𝐺 =
𝑑𝐼

𝑑𝑉

0

𝑉1

𝑉2

𝐼

𝑉𝑏
𝑉2

Dot behaves like a small capacitor of energy 𝐸𝑐~
1

2

𝑒2

𝐶
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𝑉𝑏 = 0
𝑉𝑏 = 𝑉3𝑉𝑏 = 𝑉1

𝑉𝑏

𝐺 =
𝑑𝐼

𝑑𝑉

0

𝑉1

𝑉2
𝑉3

𝐼

𝑉𝑏

Dot behaves like a small capacitor of energy 𝐸𝑐~
1

2

𝑒2

𝐶



Coulomb blockade

2017-06-05 62

𝑉𝑏 = 0
𝑉𝑔 = 0

𝑉𝑏 = 𝑉1
𝑉𝑔 = 0

𝐼

𝑉𝑏

𝑉𝑏 = 𝑉2 < 𝑉1
𝑉𝑔 ≠ 0

𝑉𝑏 = 0
𝑉𝑔 ≠ 0

𝑉1𝑉2

Dot behaves like a small capacitor of energy 𝐸𝑐~
1

2

𝑒2

𝐶
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𝐼

𝑉𝑏𝑉1𝑉2

Inorganica Chimica Acta 361 (2008) 3807–3819

Dot behaves like a small capacitor of energy 𝐸𝑐~
1

2

𝑒2

𝐶
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http://www.dstuns.iitm.ac.in/teaching-and-presentations/teaching/undergraduate%20courses/vy305-molecular-architecture-and-evolution-of-
functions/presentations/presentations-2007/seminar-2/P2.pdf
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Clive Emary
Theory of Nanostructures nanoskript.pdf
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http://lamp.tu-graz.ac.at/~hadley/ss2/set/transistor/coulombblockade.php
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Clive Emary
Theory of Nanostructures nanoskript.pdf
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Dodatkowe „diamenty” – np. efekty spinowe , 
stany wzbudzone itp

http://www-ipcms.u-strasbg.fr/spip.php?article491&lang=en

Figure 1 : The differential conductance, calculated in the regime of sequential 
tunneling through a one-dimensional quantum dot, as a function of the gate 
voltage (to the left) and the transport voltage. Green and red: Positive 
values. Blue: Close to zero. Pink: Negative differential conductance. The 
Coulomb blockade diamonds are aligned along the gate voltage axis. In 
parallel, one observes structures which are due to excited states of the dot. 
Electronic correlations combined with spin selection rules lead to the regions 
of negative differential conductance. 
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Figure 2 Evidence and temperature 
dependence of vibron-assisted transport. a, 
Differential conductance dIsd=dVsd for a subset 
of the Coulomb diamonds shown in Fig. 1d, 
showing the quasi-periodic excited vibronic
states (see dotted lines). The arrows point to 
electronic excited states, visible at
higher energy.
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Single spin read-out

Elzerman, Nature (2004)
10T, mK
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Coherent Manipulation of Coupled Electron Spins in Semiconductor Quantum Dots
J. R. Petta, et al. Science 30 September 2005: 2180-2184.
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http://marcuslab.harvard.edu/theses/Laird_Thesis.pdf
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http://marcuslab.harvard.edu/theses/Laird_Thesis.pdf
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(powinowactwo)

„Kolokwium WAN IN”
1. Znajdź w literaturze parametry pasmowe InAs (masy 

efektywne, powinowactwo elektr., 𝜀𝑟 ) [0p]
2. Na podstawie danych z rys. 1 wyznacz pojemność kropki 

kwantowej o średnicy 32 A. [5p]
3. Na podstawie danych z rys. 2 wyznacz pojemności 

wszystkich badanych kropek kwantowych. Ze wzoru na 
pojemność kuli wyznacz 𝜀𝑟 nanocząstek biorąc pod uwagę 
promienie wyznaczone eksperymentalnie. [10p]

4. Na podstawie rys. 2 oraz 3 wyznacz rozmiar nanocząstek
InAs w przybliżeniu nieskończonej studni potencjału. 
Porównaj z wartościami mierzonymi oraz z rys. 3. [15p]

5. Na podstawie rys. 2 oraz 3 wyznacz rozmiar nanocząstek
InAs w przybliżeniu skończonej studni potencjału 
przyjmując tablicowe parametry InAs z zad. 1. Porównaj z 
wartościami mierzonymi oraz z rys. 3. [25p] (zadanie 
numeryczne). 

6. Jaka powinna być wartość wysokości bariery studni 
(powinowactwo objętościowego InAs), żeby uzyskać 
zgodność zad. 5. z wynikami STM? [20p] (zadanie 
numeryczne, oszacuj wartość najlepiej pasującą do 
wszystkich wyników). 
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„Kolokwium”
1. Find in the literature band parameters of 

InAs (effective masses, dielectric
constant) [0p]

2. Based on the data shown in Fig. 1 
determine capacitance of the 32 nm
quantum dot. [10p]

3. On the basis of Fig. 2 and 3 find the size 
of the InAs nanoparticles in the infinite 
potential well approximation. Compare 
the values measured and shown in Fig. 3.
[20p]

4. Assuming size of the nanoparticles 
shown in Figure 2, estimate the electron 
affinity (ionization energy from the 
bottom of the conduction band) 
(numerically) and the capacity of 
quantum dots in Fig. 2.[30p]

(powinowactwo)
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„Kolokwium WAN IN”
1. Znajdź w literaturze parametry pasmowe InAs (masy efektywne, powinowactwo elektr., 𝜀𝑟 ) [0p]
2. Na podstawie danych z rys. 1 wyznacz pojemność kropki kwantowej o średnicy 32 A. [5p]
3. Na podstawie danych z rys. 2 wyznacz pojemności wszystkich badanych kropek kwantowych. Ze wzoru na 

pojemność kuli wyznacz 𝜀𝑟 nanocząstek biorąc pod uwagę promienie wyznaczone eksperymentalnie. [10p]
4. Na podstawie rys. 2 oraz 3 wyznacz rozmiar nanocząstek InAs w przybliżeniu nieskończonej studni potencjału. 

Porównaj z wartościami mierzonymi oraz z rys. 3. [15p]
5. Na podstawie rys. 2 oraz 3 wyznacz rozmiar nanocząstek InAs w przybliżeniu skończonej studni potencjału 

przyjmując tablicowe parametry InAs z zad. 1. Porównaj z wartościami mierzonymi oraz z rys. 3. [25p] (zadanie 
numeryczne). 

6. Jaka powinna być wartość wysokości bariery studni (powinowactwo objętościowego InAs), żeby uzyskać zgodność 
zad. 5. z wynikami STM? [20p] (zadanie numeryczne, oszacuj wartość najlepiej pasującą do wszystkich wyników). 


