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Shubnikov-de Haas effect
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Shubnikov-de Haas effect

Density of states oscillates - falls to 0 for 𝜈 = 𝑛 and 

is highest for 𝜈 ≈ 𝑛 +
1

2
- the easiest measurement 

is the magnetoresistance 𝑅𝑥𝑥.
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Integer Quantum Hall effect (IQHE) – for 2D gas: if the Fermi level is located in localized states
the Hall resistance (opór hallowski) is quantized

𝑅𝐻 =
1

𝜈

ℎ

𝑒2



Integer Quantum Hall Effect (IQHE)

2017-06-05 4

Stromer, Nobel Lecture
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Integer Quantum Hall effect (IQHE) – for 2D gas: if the Fermi level is located in localized states
the Hall resistance (opór hallowski) is quantized
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Quantum Hall Effect
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Horst Stormer, Nobel Lecture

Integer Quantum Hall effect (IQHE) 
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Horst Stormer, Nobel Lecture
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𝜌 = 𝜎−1 =
1

𝑛𝑒𝜇

1 −𝑠 0
𝑠 1 0
0 0 1

Conductivity tensor

Full resistivity tensor

𝜎 =
𝜎𝐿 −𝜎𝑇
𝜎𝑇 𝜎𝐿

=
𝜎0

1 + 𝜔𝑐
2𝜏2

1 𝜔𝑐𝜏
−𝜔𝑐𝜏 1

thus 𝜌~𝜎𝐿 !

𝜌 =
1

𝜎𝐿
2 + 𝜎𝑇

2

𝜎𝐿 −𝜎𝑇
𝜎𝑇 𝜎𝐿

=
1

𝜎0

1 −𝜔𝑐𝜏
𝜔𝑐𝜏 1

For large magnetic fields 𝜎𝑇 ≫ 𝜎𝐿

𝜌 =
1

𝜎𝐿
2 + 𝜎𝑇

2

𝜎𝐿 −𝜎𝑇
𝜎𝑇 𝜎𝐿

≈
𝜎𝐿/𝜎𝑇

2 −1/𝜎𝑇
1/𝜎𝑇 𝜎𝐿/𝜎𝑇

2
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Quantized conductance
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𝑒2

ℎ
= 38,7 𝜇𝑆𝐺 =

𝑑𝐼

𝑑𝑈
=
2𝑒2

ℎ
න
𝐸𝐿

∞𝜕𝑓 𝐸, 𝜇

𝜕𝐸
𝑇 𝐸 𝑑𝐸 ≈

2𝑒2

ℎ
𝑇 𝜇 = 𝐺0𝑇 𝜇

𝐺 = 𝐺0෍

𝑛

𝑇𝑛 𝜇

B. J. van Wees et al. Quantized conductance of point contacts in a two-dimensional electron gas 
Phys. Rev. Lett. 60, 848–850 (1988) 
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B. J. van Wees et al. Quantum ballistic and adiabatic 
electron transport studied with quantum point 
contacts Phys. Rev. B 43, 12431–12453 (1991)

𝐺 =
2𝑒2

ℎ
𝑇 𝜇 = 𝐺0𝑇 𝜇
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Motion of the electron in crossed fields: electric 𝐸 = 𝐸, 0,0 and magnetic 𝐵 = 0,0, 𝐵 is
encircled by cycloid :

𝑥 𝑡 = −
𝑚𝐸

𝑒𝐵2
1 − cos𝜔𝑐𝑡

𝑦 𝑡 = −
𝑚𝐸

𝑒𝐵2
(𝜔𝑐𝑡 − sin𝜔𝑐𝑡)

Details of the movement depends on the initial conditions

𝑣𝑑 =
𝐸

𝐵
Prędkość dryfu w polu B:



Homogenous magnetic field
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−
ℏ2

2𝑚
𝛻2 −

𝑖𝑒ℏ

𝑚
𝐵𝑥

𝜕

𝜕𝑦
+

𝑒𝐵𝑥 2

2𝑚
+ 𝑈 𝑧 𝜓 Ԧ𝑟 = 𝐸𝜓 Ԧ𝑟

Vector potential does not depend on 𝑦, we can assume the function of the form: 

𝜓 Ԧ𝑟 = 𝑤 𝑧 𝑢 𝑥 exp 𝑖𝑘𝑦𝑦

−
ℏ2

2𝑚

𝑑2

𝑑𝑥2
+
1

2
𝑚 𝜔𝑐

2 𝑥 +
ℏ𝑘𝑦

𝑒𝐵

2

𝑢 𝑥 = 𝜀𝑢 𝑥 𝜔𝑐 =
𝑒𝐵

𝑚
𝑅𝑐 =

𝑣

𝜔𝑐
=

2𝑚𝐸

𝑒𝐵

Cyclotron radius (gyroradius)Cyclotron frequency

The parabolic potential of the form of 𝑥𝑘 = −ℏ𝑘𝑦/𝑒𝐵

𝑘𝑦 wave vector. What interesting in 𝜀 THERE IS NO 𝑘𝑦. 
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−
ℏ2

2𝑚
𝛻2 −

𝑖𝑒ℏ

𝑚
𝐵𝑥

𝜕

𝜕𝑦
+

𝑒𝐵𝑥 2

2𝑚
+ 𝑒𝐸𝑥 𝜓 Ԧ𝑟 = 𝐸𝜓 Ԧ𝑟

Vector potential does not depend on 𝑦, we can assume: 𝜓 Ԧ𝑟 = 𝑤 𝑧 𝑢 𝑥 exp 𝑖𝑘𝑦𝑦

−
ℏ2

2𝑚

𝑑2

𝑑𝑥2
+
1

2
𝑚 𝜔𝑐

2 𝑥 +
ℏ𝑘𝑦

𝑒𝐵
+

𝐸𝑒

𝑚𝜔𝑐
2

2

−
ℏ𝑘𝐸

𝐵
−
𝑚𝐸2

2𝐵2
𝑢 𝑥 = 𝜀𝑢 𝑥

Factors „added” in order to get 𝑒𝐸 after expanding … 2

Parabolic potential shifted by

𝑥𝑘 = −
ℏ𝑘𝑦

𝑒𝐵
+

𝐸𝑒

𝑚𝜔𝑐
2 =

𝑚𝑣𝑑 − ℏ𝑘

𝑒𝐵

𝑣𝑑 =
𝐸𝑥
𝐵𝑧

𝜀𝑛𝑘 = 𝑛 −
1

2
ℏ𝜔𝑐 −

ℏ𝑘𝐸

𝐵
−
𝑚𝐸2

2𝐵2
=

= 𝑛 −
1

2
ℏ𝜔𝑐 − 𝑒𝐸𝑥𝑘 −

1

2
𝑚𝑣𝐷

2

𝐽𝑦 = −𝑒𝑛2𝐷𝑣𝐷 = 𝑒𝑛2𝐷
𝐸𝑥
𝐵𝑧

⇒ 𝜎𝑥𝑥 = 𝜎𝐿 = 0 𝜌𝑇 = 1/𝜎𝑇 = 𝐵𝑧/𝑒𝑛2𝐷 (classical Hall effect)
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𝑣𝑑 =
𝐸

𝐵

Parabolic potential depends
on magnetic field and 𝑘𝑦
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𝑣𝑑 =
𝐸

𝐵

Parabolic potential depends
on magnetic field and 𝑘𝑦
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Parabolic potential depends
on magnetic field and 𝑘𝑦
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Clive Emary
Theory of Nanostructures nanoskript.pdf
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Stromer, Nobel Lecture

𝑅𝐻 =
1

𝜈
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𝑒2

Yu, Cardona

Integer Quantum Hall effect (IQHE) – for 2D gas: if the Fermi level is located in localized states
the Hall resistance (opór hallowski) is quantized
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Stromer, Nobel Lecture
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Fractional Quantum Hall Effect (FQHE) – for 2D gas 𝜈 ≤ 1: if the Fermi level is located in 
localized states the Hall resistance (opór hallowski) is quantized
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Stromer, Nobel Lecture
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Fractional Quantum Hall Effect (FQHE) – for 2D gas 𝜈 ≤ 1: if the Fermi level is located in 
localized states the Hall resistance (opór hallowski) is quantized
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Fractional Quantum Hall Effect (FQHE) – for 2D gas 𝜈 ≤ 1: if the Fermi level is located in 
localized states the Hall resistance (opór hallowski) is quantized



Fractional Quantum Hall Effect (FQHE)

2017-06-05 25

Stromer, Nobel Lecture
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Fractional Quantum Hall Effect (FQHE) – for 2D gas 𝜈 ≤ 1: if the Fermi level is located in 
localized states the Hall resistance (opór hallowski) is quantized



Composite fermions
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Stromer, Nobel Lecture

Fractional Quantum Hall Effect (FQHE) – composite fermions, fractionally charged quasiparticles
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www.itp.phys.ethz.ch/education/lectures_fs10/Solid/Notes.pdf
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Moment magnetyczny czystego monokryształu metalu oscyluje w zmiennym polu 
magnetycznym 
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Ashcroft, Mermin
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Moment magnetyczny czystego monokryształu metalu oscyluje w zmiennym polu 
magnetycznym 

Ashcroft, Mermin
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Ashcroft, Mermin
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Ashcroft, Mermin
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