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𝐸𝑛 𝑘𝑥, 𝑘𝑦 = 𝜀𝑛 +
ℏ2𝑘𝑥

2

2𝑚
+
ℏ2𝑘𝑦

2

2𝑚

𝜓𝑘𝑥,𝑘𝑦,𝑛 𝑥, 𝑦, 𝑧 = exp 𝑖𝑘𝑥𝑥 exp 𝑖𝑘𝑦𝑦 𝑢𝑛 𝑧 = 𝜓𝒌,𝑛 𝒓, 𝑧 = exp 𝑖𝒌 ∙ 𝒓 𝑢𝑛 𝑧

𝐸𝑛 𝒌 = 𝜀𝑛 +
ℏ2𝒌2

2𝑚

Marc Baldo MIT OpenCourseWare Publication May 2011
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Full Hamiltonian in our universe has three spatial dimensions 𝑥, 𝑦, 𝑧, 𝑡 = 𝑅, 𝑡

−
ℏ2

2𝑚
𝛻2 + 𝑉 𝑅 𝜓 𝑅 = 𝐸𝜓 𝑅

For 𝑉 𝑅 = 𝑉(𝑧) we obtain: 

−
ℏ2

2𝑚

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
+

𝜕2

𝜕𝑧2
+ 𝑉 𝑧 𝜓 𝑥, 𝑦, 𝑧 = 𝐸𝜓 𝑥, 𝑦, 𝑧

𝜓 𝑥, 𝑦, 𝑧 = exp 𝑖𝑘𝑥𝑥 exp 𝑖𝑘𝑦𝑦 𝑢(𝑧)

Along directions 𝑥 and 𝑦 we have uniform motion (ruch swobodny):

We can show (on the blackboard!), that final eigenenergies of the potential 𝑉 𝑧 are:

131

𝜀 = 𝐸 −
ℏ2𝑘𝑥

2

2𝑚
−
ℏ2𝑘𝑦

2

2𝑚
−
ℏ2

2𝑚

𝑑2

𝑑𝑧2
+ 𝑉 𝑧 𝑢 𝑧 = 𝜀𝑢 𝑧
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𝜓 𝑅 = 𝜓𝒌,𝑛 𝒓, 𝑧 = exp 𝑖𝒌 ∙ 𝒓 𝑢𝑛 𝑧

−
ℏ2

2𝑚0 𝑚𝑊,𝐵
𝛻2 + 𝑉 𝑅 𝜓 𝑅 = 𝐸𝜓 𝑅

Effective mass in the barrier 𝑚𝐵 and in the well 𝑚𝑊

−
ℏ2

2𝑚0 𝑚𝑊
𝛻2 + 𝐸𝑊 𝜓 𝑅 = 𝐸𝜓 𝑅

For separated wave functions:

−
ℏ2

2𝑚0 𝑚𝐵
𝛻2 + 𝐸𝐵 𝜓 𝑅 = 𝐸𝜓 𝑅

We got (on the blackboard!):

−
ℏ2

2𝑚0 𝑚𝑊

𝑑2

𝑑𝑧2
+

ℏ2𝒌2

2𝑚0 𝑚𝑊
+ 𝐸𝑊 𝑢𝑛 𝑧 = 𝜀𝑢𝑛 𝑧

−
ℏ2

2𝑚0 𝑚𝐵

𝑑2

𝑑𝑧2
+

ℏ2𝒌2

2𝑚0 𝑚𝐵
+ 𝐸𝐵 𝑢𝑛 𝑧 = 𝜀𝑢𝑛 𝑧



Low dimensional structures

2017-06-05 7

The particle moves in the well which potential depends on 𝒌, in fact 𝑘 = 𝒌

−
ℏ2

2𝑚0 𝑚𝑊

𝑑2

𝑑𝑧2
+

ℏ2𝒌2

2𝑚0 𝑚𝑊
+ 𝐸𝑊 𝑢𝑛 𝑧 = 𝜀𝑢𝑛 𝑧

−
ℏ2

2𝑚0 𝑚𝐵

𝑑2

𝑑𝑧2
+

ℏ2𝒌2

2𝑚0 𝑚𝐵
+ 𝐸𝐵 𝑢𝑛 𝑧 = 𝜀𝑢𝑛 𝑧

𝑉0 𝑘 = 𝐸𝐵 − 𝐸𝑊 +
ℏ2𝑘2

2𝑚0

1

𝑚𝐵
−

1

𝑚𝑊

The particle gains partially the effective mass of the barrier: 

𝐸𝑛 𝑘 = 𝜀𝑛(𝑘) +
ℏ2𝑘2

2𝑚0𝑚𝑊
≈ 𝜀𝑛(𝑘 = 0) +

ℏ2𝑘2

2𝑚0𝑚𝑒𝑓𝑓

𝑚𝑒𝑓𝑓 ≈ 𝑚𝑊𝑃𝑊 +𝑚𝐵𝑃𝐵

the probability of finding a particle

E.g. in GaAs-AlGaAs heterostructure
𝑚𝐵 > 𝑚𝑊 thus the well gets „shallow”

energy of the bound state depends on  𝑘
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−
ℏ2

2𝑚0 𝑚𝑊

𝑑2

𝑑𝑧2
+

ℏ2𝒌2

2𝑚0 𝑚𝑊
+ 𝐸𝑊 𝑢𝑛 𝑧 = 𝜀𝑢𝑛 𝑧

−
ℏ2

2𝑚0 𝑚𝐵

𝑑2

𝑑𝑧2
+

ℏ2𝒌2

2𝑚0 𝑚𝐵
+ 𝐸𝐵 𝑢𝑛 𝑧 = 𝜀𝑢𝑛 𝑧

𝑉0 𝑘 = 𝐸𝐵 − 𝐸𝑊 +
ℏ2𝑘2

2𝑚0

1

𝑚𝐵
−

1

𝑚𝑊

The particle moves in the well which potential depends on 𝒌, in fact 𝑘 = 𝒌

E.g. in GaAs-AlGaAs heterostructure
𝑚𝐵 > 𝑚𝑊 thus the well gets „shallow”



Opticial transitions

2017-06-05 9

𝜀𝑒,𝑛𝑒 = 𝐸𝑐
𝐺𝑎𝐴𝑠 +

ℏ2𝜋2𝑛𝑒
2

2𝑚0𝑚𝑒𝑎
2

𝜀ℎ,𝑛ℎ = 𝐸𝑣
𝐺𝑎𝐴𝑠 −

ℏ2𝜋2𝑛ℎ
2

2𝑚0𝑚ℎ𝑎
2

ℏ𝜔𝑛 = 𝜀𝑒,𝑛𝑒 − 𝜀ℎ,𝑛ℎ = 𝐸𝑔
𝐺𝑎𝐴𝑠 +

ℏ2𝜋2𝑛2

2𝑚0𝑎
2

1

𝑚𝑒
+

1

𝑚ℎ
= 𝐸𝑔

𝐺𝑎𝐴𝑠 +
ℏ2𝜋2𝑛2

2𝑚0𝑚𝑒ℎ𝑎
2

1

𝑚𝑒ℎ
=

1

𝑚𝑒
+

1

𝑚ℎ
Optical effective mass
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Marc Baldo MIT OpenCourseWare Publication May 2011

𝐸𝑛 𝑘𝑥 , 𝑘𝑦 = 𝜀𝑚,𝑛 +
ℏ2𝑘𝑧

2

2𝑚

𝜓𝑘𝑥,𝑚,𝑛 𝑥, 𝑦, 𝑧 = 𝑢𝑚,𝑛 𝑥, 𝑦 exp 𝑖𝑘𝑧𝑧 = albo np. = 𝑢𝑛,𝑙(𝑟, 𝜃) exp 𝑖𝑘𝑧𝑧
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Marc Baldo MIT OpenCourseWare Publication May 2011

𝐸𝑛 𝑘𝑥 , 𝑘𝑦 = 𝜀𝑚,𝑛 +
ℏ2𝑘𝑧

2

2𝑚

𝜓𝑘𝑥,𝑚,𝑛 𝑥, 𝑦, 𝑧 = 𝑢𝑚,𝑛 𝑥, 𝑦 exp 𝑖𝑘𝑧𝑧 = albo np. = 𝑢𝑛,𝑙(𝑟, 𝜃) exp 𝑖𝑘𝑧𝑧

Square quantum well 2D 𝐿𝑥𝐿𝑦, infinite potential:

𝜓𝑘𝑥,𝑚,𝑛 𝑥, 𝑦, 𝑧 = 𝑢𝑚,𝑛 𝑥, 𝑦 exp 𝑖𝑘𝑧𝑧 = exp 𝑖𝑘𝑚𝑥 exp 𝑖𝑘𝑛𝑦 exp 𝑖𝑘𝑧𝑧

With boundary conditions 𝐿𝑥𝑘𝑚 = 𝑛𝑥𝜋 and 𝐿𝑦𝑘𝑛 = 𝑛𝑦𝜋 (dicrete spectrum)
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Rectangular wire 𝑎 × 𝑏 – solutions like: 
𝜀𝑛𝑥,𝑛𝑦 =

ℏ2𝜋2

2𝑚

𝑛𝑥
2

𝐿𝑥
2 +

𝑛𝑦
2

𝐿𝑦
2

http://wn.com/2d_and_3d_standing_wave
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𝜀𝑛𝑥,𝑛𝑦 =
ℏ2𝜋2

2𝑚

𝑛𝑥
2

𝑎2
+
𝑛𝑦
2

𝑏2
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Rectangular wire 𝑎 × 𝑏 – solutions like: 
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Cylindrical well (with infinite walls)

−
ℏ2

2𝑚

𝜕2

𝜕𝑟2
+
1

𝑟

𝜕

𝜕𝑟
+

1

𝑟2
𝜕2

𝜕𝜃2
+ 𝑉0 𝜓 𝑟, 𝜃 = 𝐸𝜓 𝑟, 𝜃

𝜓 𝑟, 𝜃 = 𝑢 𝑟 exp 𝑖𝑙𝜃

−
ℏ2

2𝑚

𝜕2

𝜕𝑟2
+
1

𝑟

𝜕

𝜕𝑟
+

ℏ2𝑙2

2𝑚𝑟2
+ 𝑉0 𝑢 𝑟 = 𝐸𝑢 𝑟

What gives solutions in the form Bessel functions

the depth of the potential depends on 𝑙2

𝑟2
𝑑2𝑢

𝑑𝑟2
+ 𝑟

𝑑𝑢

𝑑𝑟
+ 𝑘𝑟 2 − 𝑙2 𝑢 = 0

𝑘 = 2𝑚(𝐸 − 𝑉0)/ℏ

𝐽𝑙 𝑘𝑟 ~
2

𝜋𝑘𝑟
cos 𝑘𝑟 −

1

2
𝑙𝜋 −

1

4
𝜋

𝜙𝑛𝑙 𝑟 ∝ 𝐽𝑙
𝑗𝑙,𝑛𝑟

𝑎
exp 𝑖𝑙𝜃 Zeros of the Besseel function are 𝑗𝑙,𝑛𝜀𝑛𝑙 =

ℏ2𝑗𝑙,𝑛
2

2𝑚𝑎

𝑉0 +
ℏ2

2𝑚𝑟2

𝑉0

𝑉0 +
4ℏ2

2𝑚𝑟2

𝑉0 +
9ℏ2

2𝑚𝑟2
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Cylindrical well
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http://www.almaden.ibm.com/vis/stm/images/stm17.jpg
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Quantum wires
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www.ece.odu.edu/g_seminar.htm

Photo by Peidong Yang/UC Berkeley, courtesy of Science

http://www.mpi-halle.mpg.de/~mbe/

http://www.ece.odu.edu/g_seminar.htm
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Collins P. G., Avouris P., Świat Nauki 2, 40, 2001 



http://online.itp.ucsb.edu/online/qhall_c98/dekker/oh/07.html



http://online.itp.ucsb.edu/online/qhall_c98/dekker/oh/07.html

Cees Dekker, dekker@qt.tn.tudelft.nl
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Nano –manipulation of CNT 

mailto:dekker@qt.tn.tudelft.nl
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Yorktown Heights, N.Y., April 27, 2001 ... IBM 
scientists developed a breakthrough transistor 
technology that could preview how computer chips 
can be made smaller and faster than what is 
currently possible with silicon. 

“CONSTRUCTIVE DESTRUCTION”

1. The scientists deposit ropes of “stuck together” 

metallic and semiconducting nanotubes on a 

silicon-oxide wafer, 

2. Then a lithographic mask is projected onto the 

wafer to form electrodes (metal pads) over the 

nanotubes. These electrodes act as a switch to 

turn the semiconducting nanotubes on and off, 

.3 Using the silicon wafer itself as an electrode, the 

scientists "switch-off" the semiconducting 

nanotubes, which essentially blocks any current 

from traveling through them, 

4.. The metal nanotubes are left unprotected and an 

appropriate voltage is applied to the wafer, 

destroying only the metallic nanotubes, since 

the semiconducting nanotubes are now 

insulated, 

5. The result: a dense array of unharmed, working 

semiconducting nanotube transistors that can 

be used to build logic circuits like those found in 

computer chips. 

Manipulation of CNT - nanotransistor

332017-06-05
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Laserowanie bez wnęki (t.j. sam 
nanodrut jest dla siebie wnęką!)

Photo by Peidong Yang/UC Berkeley, courtesy of Science

Quantum wires
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Microelectronics Journal  39,  2008, 369–374
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Microelectronics Journal  39,  2008, 369–374

Miniband properties of 
superlattice quantum dot arrays 
fabricated by the edge-defined 
nanowires
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Microelectronics Journal  39,  2008, 369–374

Miniband properties of 
superlattice quantum dot arrays 
fabricated by the edge-defined 
nanowires
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Quantum
Dot

e-
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

Quantum dots

422017-06-05
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−
ℏ2

2𝑚

𝑑2

𝑑𝑥2
+
1

2
𝑚𝜔0

2𝑥2 𝜓 𝑥 = 𝐸𝜓 𝑥 𝐸𝑛 = ℏ𝜔0 𝑛 +
1

2
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Semiconductor heterostructures
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Investigation of high antimony-content gallium arsenic nitride-gallium arsenic antimonide heterostructures for long wavelength application



The band theory of solids.
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Harmonic potential
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Energy

Time

Island 
formation

1122  

SUBSTRATE

(GaAs)

EPITAXIAL

LAYER

(e.g. InAs)

• Defect-free semiconductor “clusters“ 
on a 2D quantum well wetting layer

TEM

0.25µm x 0.25µm
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GaAs InAs

GaAs

InGaAs

InGaAs
QDs

GaAs

InGaAs
QDs

GaAs

5 nm

20 nm

50 nm

TEM J.Jasiński
AFM IMS-NRC
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Kropki kwantowe 
InGaAs/GaAs

S.Raymond et al Phys. Rev. B 54; 11548 (1995)
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Double-barrier
heterostructure
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𝐸𝑛
𝑥 = ℏ𝜔0 𝑛𝑥 +

1

2
in the 𝑥-direction and the same in 𝑦

𝐸𝑛
𝑦
= ℏ𝜔0 𝑛𝑦 +

1

2

𝐸𝑛 = 𝐸𝑛
𝑥 + 𝐸𝑛

𝑦
= ℏ𝜔0 𝑁 + 1

Degeneracy? 𝑁 = 𝑛𝑥 + 𝑛𝑦
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𝐸𝑛
𝑥 = ℏ𝜔0 𝑛𝑥 +

1

2

𝐸𝑛
𝑦
= ℏ𝜔0 𝑛𝑦 +

1

2

𝐸𝑛 = 𝐸𝑛
𝑥 + 𝐸𝑛

𝑦
= ℏ𝜔0 𝑁 + 1

𝑵 (𝒏𝒙, 𝒏𝒚)

0 (0,0)

1 (1,0) (0,1)

2 (2,0) (1,1) (0,2)

3 (3,0) (2,1) (1,2) (0,3)

𝑔𝑁 = 𝑁 + 1

𝑁 = 𝑛𝑥 + 𝑛𝑦

in the 𝑥-direction and the same in 𝑦

Degeneracy?
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laser beam

sample

7mm



Spectroscopy of Quantum Dots
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T=300K

Minimum step~50 nm

Maximum step ~1 mm

T=4.2K

Minimum step~5 nm
Maximum step ~100 nm

0.2-1 mm

300 mm

A.Babinski, et al. Physica E 26 (2005) 190
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Harmonic oscillator model:

• s-, p-, d-,… shells

• Allowed interband transition 
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Harmonic oscillator model:

• s-, p-, d-,… shells

• Allowed interband transition 
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Zależność od mocy pobudzania widm 
fotoluminescencji otrzymanych w temperaturze 
bliskiej temperatury ciekłego helu (ok. 5 K) dla 
licznego (wielomilionowego) zbioru kropek 
kwantowych InAs/GaAs.
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The electronic structure of a strained InAs
(110) pyramidal quantum dot embedded 
within GaAs. The strain-modified band 
offsets are shown above the atomic 
structure. They exhibit a well for both 
heavy holes and electrons.
Isosurface plots of the four highest hole 
states and four lowest electron states, as 
obtained from pseudopotential
calculations, appear on the left and
right. CBM means conduction band 
minimum and VBM valence band 
minimum

MRS Bulletin Vol. 23 No. 2, p. 35 (1998).
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The spectrum of photo reflections at room 
temperature of the quantum dots In-As / GaAs
structure [W. Rudno-Rudziński, et al. Solid State 
Commun. 135, 232 (2005)]

The dependence of photoluminescence spectra 
of the intensity of stimulation at temperatures 
close to liquid helium temperature (approx. 5 K) 
for a large number (several million) of quantum 
dots InAs / GaAs.
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𝐸𝑛
𝑥 = ℏ𝜔0 𝑛𝑥 +

1

2

𝐸𝑛 = 𝐸𝑛
𝑥 + 𝐸𝑛

𝑦
+ 𝐸𝑛

𝑧 = ℏ𝜔0 𝑁 +
3

2

𝑵 (𝒏𝒙, 𝒏𝒚, 𝒏𝒛)

0 (0,0,0)

1 (1,0,0) (0,1,0) (0,0,1)

2 (2,0,0) (0,2,0) (0,0,2) (1,1,0) (1,0,1) (0,1,1)

3 3x(3,0,0) 1x(1,1,1) 6x(2,0,1)

𝑔𝑁 =
𝑁 + 1 𝑁 + 2

2

𝑁 = 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧

in the 𝑥-direction and the same in 𝑦

Degeneracy?
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R C Ashoori,  Nature , 379, 413 (1996)

M A Kastner,  Phys. Today , 46, 24 (1993)
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Experiment Calculations

„H”

„He”

„Li”

„Be”

„B”

„C”
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K.Karrai et al., Nature 427, 135 (2004)
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The energy gap in spherical quantum dots [Brus, L. E. J. Phys. Chem. 1986, 90, 2555, Brus. L. E. J. 
Chem. Phys. 1984, 80, 4403]

𝐸𝑔
∗ 𝑅 = 𝐸𝑔

𝑏𝑢𝑙𝑘 +
ℏ2𝜋2

2𝑅2𝑚0

1

𝑚𝑒
+

1

𝑚ℎ
−

1.8𝑒2

4𝜋𝜀𝜀0𝑅

Part of the Coulomb 𝑒 − ℎ interaction
reduces energy. Calculated for the 
hydrogen-like state Ψ𝑛 𝑟 (𝑛 = 1) :

Quantum localization: the smaller the particle - more vectors 𝑘
needed to describe the state of the carrier. So the particle is in 
the well! INCREASES the energy

𝜀𝑛 =
ℏ2𝑘𝑛

2

2𝑚
=
ℏ2𝑛2𝜋2

2𝑚𝐿2 Ψ𝑛 𝑟 =
𝐶𝑛
𝑟
sin

𝑛𝜋𝑟

𝑅

𝑅 – diameter
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http://www.sussex.ac.uk/Users/kaf18/QDSpectra.jpg

Spherical quantum dots
The energy gap in spherical quantum dots [Brus, L. E. J. Phys. Chem. 1986, 90, 2555, Brus. L. E. J. 
Chem. Phys. 1984, 80, 4403]
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Current Opinion in Chemical Biology 2006, 10:423–429 Nanoscale controlled self-assembled monolayers and quantum dots
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http://www.sussex.ac.uk/Users/kaf18/QDSpectra.jpg
Przerwa energetyczna CdSe

Spherical quantum dots
The energy gap in spherical quantum dots [Brus, L. E. J. Phys. Chem. 1986, 90, 2555, Brus. L. E. J. 
Chem. Phys. 1984, 80, 4403]
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The energy gap in spherical quantum dots [Brus, L. E. J. Phys. Chem. 1986, 90, 2555, Brus. L. E. J. 
Chem. Phys. 1984, 80, 4403]

𝐸𝑔
∗ 𝑅 = 𝐸𝑔

𝑏𝑢𝑙𝑘 +
ℏ2𝜋2

2𝑅2𝑚0

1

𝑚𝑒
+

1

𝑚ℎ
−

1.8𝑒2

4𝜋𝜀𝜀0𝑅

Part of the Coulomb 𝑒 − ℎ interaction
reduces energy. Calculated for the 
hydrogen-like state Ψ𝑛 𝑟 (𝑛 = 1) :

Quantum localization: the smaller the particle - more vectors 𝑘
needed to describe the state of the carrier. So the particle is in 
the well! INCREASES the energy

𝜀𝑛 =
ℏ2𝑘𝑛

2

2𝑚
=
ℏ2𝑛2𝜋2

2𝑚𝐿2 Ψ𝑛 𝑟 =
𝐶𝑛
𝑟
sin

𝑛𝜋𝑟

𝑅

𝑅 – diameter
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𝜀𝑒,𝑛𝑒 = 𝐸𝑐
𝐺𝑎𝐴𝑠 +

ℏ2𝜋2𝑛𝑒
2

2𝑚0𝑚𝑒𝑎
2

𝜀ℎ,𝑛ℎ = 𝐸𝑣
𝐺𝑎𝐴𝑠 −

ℏ2𝜋2𝑛ℎ
2

2𝑚0𝑚ℎ𝑎
2

ℏ𝜔𝑛 = 𝜀𝑒,𝑛𝑒 − 𝜀ℎ,𝑛ℎ = 𝐸𝑔
𝐺𝑎𝐴𝑠 +

ℏ2𝜋2𝑛2

2𝑚0𝑎
2

1

𝑚𝑒
+

1

𝑚ℎ
= 𝐸𝑔

𝐺𝑎𝐴𝑠 +
ℏ2𝜋2𝑛2

2𝑚0𝑚𝑒ℎ𝑎
2

1

𝑚𝑒ℎ
=

1

𝑚𝑒
+

1

𝑚ℎ
Optical effective mass
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http://www.medicine.tcd.ie/molecular-medicine/gallery/pictures/scientific-pictures.php

Synthesis Techniques
• Vapor phase (molecular beams, flame synthesis etc…
• Solution phase synthesis
•Aqueous Solution
•Nonaqueous Solution
•Typically the rapid reduction of organmetallic precusors in hot
organics with surfactants

Semiconductor Nanoparticles
II-VI: CdS, CdSe, PbS, ZnS
III-V: InP, InAs
MO: TiO2, ZnO, Fe2O3, PbO, Y2O3
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http://www.microscopyu.com/articles/fluorescence/index.html
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Luminescent quantum dots for multiplexed biological detection and imaging
W. Chan et al. Current Opinion in Biotechnology 2002, 13:40–46
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In vivo molecular and cellular imaging with quantum dots Xiaohu Gao Current Opinion in Biotechnology 2005, 16:63–72
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Synthesis of multi-shell nanocrystals by a single step coating process, Nanotechnology 2006

Quantum Yield = 
wydajność kwantowa

The fluorescence 
quantum yield is 
defined as the ratio of 
the number of emitted 
photons to the number 
of exciting photons 
absorbed by the 
substance at the same 
time and the same 
volume.
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In vivo molecular and cellular imaging with quantum dots Xiaohu Gao Current Opinion in Biotechnology 2005, 16:63–72
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Current Opinion in Chemical Biology 2006, 10:423–429 Nanoscale controlled self-assembled monolayers and quantum dots
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In vivo molecular and cellular imaging with quantum dots
Xiaohu Gao Current Opinion in Biotechnology 2005, 16:63–72
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An Ancient Model Organism to Test In 
Vivo Novel Functional Nanocrystals
By Claudia Tortiglione
"Biomedical Engineering - From Theory to Applications", Edited by 
Reza Fazel-Rezai, 

Figure 18.
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Figure 1.
Anatomical structure of Hydra vulgaris
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Justin Galloway
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Proof sketch
Bloch function of a carrier in the crystal:

Ψ Ԧ𝑟 =෍

𝑛,𝑘

𝑐𝑛,𝑘𝑢𝑛,𝑘 Ԧ𝑟 𝑒𝑖𝑘 Ԧ𝑟

Ψc Ԧ𝑟 ≈෍

𝑘

𝑐1,𝑘𝑢Γ6,0 Ԧ𝑟 𝑒𝑖𝑘 Ԧ𝑟 = 𝑢Γ6,0 Ԧ𝑟 𝐹𝑒 Ԧ𝑟

For the electron:

For the hole:

Ψv Ԧ𝑟 ≈ ෍

𝐽𝑧=±3/2,±1/2,𝑘

𝑐𝐽𝑧,𝑘𝑢Γ8,𝐽𝑧 Ԧ𝑟 𝑒𝑖𝑘 Ԧ𝑟 = ෍

𝐽𝑧= ±3/2,±1/2,𝑘

𝑢Γ8,𝐽𝑧 Ԧ𝑟 𝐹𝐽𝑧 Ԧ𝑟

Intersubband dipole optical transitions:

Ψc Ԧ𝑟 Ԧ𝑝 Ψv,𝐽𝑧 Ԧ𝑟 = 𝑢Γ6,0 Ԧ𝑟 𝑢Γ8,𝐽𝑧 Ԧ𝑟 𝐹𝑒 Ԧ𝑟 Ԧ𝑝 𝐹𝐽𝑧 Ԧ𝑟 + 𝑢Γ6,0 Ԧ𝑟 Ԧ𝑝 𝑢Γ8,𝐽𝑧 Ԧ𝑟 𝐹𝑒 Ԧ𝑟 𝐹𝐽𝑧 Ԧ𝑟



Time-dependent perturbation theory
General solution of Schrödinger equation

Time-independent potential

𝐻0 = −
ℏ2

2𝑚

𝜕2

𝜕𝑥2
+𝑈(𝑥)

𝐻 = 𝐻0 + 𝑉(𝑡)

𝑉(𝑡) = ቊ𝑊 𝑡
0

dla 0 ≤ 𝑡 ≤ 𝜏
dla 𝑡 < 0 i 𝑡 > 𝜏

t
0 t

𝜓 𝑥, 𝑡 = 𝐴𝜑𝑚(𝑥)𝑒
−𝑖𝐸𝑚𝑡/ℏ

𝑖ℏ
𝜕

𝜕𝑡
𝜓 Ԧ𝑟, 𝑡 = −

ℏ2

2𝑚
𝛻2𝜓 Ԧ𝑟, 𝑡 + 𝑉 Ԧ𝑟, 𝑡 𝜓 Ԧ𝑟, 𝑡
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Time-independent potential

The simplest case:



Time-dependent Schrödinger equation:

Time-independent potential

𝐻0 = −
ℏ2

2𝑚

𝜕2

𝜕𝑥2
+𝑈(𝑥)

Time-independent potential 𝐻 = 𝐻0 + 𝑉(𝑡)

𝑉(𝑡) = ቊ𝑊 𝑡
0

dla 0 ≤ 𝑡 ≤ 𝜏
dla 𝑡 < 0 i 𝑡 > 𝜏

The simplest case:

t
0 t

𝑖ℏ
𝜕

𝜕𝑡
𝜓 = 𝐻0 + 𝑉(𝑡) 𝜓 𝑥, 𝑡 = ෍

𝑛

𝐴𝑛(𝑡)𝜑𝑛(𝑥)𝑒
−𝑖𝐸𝑛𝑡/ℏ

By analogy

2017-06-05 92

Time-dependent perturbation theory

𝜓 𝑥, 𝑡 = 𝐴𝜑𝑚(𝑥)𝑒
−𝑖𝐸𝑚𝑡/ℏ



𝜓 𝑥, 𝑡 = ෍

𝑛

𝐴𝑛(𝑡)𝜑𝑛(𝑥)𝑒
−𝑖𝐸𝑛𝑡/ℏ

For 𝑡 < 0 the system was in the initial state m 𝜓 𝑥, 𝑡 < 0 = 𝜑𝑚(𝑥)𝑒
−𝑖𝐸𝑚𝑡/ℏ

𝜓 𝑥, 𝑡 > 𝜏 =෍

𝑛

𝐴𝑛𝑚(𝜏)𝜑𝑛(𝑥)𝑒
−𝑖𝐸𝑛𝑡/ℏFor 𝑡 > 𝜏 the system will be in a different state

wherein the probability that the system will be in a steady state of energy 𝐸𝑛 is given by the 
transition probability at time 𝜏 from an initial state 𝑚 to a state n.

𝓌𝑚𝑛 = |𝐴𝑚𝑛 𝜏 |2

Functions 𝜑𝑛 𝑥 are eigenstates of the Hamiltonian, i.e.: 𝐻0𝜑𝑛 𝑥 = 𝐸𝑛
0𝜑𝑛 𝑥

We have to compute: 𝑖ℏ
𝜕

𝜕𝑡
𝜓 𝑥, 𝑡

i.e. 𝐻0| ۧ𝑛 = 𝐸𝑛
0| ۧ𝑛
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Time-dependent perturbation theory

𝑖ℏ
𝜕

𝜕𝑡
𝜓 = 𝐻0 + 𝑉(𝑡)

Time-dependent Schrödinger equation:



𝜓 𝑥, 𝑡 = ෍

𝑛

𝐴𝑛(𝑡)𝜑𝑛(𝑥)𝑒
−𝑖𝐸𝑛𝑡/ℏ

For 𝑡 < 0 the system was in the initial state m 𝜓 𝑥, 𝑡 < 0 = 𝜑𝑚(𝑥)𝑒
−𝑖𝐸𝑚𝑡/ℏ

𝜓 𝑥, 𝑡 > 𝜏 =෍

𝑛

𝐴𝑛𝑚(𝜏)𝜑𝑛(𝑥)𝑒
−𝑖𝐸𝑛𝑡/ℏFor 𝑡 > 𝜏 the system will be in a different state

wherein the probability that the system will be in a steady state of energy 𝐸𝑛 is given by the 
transition probability at time 𝜏 from an initial state 𝑚 to a state n.

𝓌𝑚𝑛 = |𝐴𝑚𝑛 𝜏 |2
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Time-dependent perturbation theory

𝑖ℏ
𝜕

𝜕𝑡
𝜓 = 𝐻0 + 𝑉(𝑡)

Time-dependent Schrödinger equation:

We calculate coefficients Amn. 𝑖ℏ
𝑑

𝑑𝑡
𝐴𝑚𝑙(𝑡) = ෍

𝑛

𝑙 𝑊(𝑡) 𝑛 𝐴𝑚𝑛𝑒
+𝑖𝜔𝑙𝑛𝑡

ℏ𝜔𝑙𝑛 = 𝐸𝑙 − 𝐸𝑛

𝑙 𝑊(𝑡) 𝑛 = න𝜑𝑙
∗𝑊(𝑡)𝜑𝑛𝑑𝑥

i.e. 𝐻0| ۧ𝑛 = 𝐸𝑛
0| ۧ𝑛



Unfortunately, the exact solution of the equation is not possible

We calculate coefficents Amn iteratively

𝑖ℏ
𝑑

𝑑𝑡
𝐴𝑚𝑙(𝑡) =෍

𝑛

𝑙 𝑊(𝑡) 𝑛 𝐴𝑚𝑛𝑒
+𝑖𝜔𝑙𝑛𝑡

ℏ𝜔𝑙𝑛 = 𝐸𝑙 − 𝐸𝑛

𝑙 𝑊(𝑡) 𝑛 = න𝜑𝑙
∗𝑊(𝑡)𝜑𝑛𝑑𝑥

𝑖ℏ
𝑑

𝑑𝑡
𝐴𝑚𝑙

𝑗
(𝑡) = ෍

𝑛

𝑙 𝑊 𝑡 𝑛 𝐴𝑚𝑛
(𝑗−1)

𝑒+𝑖𝜔𝑙𝑛𝑡

𝐴𝑚𝑙
0

𝑡 = 𝑙 𝜑𝑚(𝑥) = 𝑙 𝑚 = 𝛿𝑙𝑚

Previous solutionNew solution

𝐴𝑚𝑙
(1)

𝑡 = 𝐴𝑚𝑙
(0)

0 +
1

𝑖ℏ
න
0

𝜏

෍

𝑛

𝑙 𝑊(𝑡) 𝑛 𝐴𝑚𝑛
(0)

𝑒+𝑖𝜔𝑙𝑛𝑡 𝑑𝑡

Odcałkowywujewujemy:

𝑊(𝑡) Is in the range of 0 to 𝜏
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Time-dependent perturbation theory



Unfortunately, the exact solution of the equation is not possible

We calculate coefficents Amn iteratively

𝑖ℏ
𝑑

𝑑𝑡
𝐴𝑚𝑙(𝑡) =෍

𝑛

𝑙 𝑊(𝑡) 𝑛 𝐴𝑚𝑛𝑒
+𝑖𝜔𝑙𝑛𝑡

ℏ𝜔𝑙𝑛 = 𝐸𝑙 − 𝐸𝑛

𝑙 𝑊(𝑡) 𝑛 = න𝜑𝑙
∗𝑊(𝑡)𝜑𝑛𝑑𝑥

𝑖ℏ
𝑑

𝑑𝑡
𝐴𝑚𝑙

𝑗
(𝑡) = ෍

𝑛

𝑙 𝑊 𝑡 𝑛 𝐴𝑚𝑛
(𝑗−1)

𝑒+𝑖𝜔𝑙𝑛𝑡

𝐴𝑚𝑙
0

𝑡 = 𝑙 𝜑𝑚(𝑥) = 𝑙 𝑚 = 𝛿𝑙𝑚

Previous solutionNew solution
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Initially, the system was 
in state 𝑚

𝐴𝑚𝑙
(1)

𝑡 = 𝐴𝑚𝑙
(0)

0 +
1

𝑖ℏ
න
0

𝜏

෍

𝑛

𝑙 𝑊 𝑡 𝑛 𝐴𝑚𝑛
(0)

𝑒+𝑖𝜔𝑙𝑛𝑡 𝑑𝑡 =

= 𝛿𝑙𝑚 +
1

𝑖ℏ
න
0

𝜏

෍

𝑛

𝑙 𝑊 𝑡 𝑛 𝛿𝑚𝑛𝑒
+𝑖𝜔𝑙𝑛𝑡 𝑑𝑡 = 𝛿𝑙𝑚 +

1

𝑖ℏ
න
0

𝜏

𝑙 𝑊(𝑡) 𝑚 𝑒+𝑖𝜔𝑙𝑚𝑡 𝑑𝑡

Odcałkowywujewujemy:



Unfortunately, the exact solution of the equation is not possible

We calculate coefficents Amn iteratively

𝑖ℏ
𝑑

𝑑𝑡
𝐴𝑚𝑙(𝑡) =෍

𝑛

𝑙 𝑊(𝑡) 𝑛 𝐴𝑚𝑛𝑒
+𝑖𝜔𝑙𝑛𝑡

ℏ𝜔𝑙𝑛 = 𝐸𝑙 − 𝐸𝑛

𝑙 𝑊(𝑡) 𝑛 = න𝜑𝑙
∗𝑊(𝑡)𝜑𝑛𝑑𝑥

𝑖ℏ
𝑑

𝑑𝑡
𝐴𝑚𝑙

𝑗
(𝑡) = ෍

𝑛

𝑙 𝑊 𝑡 𝑛 𝐴𝑚𝑛
(𝑗−1)

𝑒+𝑖𝜔𝑙𝑛𝑡

𝐴𝑚𝑙
0

𝑡 = 𝑙 𝜑𝑚(𝑥) = 𝑙 𝑚 = 𝛿𝑙𝑚

New solution
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Initially, the system was 
in state 𝑚

𝐴𝑚𝑙
(1)

𝑡 = 𝐴𝑚𝑙
(0)

0 +
1

𝑖ℏ
න
0

𝜏

෍

𝑛

𝑙 𝑊 𝑡 𝑛 𝐴𝑚𝑛
(0)

𝑒+𝑖𝜔𝑙𝑛𝑡 𝑑𝑡 =

= 𝛿𝑙𝑚 +
1

𝑖ℏ
න
0

𝜏

෍

𝑛

𝑙 𝑊 𝑡 𝑛 𝛿𝑚𝑛𝑒
+𝑖𝜔𝑙𝑛𝑡 𝑑𝑡 = 𝛿𝑙𝑚 +

1

𝑖ℏ
න
0

𝜏

𝑙 𝑊(𝑡) 𝑚 𝑒+𝑖𝜔𝑙𝑚𝑡 𝑑𝑡

Odcałkowywujewujemy:

Only when the initial and final 
are the same. And we 
calculate the probability of 
transition to another state.



Substitute into the equation, we consider the initial condition (see Quantum Mechanics S.A 
Dawydov)

When 𝑊 𝑡 = 𝑐𝑜𝑛𝑠𝑡 = 𝑊 for 0 ≤ 𝑡 ≤ 𝜏 it is easy to obtain:

න
0

𝜏

𝑛 𝑊(𝑡) 𝑙 𝑒𝑖𝜔𝑛𝑙𝑡𝑑𝑡 =
𝑒𝑖𝜔𝑛𝑙𝜏 − 1

𝑖𝜔𝑛𝑙
𝑛 𝑊 𝑙

𝓌𝑚𝑛 = |𝐴𝑚𝑛 𝜏 |2 =
1

ℏ2
න
0

𝜏

𝑚 𝑊(𝑡) 𝑛 𝑒+𝑖𝜔𝑚𝑛𝑡𝑑𝑡

2

𝓌𝑚𝑛 = |𝐴𝑚𝑛 𝜏 |2 =
2

ℏ2
𝑚 𝑊 𝑛 2

1 − cos 𝐸𝑛 − 𝐸𝑚
𝜏
ℏ

𝐸𝑛 − 𝐸𝑚
1
ℏ

2

Then the corresponding probability of transition under perturbation is given by
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Substitute into the equation, we consider the initial condition (see Quantum Mechanics S.A 
Dawydov)

When 𝑊 𝑡 = 𝑐𝑜𝑛𝑠𝑡 = 𝑊 for 0 ≤ 𝑡 ≤ 𝜏 it is easy to obtain:

න
0

𝜏

𝑛 𝑊(𝑡) 𝑙 𝑒𝑖𝜔𝑛𝑙𝑡𝑑𝑡 =
𝑒𝑖𝜔𝑛𝑙𝜏 − 1

𝑖𝜔𝑛𝑙
𝑛 𝑊 𝑙

𝓌𝑚𝑛 = |𝐴𝑚𝑛 𝜏 |2 =
1

ℏ2
න
0

𝜏

𝑚 𝑊(𝑡) 𝑛 𝑒+𝑖𝜔𝑚𝑛𝑡𝑑𝑡

2

𝓌𝑚𝑛 = |𝐴𝑚𝑛 𝜏 |2 =
2

ℏ2
𝑚 𝑊 𝑛 2

1 − cos 𝐸𝑛 − 𝐸𝑚
𝜏
ℏ

𝐸𝑛 − 𝐸𝑚
1
ℏ

2

Then the corresponding probability of transition under perturbation is given by
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1 − cos 𝐸𝑛 − 𝐸𝑚
𝜏
ℏ

𝐸𝑛 − 𝐸𝑚
1
ℏ

2 ≈ 𝜏𝜋ℏ𝛿 𝐸𝑛 − 𝐸𝑚𝜏 ≫
ℏ

𝐸𝑛 − 𝐸𝑚
For



Finally, the probability of transition

The probability of transitions is proportional to the perturbation time, so the probability of 
transition per unit time is given by:

𝓌𝑚𝑛 =
2𝜋

ℏ
𝑚 𝑊 𝑛 2𝜏𝛿 𝐸𝑚 − 𝐸𝑛

𝑃𝑚𝑛 =
𝓌𝑚𝑛

𝜏
=
2𝜋

ℏ
𝑚 𝑊 𝑛 2𝛿 𝐸𝑚 − 𝐸𝑛
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If the perturbation is in the form of a periodic wave we back to the general formula:

for the case where 𝑊 𝑡 = 𝑤±𝑒±𝑖𝜔𝑡 for 0 ≤ 𝑡 ≤ 𝜏 it is easy to calculate:

න
0

𝜏

𝑛 𝑤± 𝑙 𝑒𝑖(𝜔𝑛𝑙±𝜔)𝑡𝑑𝑡 =
𝑒𝑖(𝜔𝑛𝑙±𝜔)𝜏 − 1

𝑖(𝜔𝑛𝑙 ± 𝜔)
𝑛 𝑤± 𝑙

𝓌𝑛𝑚 = |𝐴𝑛𝑚 𝜏 |2 =
1

ℏ2
න
0

𝜏

𝑛 𝑊(𝑡) 𝑚 𝑒+𝑖𝜔𝑛𝑚𝑡𝑑𝑡

2

Transition probability:

𝓌𝑛𝑚 =
2𝜋

ℏ
𝑛 𝑤± 𝑚

2

𝜏𝛿 𝐸𝑛 − 𝐸𝑚 ± ℏ𝜔

𝑃𝑛𝑚 =
𝓌𝑛𝑚

𝜏
=
2𝜋

ℏ
𝑛 𝑤± 𝑚

2

𝛿 𝐸𝑛 − 𝐸𝑚 ± ℏ𝜔

Transition probability per unit time:
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Conclusions:

𝑊 𝑡 = 𝑤±𝑒±𝑖𝜔𝑡

0 ≤ 𝑡 ≤ 𝜏

The transitions are possible only for states 𝐸𝑚 = 𝐸𝑛 ± ℏ𝜔

𝑃𝑛𝑚 =
𝓌𝑛𝑚

𝜏
=
2𝜋

ℏ
𝑛 𝑤± 𝑚

2

𝛿 𝐸𝑛 − 𝐸𝑚 ± ℏ𝜔

The system can either gain energy (absorbs) or lose (emits).
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General form of the hamiltonian in the electromagnetic field is given by tha vector potential A

and scalar j:

Vector potential for an electromagnetic wave may be introduced in the form :

Assuming suitable gauging (pol: „cechowanie”)j 0, divA=0 and neglecting terms with A2

(low radiation, etc.)  

𝐻 =
1

2𝑚
Ԧ𝑝 + 𝑒 Ԧ𝐴

2
− 𝑒𝜑 + 𝑉

𝐻 ≈
𝑒

𝑚
Ԧ𝐴 Ԧ𝑝

Ԧ𝐴 = 𝐴0 𝑒−𝑖(𝜔𝑡−𝑘 Ԧ𝑟) + 𝑒𝑖(𝜔𝑡−𝑘 Ԧ𝑟)

𝐸 = 2𝜔𝐴0 sin(𝜔𝑡 − 𝑘 Ԧ𝑟)

𝐵 = 2(𝑘 × 𝐴0 )sin(𝜔𝑡 − 𝑘 Ԧ𝑟)𝐵 = 𝛻 × Ԧ𝐴

𝐸 = −𝛻𝜑 −
𝜕 Ԧ𝐴

𝜕𝑡

The perturbation in a form of an electromagnetic wave. 

𝑃𝑛𝑚 =
𝓌𝑛𝑚

𝜏
=
2𝜋

ℏ
𝑛 𝑤± 𝑚

2

𝛿 𝐸𝑛 − 𝐸𝑚 ± ℏ𝜔
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𝐷 = 𝜀𝐸

𝜀0 vacuum permittivity, permittivity of free space (przenikalność elektryczna próżni)
𝜀𝑟 relative permittivity (względna przenikalność elektryczna)
𝜀 = 𝜀0𝜀𝑟 permittivity (przenikalność elektryczna)

𝐵 = 𝜇𝐻

𝜇0 vacuum permeability, permeability of free space (przenikalność magnetyczna)
𝜇0 = 4𝜋 ⋅ 10−7H/m

𝜇𝑟 relative permeability (względna przenikalność magnetyczna)
𝜇 = 𝜇0𝜇𝑟 permeability (przenikalność magnetyczna)

magnetic susceptibility 𝜒𝑚 = 𝜇𝑟 − 1

electric field 𝐸 and the magnetic field 𝐵

displacement field 𝐷 and the magnetizing field 𝐻
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General form of the hamiltonian in the electromagnetic field is given by tha vector potential A

and scalar j:

Vector potential for an electromagnetic wave may be introduced in the form :

Assuming suitable gauging (pol: „cechowanie”)j 0, divA=0 and neglecting terms with A2

(low radiation, etc.)  

𝐻 =
1

2𝑚
Ԧ𝑝 + 𝑒 Ԧ𝐴

2
− 𝑒𝜑 + 𝑉

𝐻 ≈
𝑒

𝑚
Ԧ𝐴 Ԧ𝑝

Ԧ𝐴 = 𝐴0 𝑒−𝑖(𝜔𝑡−𝑘 Ԧ𝑟) + 𝑒𝑖(𝜔𝑡−𝑘 Ԧ𝑟)

𝐸 = 2𝜔𝐴0 sin(𝜔𝑡 − 𝑘 Ԧ𝑟)

𝐵 = 2(𝑘 × 𝐴0 )sin(𝜔𝑡 − 𝑘 Ԧ𝑟)𝐵 = 𝛻 × Ԧ𝐴

𝐸 = −𝛻𝜑 −
𝜕 Ԧ𝐴

𝜕𝑡

The perturbation in a form of an electromagnetic wave. 

𝑃𝑛𝑚 =
𝓌𝑛𝑚

𝜏
=
2𝜋

ℏ
𝑛 𝑤± 𝑚

2

𝛿 𝐸𝑛 − 𝐸𝑚 ± ℏ𝜔
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𝐻 ≈
𝑒

𝑚
Ԧ𝐴 Ԧ𝑝

Ԧ𝐴 = 𝐴0 𝑒−𝑖(𝜔𝑡−𝑘 Ԧ𝑟) + 𝑒𝑖(𝜔𝑡−𝑘 Ԧ𝑟)

𝑃𝑛𝑚 =
𝓌𝑛𝑚

𝜏
=
2𝜋

ℏ
𝑛 𝑤± 𝑚

2

𝛿 𝐸𝑛 − 𝐸𝑚 ± ℏ𝜔

expanding a series Ԧ𝑝 𝑒−𝑖(𝑘 Ԧ𝑟) ≈ Ԧ𝑝 1 + −𝑖𝑘 Ԧ𝑟 +
−𝑖𝑘 Ԧ𝑟

2

2!
+ ⋯

𝑛 Ԧ𝑝 𝑚 = 𝑖𝑚𝜔𝑛𝑚 𝑛 Ԧ𝑟 𝑚

Ԧ𝑟,𝐻0 = Ԧ𝑟𝐻0 − 𝐻0 Ԧ𝑟 =
𝑖ℏ

𝑚
Ԧ𝑝We use the commutation rules

we get

Subsequent terms in this expansion give: dipole magnetic transitions, quadrupole electric
transitions etc.
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𝐻 ≈
𝑒

𝑚
Ԧ𝐴 Ԧ𝑝

Ԧ𝐴 = 𝐴0 𝑒−𝑖(𝜔𝑡−𝑘 Ԧ𝑟) + 𝑒𝑖(𝜔𝑡−𝑘 Ԧ𝑟)

𝑃𝑛𝑚 =
𝓌𝑛𝑚

𝜏
=
2𝜋

ℏ
𝑛 𝑤± 𝑚

2

𝛿 𝐸𝑛 − 𝐸𝑚 ± ℏ𝜔

Ԧ𝑝 𝑒−𝑖(𝑘 Ԧ𝑟) ≈ Ԧ𝑝 1 + −𝑖𝑘 Ԧ𝑟 +
−𝑖𝑘 Ԧ𝑟

2

2!
+ ⋯

after laborious calculations we get the probability of emission of electromagnetic radiation 
dipole (described by the operator 𝑒Ԧ𝑟)

𝐴𝑛𝑚 =
𝓌𝑛𝑚

𝜏
=
𝜔𝑛𝑚

3𝑒2

3𝜋𝜀0ℏ𝑐3
𝑛 Ԧ𝑟 𝑚 2 =

4𝛼

3

𝜔𝑛𝑚
3

𝑐2
𝑛 Ԧ𝑟 𝑚 2

It is one of the Einstein coefficients (lasers, etc. - next week!) for nondegenerated states.

𝛼 =
𝑒2

4𝜋𝜀0ℏ𝑐
≈

1

137
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In the case o degenerated states we introduce „oscillator strength”

𝐴𝑛𝑚 =
𝜔𝑛𝑚

3𝑒2

3𝜋𝜀0ℏ𝑐3
𝑚 Ԧ𝑟 𝑛 2 =

4𝛼

3

𝜔𝑛𝑚
3

𝑐2
𝑚 Ԧ𝑟 𝑛 2

𝐴𝑛𝑚 =
4𝛼

3

𝜔𝑛𝑚
3

𝑐2
𝑆𝑚𝑛

𝑔𝑚
𝑆𝑛𝑚 =෍

𝑖

෍

𝑗

𝑛𝑖 Ԧ𝑟 𝑚𝑗
2

the degeneracy of the initial state 

In the case of the hydrogen atom states it is convenient to represent operator Ԧ𝑟 in the circular 
form:

𝑛𝑖 Ԧ𝑟 𝑚𝑗
2
= 𝑛𝑖 𝑧 𝑚𝑗

2
+
1

2
𝑛𝑖 𝑥 + 𝑖𝑦 𝑚𝑗

2
+
1

2
𝑛𝑖 𝑥 − 𝑖𝑦 𝑚𝑗

2

𝑧 = 𝑟 cos𝜗

𝑥 ± 𝑖𝑦 = 𝑟𝑒±𝑖𝜑 sin 𝜗

it is easy to then integrate spherical harmonics, because:
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Some final remarks

𝐴𝑛𝑚 =
4𝛼

3

𝜔𝑛𝑚
3

𝑐2
𝑆𝑚𝑛

𝑔𝑚
𝑆𝑛𝑚 =෍

𝑖

෍

𝑗

𝑛𝑖 Ԧ𝑟 𝑚𝑗
2

By calculating the Einstein coefficients of eg. the hydrogen atom, we can get the so called 
optical transitions selection rules , eg. for hydrogen:

∆𝑙 = ±1

∆𝑚 = ±1

∆𝑚 = 0

momentum conservation rule – the photon has an integer spin

transition in circular polarization s

transition in linear polarization p

Optical transitions are possible only between atomic levels of different symmetry, since the 
operator Ԧ𝑟 is antisymmetric
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𝐴𝑛𝑚 =
4𝛼

3

𝜔𝑛𝑚
3

𝑐2
𝑆𝑚𝑛

𝑔𝑚
𝑆𝑛𝑚 =෍

𝑖

෍

𝑗

𝑛𝑖 Ԧ𝑟 𝑚𝑗
2

We can introduce radiative recombination rate (recombination lifetime) 𝜏𝑚𝑛

In the case of dipole optical transition this lifetime is of the order of nanoseconds.

𝜏𝑛𝑚 =
1

𝐴𝑛𝑚

The power of the optical transition 𝑃𝑛𝑚 = 𝐴𝑛𝑚ℏ 𝜔𝑛𝑚
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Summary –Fermi golden rule

𝑊 𝑡 = 𝑤±𝑒±𝑖𝜔𝑡

0 ≤ 𝑡 ≤ 𝜏

Transitions are possible only for states, for which

𝑃𝑛𝑚 =
𝓌𝑛𝑚

𝜏
=
2𝜋

ℏ
𝑛 𝑤± 𝑚

2

𝛿 𝐸𝑛 − 𝐸𝑚 ± ℏ𝜔

𝐸𝑚 = 𝐸𝑛 ± ℏ𝜔

The probability of transition per unit time:

𝑃𝑚𝑛 =
𝓌𝑚𝑛

𝜏
=
2𝜋

ℏ
𝑚 𝑊 𝑛 2𝛿 𝐸𝑚 − 𝐸𝑛

𝑊 𝑡 = 𝑊

0 ≤ 𝑡 ≤ 𝜏

Transitions are possible only for states, for which

𝐸𝑚 = 𝐸𝑛

The perturbation in a form of an electromagnetic wave:

𝐴𝑛𝑚 =
𝜔𝑛𝑚

3𝑒2

3𝜋𝜀0ℏ𝑐3
𝑚 Ԧ𝑟 𝑛 2 =

4𝛼

3

𝜔𝑛𝑚
3

𝑐2
𝑚 Ԧ𝑟 𝑛 2

𝑃𝑛𝑚 = 𝐴𝑛𝑚𝛿 𝐸𝑛 − 𝐸𝑚 ± ℏ𝜔
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Summary –Fermi golden rule

Szybkość zmian – czyli prawdopodobieństwo przejścia na jednostkę czasu – ze stanu 
początkowego | ۧ𝑖 do końcowego | ۧ𝑓 dane jest wzorem:

𝑃𝑚𝑛 =
2𝜋

ℏ
𝑓 𝑊 𝑖 2𝜌 𝐸𝑓

Perturbation 𝑊 does not have to be in the form of an electromagnetic wave. 

𝜌 𝐸𝑓 - the density of final states
𝑊- interaction with the field
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The transition rate – the probability of transition per unit time – from the initial state | ۧ𝑖 to 
final | ۧ𝑓 is given by:
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Proof sketch
Bloch function of a carrier in the crystal:

Ψ Ԧ𝑟 =෍

𝑛,𝑘

𝑐𝑛,𝑘𝑢𝑛,𝑘 Ԧ𝑟 𝑒𝑖𝑘 Ԧ𝑟

Ψc Ԧ𝑟 ≈෍

𝑘

𝑐1,𝑘𝑢Γ6,0 Ԧ𝑟 𝑒𝑖𝑘 Ԧ𝑟 = 𝑢Γ6,0 Ԧ𝑟 𝐹𝑒 Ԧ𝑟

For the electron:

For the hole:

Ψv Ԧ𝑟 ≈ ෍

𝐽𝑧=±3/2,±1/2,𝑘

𝑐𝐽𝑧,𝑘𝑢Γ8,𝐽𝑧 Ԧ𝑟 𝑒𝑖𝑘 Ԧ𝑟 = ෍

𝐽𝑧= ±3/2,±1/2,𝑘

𝑢Γ8,𝐽𝑧 Ԧ𝑟 𝐹𝐽𝑧 Ԧ𝑟

Intersubband dipole optical transitions:

Ψc Ԧ𝑟 Ԧ𝑝 Ψv,𝐽𝑧 Ԧ𝑟 = 𝑢Γ6,0 Ԧ𝑟 𝑢Γ8,𝐽𝑧 Ԧ𝑟 𝐹𝑒 Ԧ𝑟 Ԧ𝑝 𝐹𝐽𝑧 Ԧ𝑟 + 𝑢Γ6,0 Ԧ𝑟 Ԧ𝑝 𝑢Γ8,𝐽𝑧 Ԧ𝑟 𝐹𝑒 Ԧ𝑟 𝐹𝐽𝑧 Ԧ𝑟
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𝐸𝑓 final energy

𝐸𝑖 initial energy

𝐸𝑓 = 𝐸𝑖 + ℏ𝑐𝑄 energy conservation rule

𝐾𝑓 = 𝐾𝑖 + 𝑄 momentum conservation rule

Photon momentum ℏ𝜔 = ℏ𝑐𝑄. For ℏ𝜔 = 1 eV we got 𝑄 ≈ 107𝑚−1. The size of the Brillouin

zone is about
𝜋

𝑎
≈

𝜋

0.5 𝑛𝑚
= 1010𝑚−1. Therefore 𝐾𝑓 = 𝐾𝑖 + 𝑄 ≈ 𝐾𝑖
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𝜀𝑒,𝑛𝑒 = 𝐸𝑐
𝐺𝑎𝐴𝑠 +

ℏ2𝜋2𝑛𝑒
2

2𝑚0𝑚𝑒𝑎
2

𝜀ℎ,𝑛ℎ = 𝐸𝑣
𝐺𝑎𝐴𝑠 −

ℏ2𝜋2𝑛ℎ
2

2𝑚0𝑚ℎ𝑎
2

ℏ𝜔𝑛 = 𝜀𝑒,𝑛𝑒 − 𝜀ℎ,𝑛ℎ = 𝐸𝑔
𝐺𝑎𝐴𝑠 +

ℏ2𝜋2𝑛2

2𝑚0𝑎
2

1

𝑚𝑒
+

1

𝑚ℎ
= 𝐸𝑔

𝐺𝑎𝐴𝑠 +
ℏ2𝜋2𝑛2

2𝑚0𝑚𝑒ℎ𝑎
2

1

𝑚𝑒ℎ
=

1

𝑚𝑒
+

1

𝑚ℎ
Optical effective mass



Opticial transitions

2017-06-05 119

𝜀𝑒,𝑛𝑒 = 𝐸𝑐
𝐺𝑎𝐴𝑠 +

ℏ2𝜋2𝑛𝑒
2

2𝑚0𝑚𝑒𝑎
2

𝜀ℎ,𝑛ℎ = 𝐸𝑣
𝐺𝑎𝐴𝑠 −

ℏ2𝜋2𝑛ℎ
2

2𝑚0𝑚ℎ𝑎
2

ℏ𝜔𝑛 = 𝜀𝑒,𝑛𝑒 − 𝜀ℎ,𝑛ℎ = 𝐸𝑔
𝐺𝑎𝐴𝑠 +

ℏ2𝜋2𝑛2

2𝑚0𝑎
2

1

𝑚𝑒
+

1

𝑚ℎ
= 𝐸𝑔

𝐺𝑎𝐴𝑠 +
ℏ2𝜋2𝑛2

2𝑚0𝑚𝑒ℎ𝑎
2

1

𝑚𝑒ℎ
=

1

𝑚𝑒
+

1

𝑚ℎ
Optical effective mass
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𝜀𝑒,𝑛𝑒 = 𝐸𝑐
𝐺𝑎𝐴𝑠 +

ℏ2𝜋2𝑛𝑒
2

2𝑚0𝑚𝑒𝑎
2

𝜀ℎ,𝑛ℎ = 𝐸𝑣
𝐺𝑎𝐴𝑠 −

ℏ2𝜋2𝑛ℎ
2

2𝑚0𝑚ℎ𝑎
2

ℏ𝜔𝑛 = 𝜀𝑒,𝑛𝑒 − 𝜀ℎ,𝑛ℎ = 𝐸𝑔
𝐺𝑎𝐴𝑠 +

ℏ2𝜋2𝑛2

2𝑚0𝑎
2

1

𝑚𝑒
+

1

𝑚ℎ
= 𝐸𝑔

𝐺𝑎𝐴𝑠 +
ℏ2𝜋2𝑛2

2𝑚0𝑚𝑒ℎ𝑎
2

1

𝑚𝑒ℎ
=

1

𝑚𝑒
+

1

𝑚ℎ
Optical effective mass
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The power dependence of photoluminescence 
spectra at temperatures close to liquid helium 
temperatures (approx. 5 K) for a large number
set (several million) of quantum dots InAs/GaAs
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L = n - m (elektron)
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