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1. What type of the quantum dots is described in the paper? What is expected energy range for 
their luminescence?
2. How the quantum dots were obtained? How dense they are (e.g., how many dots there is
within the laser spot)?
3. How many eigenstates neutral exciton has? How many spectral lines?
4. Which of the two exhibit larger anisotropy: neutral exciton or biexciton?
5. Why the experiments are carried out at low temperatures? What is the relevant energy scale?

Questions for paper 2:
6. Why the exciton is splitted into 6 lines? Which of them corresponds to Mn spin of +5/2, and 
which corresponds to spin of -5/2?
7. In the magnetic field, the photoluminescence lines shift due to Zeeman effect (see Fig. 2). 
How this figure would have changed, if the g-factor of the manganese had been 2 times larger?
8. What is the origin of the anticrossing marked in Fig. 2?

Dr Tomasz Kazimierczuk



THE ARTICLE

2017-06-05 4

R C Ashoori,  Nature , 379, 413 (1996)

M A Kastner,  Phys. Today , 46, 24 (1993)



THE ARTICLE

2017-06-05 5



Harmonic potential 2D
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𝐸𝑛
𝑥 = ℏ𝜔0 𝑛𝑥 +

1

2
in 𝑥 direction and the same in 𝑦

𝐸𝑛
𝑦
= ℏ𝜔0 𝑛𝑦 +

1

2

𝐸𝑛 = 𝐸𝑛
𝑥 + 𝐸𝑛

𝑦
= ℏ𝜔0 𝑁 + 1

Degeneracy?

𝑵 (𝒏𝒙, 𝒏𝒚)

0 (0,0)

1 (1,0) (0,1)

2 (2,0) (1,1) (0,2)

3 (3,0) (2,1) (1,2) (0,3)

𝑔𝑁 = 𝑁 + 1

𝑁 = 𝑛𝑥 + 𝑛𝑦
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𝐸𝑛
𝑥 = ℏ𝜔0 𝑛𝑥 +

1

2
in 𝑥, 𝑦 i 𝑧

𝐸𝑛 = 𝐸𝑛
𝑥 + 𝐸𝑛

𝑦
+ 𝐸𝑛

𝑧 = ℏ𝜔0 𝑁 +
3

2

Degeneracy?

𝑵 (𝒏𝒙, 𝒏𝒚, 𝒏𝒛)

0 (0,0,0)

1 (1,0,0) (0,1,0) (0,0,1)

2 (2,0,0) (0,2,0) (0,0,2) (1,1,0) (1,0,1) (0,1,1)

3 3x(3,0,0) 1x(1,1,1) 6x(2,0,1)

𝑔𝑁 =
𝑁 + 1 𝑁 + 2

2

𝑁 = 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧
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Investigation of high antimony-content gallium arsenic nitride-gallium arsenic antimonide heterostructures for long wavelength application
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Do optoelektroniki potrzebna jest przerwa prosta.
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𝐸𝑔
𝐼𝑛𝐺𝑎𝐴𝑠 = 0.4105 + 0.6337𝑥 + 0.475𝑥2 eV @ 2.0K

ℏ𝜔𝑛 = 𝜀𝑒,𝑛𝑒 − 𝜀ℎ,𝑛ℎ =

= 𝐸𝑔
𝐼𝑛𝐺𝑎𝐴𝑠 +

ℏ2𝜋2𝑛2

2𝑚0𝑎2
1

𝑚𝑒
+

1

𝑚ℎ
=

= 𝐸𝑔
𝐼𝑛𝐺𝑎𝐴𝑠 +

ℏ2𝜋2𝑛2

2𝑚0𝑚𝑒ℎ𝑎2

𝑚𝑒 = 0.023 − 0.037𝑥 + 0.003𝑥2 𝑚0

𝑚ℎ = 0.41 − 0.1𝑥 𝑚0

NAPRĘŻENIA! – nie da się dobrać grubości, ważny czynnik to naprężenie warstwy i kropek!
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Do optoelektroniki potrzebna jest przerwa prosta.
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(0.4105+0.6337x+0.475x2 ()
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Experiment Calculations

„H”

„He”

„Li”

„Be”

„B”

„C”
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K.Karrai et al., Nature 427, 135 (2004)
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Magnetic field and spin
Magnetic field:

𝐻′ = −𝑚𝐵

𝑚 = 𝐼 Ԧ𝑆 =
𝑒

𝑇
𝜋𝑟2 =

𝑒

2𝜋𝑟/𝑣
𝜋𝑟2 =

𝑒

2
𝑟𝑣

𝐿 = Ԧ𝑟 × 𝑚0 Ԧ𝑣

෠𝐿 = ෠𝐿𝑥 , ෠𝐿𝑦 , ෠𝐿𝑧

Here 𝑚 is the magnetic moment



clasically:

thus:

[Am2]

m

r

v
Bohr magneton  𝜇𝐵 =

ℏ𝑒

2𝑚0

𝜇𝐵 = 9,274009994(57)×10−24 J/T
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Magnetic field and spin
Magnetic field:

𝐻′ = −𝑚𝐵

𝑚 = 𝐼 Ԧ𝑆 =
𝑒

𝑇
𝜋𝑟2 =

𝑒

2𝜋𝑟/𝑣
𝜋𝑟2 =

𝑒

2
𝑟𝑣

𝑚 = −
𝑒

2𝑚0
𝐿 = −

𝜇𝐵
ℏ
𝐿

𝐿 = Ԧ𝑟 × 𝑚0 Ԧ𝑣

෠𝐿 = ෠𝐿𝑥 , ෠𝐿𝑦 , ෠𝐿𝑧𝐻′ = −𝑚𝐵 =
𝜇𝐵
ℏ
෠𝐿𝐵

𝜇𝐵 =
ℏ𝑒

2𝑚0

Here 𝑚 is the magnetic moment



Magnetic field:

m

r

v

for 𝐵 = 0,0, 𝐵𝑧

we have: 𝐻′ =
𝜇𝐵

ℏ
෠𝐿𝑧𝐵𝑧 = 𝜇𝐵𝐵𝑧𝑚 where 𝑚 = −𝑙, −𝑙 + 1,… 𝑙 − 1, 𝑙

Here 𝑚 is the quantum number | ۧ𝑛, 𝑙, 𝑚

the base:
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Magnetic field and spin

𝐻′ = −𝑚𝐵 =
𝜇𝐵
ℏ
෠𝐿𝐵

Here 𝑚 is the magnetic moment

𝑚 = 1

𝑚 = 0

𝑚 = −1

𝑙 = 1

𝐵 = 0 𝐵 ≠ 0

| ۧ𝑙,𝑚

𝐿 = Ԧ𝑟 × 𝑚0 Ԧ𝑣



Here 𝑚 is the quantum number | ۧ𝑛, 𝑙, 𝑚

Magnetic field:

m

r

v

for 𝐵 = 0,0, 𝐵𝑧

we have: 𝐻′ =
𝜇𝐵

ℏ
෠𝐿𝑧𝐵𝑧 = 𝜇𝐵𝐵𝑧𝑚 where 𝑚 = −𝑙, −𝑙 + 1,… 𝑙 − 1, 𝑙

the base:
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Magnetic field and spin

𝐻′ = −𝑚𝐵 =
𝜇𝐵
ℏ
෠𝐿𝐵

𝑚 = 1

𝑚 = 0

𝑚 = −1

𝑙 = 1

𝐵 = 0 𝐵 ≠ 0

| ۧ𝑙,𝑚

𝐿 = Ԧ𝑟 × 𝑚0 Ԧ𝑣

Here 𝑚 is the magnetic moment
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Stern-Gerlach experiment (1922 r.)
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Magnetic field and spin



Pauli matrices:  𝜎𝑥, 𝜎𝑦, 𝜎𝑧

Spinor

projections of the spin on the axis 𝑧

𝜒↑ =
1
0

, 𝜒↓ =
0
1
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Magnetic field and spin
Spin, spin-orbit interaction

Spin operators መ𝑆𝑥 , መ𝑆𝑦, መ𝑆𝑧, መ𝑆
2

𝜓 Ԧ𝑟, 𝑆𝑧 = 𝜓 Ԧ𝑟 𝜒 𝑆𝑧

መ𝑆𝑥 , መ𝑆𝑦 = 𝑖ℏ መ𝑆𝑧, etc.

መ𝑆𝑥 =
1

2
ℏ𝜎𝑥 =

1

2
ℏ
0 1
1 0

መ𝑆𝑦 =
1

2
ℏ𝜎𝑦 =

1

2
ℏ
0 −𝑖
𝑖 0

መ𝑆𝑥 =
1

2
ℏ𝜎𝑧 =

1

2
ℏ
1 0
0 −1



Spin, spin-orbit interaction

Spin operators መ𝑆𝑥 , መ𝑆𝑦, መ𝑆𝑧, መ𝑆
2
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Magnetic field and spin

𝐻′ =
𝜇𝐵
ℏ

෠𝐿 + 𝑔 መ𝑆 𝐵

Pauli matrices:  𝜎𝑥, 𝜎𝑦, 𝜎𝑧

መ𝑆𝑥 =
1

2
ℏ𝜎𝑥 =

1

2
ℏ
0 1
1 0

መ𝑆𝑦 =
1

2
ℏ𝜎𝑦 =

1

2
ℏ
0 −𝑖
𝑖 0

መ𝑆𝑥 =
1

2
ℏ𝜎𝑧 =

1

2
ℏ
1 0
0 −1

projections of the spin on the axis 𝑧

𝜒↑ =
1
0

, 𝜒↓ =
0
1

መ𝑆𝑥 , መ𝑆𝑦 = 𝑖ℏ መ𝑆𝑧, etc.
𝑔-factor for the agreement with 
experiments



Spin, spin-orbit interaction

Spin operators መ𝑆𝑥 , መ𝑆𝑦, መ𝑆𝑧, መ𝑆
2

𝑔-factor for the agreement with 
experiments
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Magnetic field and spin

𝐻′ =
𝜇𝐵
ℏ

෠𝐿 + 𝑔 መ𝑆 𝐵

Pauli matrices:  𝜎𝑥, 𝜎𝑦, 𝜎𝑧

መ𝑆𝑥 =
1

2
ℏ𝜎𝑥 =

1

2
ℏ
0 1
1 0

መ𝑆𝑦 =
1

2
ℏ𝜎𝑦 =

1

2
ℏ
0 −𝑖
𝑖 0

መ𝑆𝑥 =
1

2
ℏ𝜎𝑧 =

1

2
ℏ
1 0
0 −1

projections of the spin on the axis 𝑧

𝜒↑ =
1
0

, 𝜒↓ =
0
1

መ𝑆𝑥 , መ𝑆𝑦 = 𝑖ℏ መ𝑆𝑧, etc.

𝑔 = −2.00231930436182 ± 0.00000000000052
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QED – Quantum ElectroDynamics

𝑔 = −2.00231930436182 ± 0.00000000000052



Total angular momentum operator መ𝐽 = ෠𝐿 + መ𝑆, the base | ൿ𝑗,𝑚𝑗

Total magnetic moment ෡𝑀 = ෡𝑀𝐿 + ෡𝑀𝑆 = −𝑔𝐿
𝜇𝐵

ℏ
෠𝐿 −𝑔𝑆

𝜇𝐵

ℏ
መ𝑆

=1 =2

Spin, spin-orbit interaction

Spin operators መ𝑆𝑥 , መ𝑆𝑦, መ𝑆𝑧, መ𝑆
2

𝑔-factor for the agreement with 
experiments
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Magnetic field and spin

𝐻′ =
𝜇𝐵
ℏ

෠𝐿 + 𝑔 መ𝑆 𝐵

෡𝑀 ≠ መ𝐽 - magnetic anomaly of spin



Spin-orbit interaction ෡𝐻𝑆𝑂 = 𝜆෠𝐿 መ𝑆 with the base | ۧ𝑛, 𝑙, 𝑠,𝑚𝑙 , 𝑚𝑠

For 𝑠-states ෠𝐿 = 0 ⇒ ෠𝐿 መ𝑆 = 0
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Magnetic field and spin

Total angular momentum operator መ𝐽 = ෠𝐿 + መ𝑆, the base | ൿ𝑗,𝑚𝑗

෡𝐻𝑆𝑂 = 𝜆෠𝐿 መ𝑆 = 𝜆
1

2
𝐽2 − 𝐿2 − 𝑆2 = 𝜆 𝐿𝑧𝑆𝑧 +

1

2
𝐿+𝑆− + 𝐿−𝑆+

𝜆 = ℎ𝑐 𝐴 =
𝑍𝛼2

2

1

𝑟3

𝛼 =
𝑒2

4𝜋𝜀0ℏ𝑐
≈

1

137.037

𝐸𝑆𝑂 = න𝜓∗𝐻𝑆𝑂𝜓 𝑑𝑉 =
𝑍

2 137 2
න𝜓∗

෠𝐿 መ𝑆

𝑟3
𝜓 𝑑𝑉

fine-structure constant
𝑅𝑦 = ℎ𝑐𝑅∞

𝑅∞ =
𝑚𝑒𝑒

4

8𝜀0
2ℎ3𝑐

𝑅∞ = 1,097 × 107m-1



Spin-orbit interaction ෡𝐻𝑆𝑂 = 𝜆෠𝐿 መ𝑆 with the base | ۧ𝑛, 𝑙, 𝑠,𝑚𝑙 , 𝑚𝑠

For 𝑠-states ෠𝐿 = 0 ⇒ ෠𝐿 መ𝑆 = 0
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Magnetic field and spin

Total angular momentum operator መ𝐽 = ෠𝐿 + መ𝑆, the base | ൿ𝑗,𝑚𝑗

෡𝐻𝑆𝑂 = 𝜆෠𝐿 መ𝑆 = 𝜆
1

2
𝐽2 − 𝐿2 − 𝑆2 = 𝜆 𝐿𝑧𝑆𝑧 +

1

2
𝐿+𝑆− + 𝐿−𝑆+

=
1

2

𝑍𝑒2

4𝜋𝜖0

𝑔𝑠
2𝑚2𝑐2

෠𝐿 መ𝑆

𝑟3

1

𝑟3
=

𝑍3

𝑛3𝑎𝐵
3

1

𝑙 𝑙 +
1
2 𝑙 + 1

෠𝐿 መ𝑆 =
ℏ2

2
𝑗 𝑗 + 1 − 𝑙 𝑙 + 1 − 𝑠(𝑠 + 1)

e.g. for 𝜓210 we get
1

𝑟3
=

1

24

𝑍

𝑎0

3
and for general 𝑛 (principal quantum number) 

𝐸𝑆𝑂 =
𝑍4

2 137 2𝑎0
3𝑛3

𝑗 𝑗 + 1 − 𝑙 𝑙 + 1 − 𝑠(𝑠 + 1)

2𝑙(𝑙 + 1/2)(𝑙 + 1)
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Magnetic field and spin

Total angular momentum operator መ𝐽 = ෠𝐿 + መ𝑆, the base | ൿ𝑗,𝑚𝑗

3



3

2

෠𝐿 = 1; መ𝑆 =
1

2

2𝑃3/2

2𝑃1/2

shortly: | ൿ𝑗, 𝑚𝑗

the base: | ൿ𝑛, 𝑙, 𝑠, 𝑗, 𝑚𝑗

ത𝐿 ҧ𝑆 =
1

2
ҧ𝐽2 − ത𝐿2 − ҧ𝑆2 = 𝐿𝑧𝑆𝑧 +

1

2
𝐿+𝑆− + 𝐿−𝑆+


