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Implementation of a three-quantum-bit search algorithm
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We report the experimental implementation of Grover's quantum search algorithm on a quantum
computer with three quantum bits. The computer consists of molecufé€ débeled CHFBy, in

which the three weakly coupled spin-1/2 nuclei behave as the bits and are initialized, manipulated,
and read out using magnetic resonance techniques. This quantum computation is made possible by
the introduction of two techniques which significantly reduce the complexity of the experiment and
by the surprising degree of cancellation of systematic errors which have previously limited the total
possible number of quantum gates. Z000 American Institute of Physics.
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Elementary quantum computatidndhave recently been three-qubit quantum search algorithm, and the observation of
demonstrated experimentdllysing coupled nuclear spins as 28 full cycles of the theoretically predicted oscillatory be-
qguantum bits(qubit9 and solution nuclear magnetic reso- havior for the algorithm. This was made possible by the ap-
nance(NMR) techniques to prepare, manipulate, and detecplication of two techniques to reduce the number of gates
the spins® Aside from the well-understood scaling limita- required for the implementation and by the control and can-
tions due to the use of a high-temperat(aémost randorn  cellation of systematic errors. More than 280 two-qubit
system instead of a low-temperatutew entropy polarized quantum gates involving 1350 rf pulses were successfully
spin systenm?;’ the crucial limitation in applying this method cascaded, which exceeds not only the number of gates used
to implement larger quantum algorithms has been systematio all previous NMR quantum computing experiments but
errors in the quantum gates. These gates are implemented Biso the limitation of 90 gates, imposed by cumulative sys-
applying pulses of radio frequencsf) electromagnetic fields tematic errors.
of precise duration and phase, which are in practice highly ~The experiments were carried out with molecules con-
inhomogeneous over the sample volume, causing the gatgining n=3 weakly coupled spin-1/2 nuclei, subject to a
fidelity® to be less than 95%. Producing a homogeneous fieldtrong magnetic field,. Each spin represents one qubit,
is difficult because of the sample geometry and the necessityith the ground and excited state serving/@sand|1). The
of keeping the field transverse to the 11.8 T alignment fieldHamiltonian is well approximated by 1)°
If such systematic errors simply accumulated, these observa-
tions would imply that fewer than 90 gafeapplied to any H= _E wi|zi+2 273;1 4il 25+ Hen, (1)
one spin could ever be cascaded in these systems. ! 1<

One technique which has been proposed for controllingare the first term represents the free precession of each
errors in quantum gates is quantum error correctfaamd in spini about— By, with I, the angular momentum operator

fact, it is known that if the error probability per gate is j, the direction andw; the Larmor frequency of spin The
smaller than a certain threshdftiand in addition the archi- second term describes a scalar spin—spin coupling; dfe-

tecture of the computer satisfies certain criteria, then quany,een sping andj and M., represents coupling to the en-
env

tum computation could be carried out robustly and indefi-i.onment, which causes decoherence. A resonant rf field

nitely, despite the errors. Unfortunately, this threshold isrotating in thex—§ plane can be gated on to perform single-
currently estimated to be below 18 which is virtually un- spin rotations.

reachable with current NMR quantum computation tech- = Tha first method to reduce the number of one- and two-

niques and present levels of systematic errors. Now, the pringin gates used to realize any givequbit unitary operation
ciple attribute of traditional error correction techniques iSqiarts with a library of efficient implementations for often-

their ability to correct completely _random_ errors which origi- | seq building blocks. For example, four equivalent realiza-
nate from2 ~ fundamentally  irreversible  decoherencejong of a7 rotation using a rf coil in the transverse plane, are
phenomena? in principle, systematic errors, which are in- Z=YXY=YXY=XY X=XYX. where X and X denote
herently reversible—at least on an appropriate time scale—. gp° 379 —90° rotations ai:)out th& axis. And CNOT,

— = = - i =1

should be much easier to control, given knowledge about_ XY 7 ZY = XY, 7,2 = Y7 ZY X = Y ZY X,

their origin. _ o wherer;; describes a time evolution of 12, during which
Here, we report on the experimental realization of a, couplings excepl;; are refocused (CNOT; represents a
controlled-NOT which flips spin if and only if the control

¥Electronic mail: lieven@snow.stanford.edu spini is |1)). For any given quantum circuit, e.g., Fig(dfter
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FIG. 1. Quantum circuit for a three-qubit Toffoli gate which flips the phase oo
of the|1)|1)|1) term. Vertical lines connecting two horizontal lines represent
two-qubit gates, which perform the unitary operation shown on the target
qubit if and only if the control qubitindicated by a black dtis |1) (an 111
open circle represents a NOT grt&ime goes from left to right.

FIG. 2. Experimental deviation density matrices, for |xo)=[1)[0)|1),
shown in magnitude with the sign of the real p@it imaginary components

A . - were small, after 2a) and 28b) Grover iterations. The diagonal elements
Ref. 13, SpeCIfIC |mplementat|ons of the bUIldlng blocks can give the population difference with respect to the average. The off-diagonal

then be laid out such that adjacent pulses invert each othegiements represent coherences between the basis states. Inset: The corre-
so they can be omitted. The simplification process can exsponding™C spectra {°C was the least significant qubitThe receiver

ploit the commutation ofZ rotations with time evolutions pha;_e and read_ou_t pulse are set such that the spectrum be absorptive and
(the Hamiltonian, and of rf pulses on different spins with positive for a spin in0)

each other. Furthermore, NMR permits a direct implementa-

tion of many useful gates such as the controNedFig. 1),  gates,’ plus several one-qubit gates. Earlier experinfehts
which can be realized by;;/2 and a few single-spin rota- required at most one Toffoli gate and a few two-qubit gates.
tions. If only CNOTs and one-qubit gates were used to ~ We selected’C-labeled CHFB4' for our experiments.
implement the controlled’s (as in Ref. 13and if no pulses The Hamiltonian of the'H—'%—'3C spin system is of the
were canceled out, 704/2 pulses and 8 evolutions of W2 form of Eq. (1) with Jyc=224Hz, J,r=50Hz, andJec

would be required for the Toffoli gatéFig. 1). This was = —311Hz. The scalar interaction with the Br nuclei is av-
reduced to 19 pulses, 2 evolutions of 1/2and 3 of 1/4, by  eraged out and only contributes tt.,,.° Experiments were
using the simplification methodolod§. carried out at IBM using an 11.7 T Oxford Instruments mag-

The second method to reduce the complexity concernget and a Varian Unity Inova spectrometer with a triple reso-
the initialization of the qubits to the ground state, generallynance (H—F—X) probe from Nalorac. The output state of
the first step in quantum algorithms. The density matriy ~ €ach spiri, [0) or |1), can be determined from the phase of
of the system of Eq(1) in equilibrium at room temperature the signal induced in the rf coil after applying & readout
is highly mixed (Aw;<kgT, with kgT the thermal energy ~ Pulse. In fact, the spectrum of the signal of any one spin
The use of room temperature nuclear spins is made possibfg/ffices to determine the output state of all the spins given
by converting the equilibrium state into an “effective pure that they are in an effective pure energy eigenstate and that
state’® (one population deviates from a uniform back- they are all mutually coupled: each spectrum then contains
ground. We propose the preparation of an effective pureonly asingle line, the frequency of which, combined with the
ground statepy by a new variant of temporal averagity. kn_owledge_ of theJ;; , reveals the state of the remaining spins
The original scheme involves the summation 82 den-  [Fig. 2@, insef. We also reconstructed the complete output
sity matrices, each of which is obtained frgmy, by cyclicly deviation (trglce!ess density matrix using quantum state
permuting all populations except the ground statetomography’ [Fig. 2(@)]. .
population?® but this gets rather involved far=3. A much ~The agreement between experimental results and theo-
simpler approach is to take a weighted sum(diagona) retical predictions is very good, con5|der.|ng that about 100
density matrices, which are obtained from, by perform- pulses were used and that the systematlc error rate e>§ceeds
ing just a few CNOTS to rearrange th@-21 populations. 5% per rf pylse(the mea;ured S|gnal loss due to rf field
The weightsw, are determined by solving a set of linear INhoMogeneity after applyiny;). This suggests that the sys-
equationss,w, diag(p)=diag(p,). This approach may stil temat_lc erro_rs_cancel each pther 0L_Jt to some _degree. We
require up to 2—1 experiments to get exactly,, but allows gxamlngd this in more detail in a series of expgrlments with
one also to approximatg, using far fewer experiments. All increasingly longer pulse sequences executing up to 28
the data shown below were obtained using just three experf2rover |terat|ons{r<_apea§ed executions of the two main steps
ments, resulting in an expected variance of the 2 popu- of Grovgr’s algorithm. Theoret|cally, the prob_ablhty of
lations of only 7% of their average value. These modifica-Xo) Oscillates as a function of the msjm.ber of iteratidns
tions thus increase both the simplicity and scalability off€aching a first maximum fde= O((N).” Figure 3a) shows
temporal labeling. that the diagonal entrgl,  of pey, Oscillates as predicted but

We used these methods to implement the eight instancdbe oscillation is damped as a result of errors, with a time
of the three-qubit Grover algorithm. This algorithm achievesconstanfTy of 12.8 iterations. Howevefl,y would have been
a quadratic speed-up over classical algorithms when searcemaller than 1.5 if the errors due to just the rf field inhomo-
ing in an unsorted database wilh entries® given an un-  geneity were cumulativeFig. 3(a), solid ling]. Remarkably,
known functionf (x) with the promise that(x,)=—1 fora  after a considerable initial loss, A decays at a rate close to
uniquex,, andf(x)=1 elsewhere, a classical search needshe *CT, decay rat® (dashed ling which can be regarded
O(N) (4.375 forN=28) attempts to find,, while O(yN) (2  as a lower bound on the overall error rate. A more complete
for N=8) queries suffice using Grover's quantum measure to quantify the error and benchmark results is the
algorithm?® For N=8, the algorithm requires four Toffoli relative errore, =|Cpexy—pinl2/llpll2, Where pey, and py,



648 Appl. Phys. Lett., Vol. 76, No. 5, 31 January 2000 Vandersypen et al.

(b)? the successful realization of Grover’s algorithm with three
spins and brings many other interesting quantum computing
experiments within reach.
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