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Chemical bonding and molecules

Born Oppenheimer approximation

Full non-relativistic Hamiltonian of the nuclei and electrons:

𝐻 Ԧ𝑟, 𝑅 Ψ Ԧ𝑟, 𝑅 = 𝐸Ψ Ԧ𝑟, 𝑅
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= 𝑇𝑒 + 𝑇𝑁 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 + 𝐺 𝑅

Coordinates of electrons subsystem and nuclei subsystem (ions) are mixed, separation of 
electronic and nuclear variables is impossible.

One should use the Born-Oppenheimer adiabatic approximation
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Born Oppenheimer approximation

Max Born

(1882-1970)

Jacob R. Oppenheimer

(1904-1967)
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Observation: atomic nuclei are tens or even hundreds of thousands heavier than electrons, so 
the nuclei move more slowly than electrons.
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Atomic nuclei are tens or even hundreds of thousands heavier than electrons, so the nuclei
move more slowly than electrons.
Infinitely heavy nuclei - omit the kinetic energy of the nuclei

1A 2A 3A 4A 5A

𝑅 – is treated as fixed parameter
𝑘 – a set of quantum numbers of a multielectron quantum state

𝐸𝑒𝑙
𝑘 (𝑅) – electron energies of different states 𝑘 as a function of the positions of the nuclei

𝑇𝑁 = 0

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙

𝑘Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅
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Born Oppenheimer approximation

𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟



First we solve simplified Hamiltonian for the fixed configuration of atoms (when nuclei do not
move). This is so-called electronic Hamiltonian or clamped nucleus Hamiltonian (hamiltonian 
elektronowy)

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙

𝑘Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅

for each instantaneous (chwilowa) position of the ion 𝑅 electrons are in quantum states

Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 corresponding to the global potential of the configuration of ions

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

Multi-electron wave functions Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 depend on the positions of all the electrons, and are 

parameterized by instantaneous positions of all nuclei (ions) 𝑅. Index 𝑘 represents a set of 

quantum numbers of a multielectron quantum state. Energies 𝐸𝑒𝑙
𝑘 𝑅 depend on the 

parameters 𝑅. 

These functions will be the base of the final solution – they contain electon-electron kinectic

and potential energy 𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟
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Expanding the wavefunction Ψ Ԧ𝑟, 𝑅 in basis Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 :
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𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 + 𝐻𝑒𝑙 Ԧ𝑟, 𝑅 σ𝑘 𝜒

𝑘 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 𝐸 𝑅 σ𝑘 𝜒
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 𝜒𝑛 𝑅 +

𝑘

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸 𝑅 𝜒𝑛 𝑅

Electronic states are mixed!
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𝑘 Ԧ𝑟, 𝑅 = Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 𝐸 𝑅 σ𝑘 𝜒
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 𝜒𝑛 𝑅 +

𝑘

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸 𝑅 𝜒𝑛 𝑅

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 𝜒𝑛 𝑅 + 

𝑘≠𝑛

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 +

+𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 = 𝐸 𝑅 𝜒𝑛 𝑅

Electronic states are mixed!
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Ψ Ԧ𝑟, 𝑅 =

𝑘

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 + 𝐻𝑒𝑙 Ԧ𝑟, 𝑅 σ𝑘 𝜒

𝑘 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 𝐸 𝑅 σ𝑘 𝜒
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

Approximation 1: Adiabatic
The movement of electrons is so fast that during a small change of the nuclei position electrons 
immediately adapt to the new conditions. This means that the electrons do not change their 

state Ψ𝑒𝑙
𝑘 upon movement of the nuclei. Mathematically: 𝑇𝑁 operator acting on Ψ𝑒𝑙

𝑘 does not 

change it into different function Ψ𝑒𝑙
𝑘 , 𝑛 ≠ 𝑘

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 𝜒𝑛 𝑅 +

𝑘

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸 𝑅 𝜒𝑛 𝑅

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 𝜒𝑛 𝑅 + 

𝑘≠𝑛

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 +

+𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 = 𝐸 𝑅 𝜒𝑛 𝑅



Expanding the wavefunction Ψ Ԧ𝑟, 𝑅 in basis Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 :
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Chemical bonding and molecules

Ψ Ԧ𝑟, 𝑅 =

𝑘

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 + 𝐻𝑒𝑙 Ԧ𝑟, 𝑅 σ𝑘 𝜒

𝑘 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 𝐸 𝑅 σ𝑘 𝜒
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

Approximation 1: Adiabatic
Thus:

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 𝜒𝑛 𝑅 +

𝑘

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸 𝑅 𝜒𝑛 𝑅

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 𝜒𝑛 𝑅 + 

𝑘≠𝑛

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 +

+𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 = 𝐸 𝑅 𝜒𝑛 𝑅

Ψ Ԧ𝑟, 𝑅 =

𝑘

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 ≈ 𝜒𝑛 𝑅 Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅



Expanding the wavefunction Ψ Ԧ𝑟, 𝑅 in basis Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 :
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Born Oppenheimer approximation

Chemical bonding and molecules

Ψ Ԧ𝑟, 𝑅 =

𝑘

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 + 𝐻𝑒𝑙 Ԧ𝑟, 𝑅 σ𝑘 𝜒

𝑘 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 𝐸 𝑅 σ𝑘 𝜒
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

Approximation 2:
changing position of the nuclei weakly affects the state of electrons. 

Mathematically: 𝑇𝑁 operator acting on Ψ𝑒𝑙
𝑘 gives 𝑇𝑁| ൿΨ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 ≈ 0

𝑇𝑁 + 𝐻𝑒𝑙 Ԧ𝑟, 𝑅 𝜒𝑛 𝑅 +

𝑘

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸 𝑅 𝜒𝑛 𝑅

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 𝜒𝑛 𝑅 + 

𝑘≠𝑛

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 +

+𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 = 𝐸 𝑅 𝜒𝑛 𝑅



Expanding the wavefunction Ψ Ԧ𝑟, 𝑅 in basis Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 :
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Born Oppenheimer approximation

Chemical bonding and molecules

Ψ Ԧ𝑟, 𝑅 =

𝑘

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 𝜒𝑛 𝑅 + 

𝑘≠𝑛

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 +

+𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 = 𝐸 𝑅 𝜒𝑛 𝑅

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 + 𝐺 𝑅 𝜒𝑛 𝑅 = 𝐸𝑛𝜒𝑛 𝑅

Ψ Ԧ𝑟, 𝑅 ≈ 𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅

effective potential

𝐸 𝑅 → 𝐸𝑛



Expanding the wavefunction Ψ Ԧ𝑟, 𝑅 in basis Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 :
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Chemical bonding and molecules

Ψ Ԧ𝑟, 𝑅 =

𝑘

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 𝜒𝑛 𝑅 + 

𝑘≠𝑛

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 +

+𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 = 𝐸 𝑅 𝜒𝑛 𝑅

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 + 𝐺 𝑅 𝜒𝑛 𝑅 = 𝐸𝑛𝜒𝑛 𝑅

Ψ Ԧ𝑟, 𝑅 ≈ 𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅

effective potential



Expanding the wavefunction Ψ Ԧ𝑟, 𝑅 in basis Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 :
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Chemical bonding and molecules

Ψ Ԧ𝑟, 𝑅 =

𝑘

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

Schrodinger equation of the motion of nuclei with repulsive potential 𝐺 𝑅 :

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 𝜒𝑛 𝑅 + 

𝑘≠𝑛

𝜒𝑘 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 +

+𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 𝑇𝑁 Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅 = 𝐸 𝑅 𝜒𝑛 𝑅

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 + 𝐺 𝑅 𝜒𝑛 𝑅 = 𝐸𝑛𝜒𝑛 𝑅

Ψ Ԧ𝑟, 𝑅 ≈ 𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅

effective potential
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Schrodinger equation of the motion of nuclei with repulsive potential 𝐺 𝑅 :

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 + 𝐺 𝑅 𝜒𝑛 𝑅 = 𝐸𝑛𝜒𝑛 𝑅

effective potential

𝜒𝑛 𝑅 is the wave function describing the motion of 

nuclei (ions) in their mutual interaction potential 𝐺 𝑅

adiabatic electron contribution to the energy of the 

motion of nuclei (ions) 𝐸𝑒𝑙
𝑘 𝑅
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Schrodinger equation of the motion of nuclei with repulsive potential 𝐺 𝑅 :

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 + 𝐺 𝑅 𝜒𝑛 𝑅 = 𝐸𝑛𝜒𝑛 𝑅

effective potential

𝜒𝑛 𝑅 is the wave function describing the motion of 

nuclei (ions) in their mutual interaction potential 𝐺 𝑅

adiabatic electron contribution to the energy of the 

motion of nuclei (ions) 𝐸𝑒𝑙
𝑘 𝑅

the potential energy surface

Born-Oppenheimer approximation is not fulfilled when 
the potential energy surfaces of two electronic states are 
too close.
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Schrodinger equation of the motion of nuclei with repulsive potential 𝐺 𝑅 :

𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 + 𝐺 𝑅 𝜒𝑛 𝑅 = 𝐸𝑛𝜒𝑛 𝑅

effective potential

the potential energy surface
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Approximations

The kinetic energy separates on vibration (oscillation)
and rotation energy – we assume "small" oscillations
and slow speed of rotataion.

Operators act on different coordinates: we can we
separate the variables:
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Chemical bonding and molecules
𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 + 𝐺 𝑅 𝜒𝑛 𝑅 = 𝐸𝑛𝜒𝑛 𝑅

𝑇𝑜𝑠𝑐 + 𝑇𝑟𝑜𝑡 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 + 𝐺 𝑅 𝜒𝑛 𝑅 = 𝐸𝑛𝜒𝑛 𝑅

𝜒𝑛 𝑅 = 𝜒𝑜𝑠𝑐
𝑛 𝑅 𝜒𝑟𝑜𝑡

𝑛 𝜃, 𝜑

𝐸𝑛 = 𝐸𝑜𝑠𝑐
𝑛 + 𝐸𝑟𝑜𝑡

𝑛

Ψ Ԧ𝑟, 𝑅 = 𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 = 𝜒𝑜𝑠𝑐

𝑛 𝑅 𝜒𝑟𝑜𝑡
𝑛 𝜃, 𝜑 Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅

𝐸𝑛 = 𝐸𝑜𝑠𝑐
𝑛 + 𝐸𝑟𝑜𝑡

𝑛 + 𝐸𝑒𝑙

Altogether:



Approximations

The kinetic energy separates on vibration (oscillation)
and rotation energy – we assume "small" oscillations
and slow speed of rotataion.

Operators act on different coordinates: we can we
separate the variables:
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Chemical bonding and molecules
𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 + 𝐺 𝑅 𝜒𝑛 𝑅 = 𝐸𝑛𝜒𝑛 𝑅

𝑇𝑜𝑠𝑐 + 𝑇𝑟𝑜𝑡 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 + 𝐺 𝑅 𝜒𝑛 𝑅 = 𝐸𝑛𝜒𝑛 𝑅

𝜒𝑛 𝑅 = 𝜒𝑜𝑠𝑐
𝑛 𝑅 𝜒𝑟𝑜𝑡

𝑛 𝜃, 𝜑

𝐸𝑛 = 𝐸𝑜𝑠𝑐
𝑛 + 𝐸𝑟𝑜𝑡

𝑛

Ψ Ԧ𝑟, 𝑅 = 𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 = 𝜒𝑜𝑠𝑐

𝑛 𝑅 𝜒𝑟𝑜𝑡
𝑛 𝜃, 𝜑 Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅

𝐸𝑛 = 𝐸𝑜𝑠𝑐
𝑛 + 𝐸𝑟𝑜𝑡

𝑛 + 𝐸𝑒𝑙

Altogether:


