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Chemical bonding and molecules

Born Oppenheimer approximation

Full non-relativistic Hamiltonian of the nuclei and electrons:
H(# R)¥(# R) = E¥(#,R)

H(#R) = -

> .
m,1;, L — electrons
_)

My, Ry, Zy - nuclei

Coordinates of electrons subsystem and nuclei subsystem (ions) are mixed, separation of
electronic and nuclear variables is impossible.

One should use the Born-Oppenheimer adiabatic approximation
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Chemical bonding and molecules

Born Oppenheimer approximation

Full non-relativistic Hamiltonian of the nuclei and electrons:
H(# R)¥(# R) = E¥(#,R)
H(7, ﬁ) =
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m, rl, — electrons ~ ! . i<j
My, Ry, Zy - nuclei =T + Ty + V(7 R) + V() + G(R)

Coordinates of electrons subsystem and nuclei subsystem (ions) are mixed, separation of
electronic and nuclear variables is impossible.

One should use the Born-Oppenheimer adiabatic approximation
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Chemical bonding and melecules

Born Oppenheimer approximation

of the nuclei and electrons:
H(# R)¥(# R) = E¥(#,R)

- MOLECULAR
Pawet Kowalczvk H(F' R) = QUANTUM
: __ " X 5 MECHANICS,
F |ZYka o2m Lt ~ 2Mpy FOURTH EDITION
czasteczek N Yl
4rre & |RN — RK| 4 |
= Te + TN + V(T_”), ﬁ) 4+ Ve(i Peter Atkins

Ronald Friedman

em and nuclei subsystem (ions
s impossible. OXFORD UNIVERSITY PRESS

One should use the Born-Oppenheimer adiabatic approximation
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Chemical bonding and molecules

The molecule H,*
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Chemical bonding and molecules

The molecule H,*

h? h? h? 1 e? 1 ez_l_ 1 e?
Ateg Ty  4Amegrg  4MEY R
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Chemical bonding and melecules

Born Oppenheimer approximation

Max Born Jacob R. Oppenheimer

(1882-1970) (1904-1967)
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Chemical bonding and molecules

Born Oppenheimer approximation

Full non-relativistic Hamiltonian of the nuclei and electrons:
H(# R)¥(# R) = E¥(#,R)
H(7, 1?) =

ZVZ 2 z ZNe
ZMN 47‘[80 |r — RN|

N Z ZNZKe Z
4ﬂ80 N<K|§N—§K| Amey £ |7 — F'Jl_

m, rl, — electrons ~ ! . i<j
My, Ry, Zy - nuclei =T, + Ty + V(7 R) + V() + G(R)

Observation: atomic nuclei are tens or even hundreds of thousands heavier than electrons, so
the nuclei move more slowly than electrons.
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Chemical bonding and molecules

Born Oppenheimer approximation

Full non-relativistic Hamiltonian of the nuclei and electrons:
H(# R)¥(# R) = E¥(#,R)

- E PR
2m : ! N N 47'[80 |'r' —RN|

M LI QI
m, Tl, — electrons N<K |RN 0 i<j |r‘ r]|
My, Ry, Zy - nuclei =T, +x+ V(r,R) + Ve () + M)

Observation: atomic nuclei are tens or even hundreds of thousands heavier than electrons, so
the nuclei move more slowly than electrons.
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Chemical bonding and molecules

Born Oppenheimer approximation

Atomic nuclei are tens or even hundreds of thousands heavier than electrons, so the nuclei
move more slowly than electrons.
Infinitely heavy nuclei - omit the kinetic energy of the nuclei

HelT(F’ ﬁ)q{fl @ ﬁ) = EX WY (7, ﬁ)

[T, + V(% R) + V,(P)]

R —is treated as fixed parameter
k — a set of quantum numbers of a multielectron quantum state

Eé‘l(ﬁ) — electron energies of different states k as a function of the positions of the nuclei
- ® O % o
1A 2A 3A 4A 5A
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Chemical bonding and meolecules

Born Oppenheimer approximation

First we solve simplified Hamiltonian for the fixed configuration of atoms (when nuclei do not
move). This is so-called electronic Hamiltonian or clamped nucleus Hamiltonian (hamiltonian
elektronowy)

He (7, ﬁ)wfl(ﬁ ﬁ) = E5WS(7, ﬁ)

for each instantaneous (chwilowa) position of the ion R electrons are in guantum states
‘Pé‘l (F, I_f) corresponding to the global potential of the configuration of ions

Ho (7, R)WY (7 R) = [T, + V(% R) + V,(P)|¥k (# R) = E&(R) WK (7 R)

Multi-electron wave functions ‘Pé‘l (F, I_f) depend on the positions of all the electrons, and are
parameterized by instantaneous positions of all nuclei (ions) R. Index k represents a set of
guantum numbers of a multielectron quantum state. Energies Eé‘l(}_?)) depend on the
parameters R.

These functions will be the base of the final solution — they contain electon-electron kinectic
and potential energy T, + V(F, I_f) + V,(7)

2015-11-27




Chemical bonding and molecules

Born Oppenheimer approximation
H. (7 R)WE(# R) = [T, + V(7 R) + V,(D|¥E(# R) = EX(R) W& (# R)

Expanding the wavefunction W(7, }_f) in basis W5 (7, }_f) lP(F, ﬁ) = Z )(k(}_?))‘Pé‘l(F, 13)
K

A~

[Ty # T, + V(7 R) + V,(® |+ 6(R)|w(# R) = E ¥(#R)

A~

[Ty +|He (7, R) + G(R)|¥(7 R) = E ¥(# R)

[Ty + Ha(7.R) + G(R)] Y x*(R)WS(7.R) = B ) x*(R)wh(7.F)
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Chemical bonding and molecules

Born Oppenheimer approximation
H. (7 R)WE(# R) = [T, + V(7 R) + V,(D|¥E(# R) = EX(R) W& (# R)

Expanding the wavefunction W(7, }_f) in basis W5 (7, }_f) ‘P(F, }_?)) = Z )(k(}_?))‘Pé‘l(F, 13)
K

[Ty # T, + V(7 R) + V,(® |+ 6(R)|w(# R) = E ¥(#R)

[Ty +|He (7, R) + G(R)|¥(7 R) = E ¥(# R)

[Ty + Ha(7.R) + G(R)] Y x*(R)WS(7.R) = B ) x*(R)wh(7.F)

[T+ Ha (. R) + D)1 D 2 (RS R)) = E(R) ) x*(R)IWA(FR)) /+ (¥ R)I

(W (7 R)I[Tw + Heo (7, R)]| i X  (R)1Wei (7, R)) ) = (a7, R)|E (R)| Zie x* (R) | WEi(F, R)) )

2015-11-27 13




Chemical bonding and molecules

Born Oppenheimer approximation
H. (7 R)WE(# R) = [T, + V(7 R) + V,(D|¥E(# R) = EX(R) W& (# R)

Expanding the wavefunction W(7, }_f) in basis W5 (7, }_f) lP(F, ﬁ) = Z )(k(}_?))‘Pé‘l(F, 13)
K

(W (7 R)|[Ty + Hei(7, R)]| Zic x*(R) ¥ (7, R)) = (Wil R)E(R)| Zie x*(R) (7. R))

[T+ B (7 )L (R) + ) ¥ R)@ (7 B) | T W5 (7 R)) = ER)x™(R)

Electronic states are mixed!
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Chemical bonding and molecules

Born Oppenheimer approximation
H. (7 R)WE(# R) = [T, + V(7 R) + V,(D|¥E(# R) = EX(R) W& (# R)

Expanding the wavefunction W(7, }_f) in basis W5 (7, }_f) ‘P(F, }_?)) = Z )(k(}_?))‘Pé‘l(F, 13)
K

(W (7 R)|[Ty + Hei(7, R)]| Zic x*(R) ¥ (7, R)) = (Wil R)E(R)| Zie x*(R) (7. R))

[Ty + Ea (7 R)x"(R) + ) (R) (w7, B) [T |l (7, B)) = E(R)x™(R)
[Ty + a7 R)(R) + ) x*(R)WAG R)|Tu| WA, B)) +

+x" (RNWE (7, R)|Tw| W2 (7. R)) = E(R)x"(R)

Electronic states are mixed!
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Chemical bonding and meolecules

Born Oppenheimer approximation
H. (7 R)WE(# R) = [T, + V(7 R) + V,(D|¥E(# R) = EX(R) W& (# R)

Expanding the wavefunction W(7, R) in basis WX (7, R): (% R) = Z x*(R)WE (7 R)
K

(W (7 R)|[Ty + Hei(7, R)]| Zic x*(R) ¥ (7, R)) = (Wil R)E(R)| Zie x*(R) (7. R))

[Ty + a7 R)(R) + ) x*(R)Wa(7, B) [T %l (7, R)) = E(R)x"(R)
[TN + Eel(ﬁ ﬁ)]){n(ﬁ) + +

+x"(RNWa (7, R)|Tw|Wa (7, R)) = E(R)x™(R)
Approximation 1: Adiabatic
The movement of electrons is so fast that during a small change of the nuclei position electrons
immediately adapt to the new conditions. This means that the electrons do not change their
state WX upon movement of the nuclei. Mathematically: Ty operator acting on WX does not
change it into different function W%, n = k
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Chemical bonding and molecules

Born Oppenheimer approximation
H. (7 R)WE(# R) = [T, + V(7 R) + V,(D|¥E(# R) = EX(R) W& (# R)

Expanding the wavefunction W(7, }_f) in basis W5 (7, }_f) ‘P(F, }_?)) = Z )(k(}_?))‘Pé‘l(F, 13)
K

(W (7 R)|[Ty + Hei(7, R)]| Zic x*(R) ¥ (7, R)) = (Wil R)E(R)| Zie x*(R) (7. R))

[Ty + a7 R)(R) + ) x*(R)Wa(7, B) [T %l (7, R)) = E(R)x"(R)
[TN + Eel(ﬁ ﬁ)]){n(ﬁ) + +

+x™(R)(WZ,(7, R)|Tw| W5 (7 R)) = E(R)x™(R)
Approximation 1: Adiabatic

Thus:
(7, R) = ) 2 (R)wh(7R) ~ x"(R)¥a (7. R)
k
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Chemical bonding and molecules

Born Oppenheimer approximation
H. (7 R)WE(# R) = [T, + V(7 R) + V,(D|¥E(# R) = EX(R) W& (# R)

Expanding the wavefunction W(7, }_f) in basis W5 (7, }_f) ‘P(F, }_?)) = Z )(k(}_?))‘Pé‘l(F, 13)

(WA (7 R)|[Ty + Ha (7, R)]| T x* (R)WE(F, R)) = (W& (7, R)|E (ﬁ)kl Y x*(R)¥ei(7, R))

[Ty + Ha (7R (R) + ) (R)(wi (7, R)| | (7, B)) = E(R)x™(R)
[TN + Eel(ﬁ ﬁ)]){n(ﬁ) + +

+ = E(R)x"(R)
Approximation 2:
changing position of the nuclei weakly affects the state of electrons.

Mathematically: Ty operator acting on WX gives Ty |WZ (7 R)) = 0
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Chemical bonding and molecules

Born Oppenheimer approximation
H. (7 R)WE(# R) = [T, + V(7 R) + V,(D|¥E(# R) = EX(R) W& (# R)

Expanding the wavefunction W(7, }_f) in basis W5 (7, }_f) lP(F, ﬁ) = Z )(k(}_?))‘Pé‘l(F, 13)
K
LP(F, }_?)) ~ X"(I_?))LPZ(?, }_?))
[Ty + E..(7 R)]|x™(R) + +

+ = E(ﬁ)}("(ﬁ)
E(R) —» E"

[Ty + Ea(7,R) + G(R)|x"(R) = E"x"(R)
effective potential
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Chemical bonding and molecules

Born Oppenheimer approximation
H. (7 R)WE(# R) = [T, + V(7 R) + V,(D|¥E(# R) = EX(R) W& (# R)

Expanding the wavefunction W(7, }_f) in basis W5 (7, }_f) lP(F, ﬁ) = Z )(k(}_?))‘Pé‘l(F, 13)
K

LP(F, ﬁ) ~ X"(I_?))LPZ (F, }_?))

[Tw + Eai(7, R)]x™(R) + +
+ = E(R)x"(R)
et‘(‘\'\“%
u of 5°
oW re‘“\“d\lo = = = =
ooe 7 B B) + G (R) = £ ()

effective potential
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Chemical bonding and molecules

Born Oppenheimer approximation
H. (7 R)WE(# R) = [T, + V(7 R) + V,(D|¥E(# R) = EX(R) W& (# R)

Expanding the wavefunction W(7, }_f) in basis W5 (7, }_f) lP(F, ﬁ) = Z )(k(}_?))‘Pé‘l(F, 13)
K
LP(F, ﬁ) ~ X"(I_?))LPZ(?, }_?))
[Ty + E..(7 R)]|x™(R) + +

+ = E(ﬁ)}("(ﬁ)

Schrodinger equation of the motion of nuclei with repulsive potential G(}_?)):

[Ty + Ea(7,R) + G(R)|x"(R) = E"x"(R)

effective potential
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Chemical bonding and molecules

doswiadczalna

motion of nuclei (ions) Eé‘l(ﬁ)

20%*
2 4 8 10
o & 1 = b
R /a,
lo

Schrodinger equation of the motion of nuclei with repulsive potential G(}_?)):

[Ty + Ea(7,R) + G(R)|x"(R) = E"x"(R)

effective potential

2015-11-27
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obliczona adiabatic electron contribution to the energy of the



Chemical bonding and molecules

)(”(}_f) is the wave function describing the motion of

nuclei (ions) in their mutual interaction potential G(}_?))
obliczona adiabatic electron contribution to the energy of the

motion of nuclei (ions) Eé‘l(ﬁ)

|
P doswiadczalna

20%
Born-Oppenheimer approximation is not fulfilled when
the potential energy surfaces of two electronic states are
2 4 &\8 10 tooclose.
e R /a,
lo

the potential energy surface

Schrodinger equation of the motion of nuclei with repulsive potential G(}_?)):

[Ty + Ea(7,R) + G(R)|x"(R) = E"x"(R)

effective potential
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Chemical bonding and molecules

Second Order Saddle Point

Transition
Structure B

Transition Structure A

Minimum for
Product A

en.wikipedia.org

Minimum
gfm Product B K

Energy

A [¢]

-0.5

Second Order 0
Saddle Point

Reaction Co-ordinate

Valley-Ridge
Inflection Point

Minimum for Reactant

www.chem.wayne.edu

the potential energy surface

Schrodinger equation of the motion of nuclei with repulsive potential G(}_?)):

[Ty + Ea(7,R) + G(R)|x"(R) = E"x"(R)

effective potential
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Chemical bonding and molecules

Approximations [T + Eat(7,R) + G(R)]x"(R) = E"x"(R)

The kinetic energy separates on vibration (oscillation)
and rotation energy — we assume "small" oscillations
and slow speed of rotataion.

[Tosc + Trot + Eci (7 R) + G(R)|x™(R) = E"x™(R)

Operators act on different coordinates: we can we
separate the variables:

Xn(ﬁ) = Xosc(R) x70: (6, @)
E™ = Egsc + ;‘lot

Altogether:

¥(#R) = x"(R)WL(7 R) = xle (R)x1%: (6, 9)WE (7, R)
E™ = E(r)lsc + 11}ot + E

2015-11-27
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Chemical bonding and molecules

Approximations [T + Eat(7,R) + G(R)]x"(R) = E"x"(R)

The kinetic energy separates on vibration (oscillation)
and rotation energy — we assume "small" oscillations
and slow speed of rotataion.

[Tose + Trot + Eoi(7, R) + G(R)]|x™(R) = E"x"(R)

Operators act on different coordinates: we ¢z .SC\)S".'
separate the variables: «.\\\6\ °
e i

R N\
Xn(R) = ngc(R)Xrot(H ’ oY 0(\6 ‘CS“
E™ = Egsc + ET. rot O(\e

Altogether: ° sc\\

Lp(r R) Xn(R)Lp l(r R) Xosc(R)Xrot(9 (p)Lpgl(r R)
E™ = Egsc + Efor + E¢p
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