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Ti-Sa tunable laser 700-1000 nm

Confocal microscopy
Magnetic field up to 9T, temperatures down to 2.0K
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Confocal microscopy
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Confocal microscopy



Nano bark beetles

Tunneling microscope STM



http://www.physics.emory.edu/~weeks/lab/pics.html

Piotr Habdas

Chains of 1 million magnetic nanoparticles
have been assembled and disassembled in a 
solution of suspended particles in a controlled 
way, scientists at the National Institute of 
Standards and Technology (NIST) report. 

Zawiesina nanomagnesów
w polu magnetycznym











Chemical bonding and molecules

Born Oppenheimer approximation

Full non-relativistic Hamiltonian of the nuclei and electrons:

𝐻 Ԧ𝑟, 𝑅 Ψ Ԧ𝑟, 𝑅 = 𝐸Ψ Ԧ𝑟, 𝑅
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= 𝑇𝑒 + 𝑇𝑁 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 + 𝐺 𝑅

Coordinates of electrons subsystem and nuclei subsystem (ions) are mixed, separation of 
electronic and nuclear variables is impossible.

One should use the Born-Oppenheimer adiabatic approximation
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𝑚, Ԧ𝑟𝑖 , 𝑖 – electrons

𝑀𝑁, 𝑅𝑁, 𝑍𝑁 - nuclei



Approximations

The kinetic energy separates on vibration (oscillation)
and rotation energy – we assume "small" oscillations
and slow speed of rotataion.

Operators act on different coordinates: we can we
separate the variables:
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Chemical bonding and molecules
𝑇𝑁 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 + 𝐺 𝑅 𝜒𝑛 𝑅 = 𝐸𝑛𝜒𝑛 𝑅

𝑇𝑜𝑠𝑐 + 𝑇𝑟𝑜𝑡 + 𝐸𝑒𝑙 Ԧ𝑟, 𝑅 + 𝐺 𝑅 𝜒𝑛 𝑅 = 𝐸𝑛𝜒𝑛 𝑅

𝜒𝑛 𝑅 = 𝜒𝑜𝑠𝑐
𝑛 𝑅 𝜒𝑟𝑜𝑡

𝑛 𝜃, 𝜑

𝐸𝑛 = 𝐸𝑜𝑠𝑐
𝑛 + 𝐸𝑟𝑜𝑡

𝑛

Ψ Ԧ𝑟, 𝑅 = 𝜒𝑛 𝑅 Ψ𝑒𝑙
𝑛 Ԧ𝑟, 𝑅 = 𝜒𝑜𝑠𝑐

𝑛 𝑅 𝜒𝑟𝑜𝑡
𝑛 𝜃, 𝜑 Ψ𝑒𝑙

𝑛 Ԧ𝑟, 𝑅

𝐸𝑛 = 𝐸𝑜𝑠𝑐
𝑛 + 𝐸𝑟𝑜𝑡

𝑛 + 𝐸𝑒𝑙

Altogether:
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Chemical bonding and molecules
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Electronic structure of molecules 𝐸𝑒𝑙
𝑛 (𝑅)

Electronic Schrödinger equation takes into account the motion of all the electrons in 
the molecule, interacting with each other and with fixed potential of nuclei.
The most important is the electrostatic interaction and we take into account only this. 
Other effects can be considered as perturbation.

Kinetic energy

Interaction with nuclei

Electron-electron interaction
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Electronic structure of molecules

𝐻𝑒𝑙 =

𝑖

𝑇𝑖 +

𝑖

𝑉𝑖 +

𝑖<𝑗

𝑉𝑖𝑗



Hartree–Fock method

Each electron moves in the electrostatic field created by fixed nuclei charges and the mean 
static charge distribution of all other electrons.

Approximation

The internal energy: The sum of the 
individual electron energies

𝐸 =

𝑖

𝑛

𝜀𝑖
Eigen function the product of 
one-electron wavefunctions

The potential energy of the 𝑖-th electron 
in averaged electrostatic field generated 
by all other electrons.
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𝐻𝑒𝑙 =

𝑖

𝐻𝑖
0

𝐻𝑖
0 = 𝑇𝑖 + 𝑉𝑖 + 𝑈𝑖

𝐻𝑖
0Ψ𝑖 = 𝜀𝑖Ψ𝑖

𝐻𝑒𝑙Φ = 𝐸Φ

Φ Ԧr1, Ԧr2, Ԧr3, … Ԧr𝑛 = Ψ1 Ԧr1 Ψ2 Ԧr2 Ψ3 Ԧr3 …Ψ𝑛 Ԧr𝑛



Hartree–Fock method

Each electron moves in the electrostatic field created by fixed nuclei charges and the mean 
static charge distribution of all other electrons.

The internal energy: The sum of the 
individual electron energies

Eigen function the product of 
one-electron wavefunctions

The potential energy of the 𝑖-th electron 
in averaged electrostatic field generated 
by all other electrons.
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𝐻𝑒𝑙 =

𝑖

𝐻𝑖
0 =

𝑖

𝜀𝑖

𝐻𝑖
0 = 𝑇𝑖 + 𝑉𝑖 + 𝑈𝑖

𝐻𝑖
0Ψ𝑖 = 𝜀𝑖Ψ𝑖

𝐻𝑒𝑙Φ = 𝐸Φ

Φ Ԧr1, Ԧr2, Ԧr3, … Ԧr𝑛 = Ψ1 Ԧr1 Ψ2 Ԧr2 Ψ3 Ԧr3 …Ψ𝑛 Ԧr𝑛

Molecular orbital: one-electron
wavefunction

Approximation



Hartree–Fock method

Each electron moves in the electrostatic field created by fixed nuclei charges and the mean 
static charge distribution of all other electrons.

Eigen function the product of 
one-electron wavefunctions

First, we postulate 𝑈𝑖
0 and we find the 

molecular orbitals Ψ𝑖
0. With these

molecular orbitals we calculate 𝑈𝑖
1

potential, then new molecular orbitals

Ψ𝑖
0 used for 𝑈𝑖

2 etc.

Despite the simplification the problem is
very difficult and possible to solve only 
numerically.
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𝐻𝑒𝑙 =

𝑖

𝐻𝑖
0 =

𝑖

𝜀𝑖

𝐻𝑖
0 = 𝑇𝑖 + 𝑉𝑖 + 𝑈𝑖

𝐻𝑖
0Ψ𝑖 = 𝜀𝑖Ψ𝑖

𝐻𝑒𝑙Φ = 𝐸Φ

Φ Ԧr1, Ԧr2, Ԧr3, … Ԧr𝑛 = Ψ1 Ԧr1 Ψ2 Ԧr2 Ψ3 Ԧr3 …Ψ𝑛 Ԧr𝑛

Approximation



Hartree–Fock method

Each electron moves in the electrostatic field created by fixed nuclei charges and the mean 
static charge distribution of all other electrons.

Molecular Orbital can be approximately 
represented as a linear combination of 
atomic functions which atomic 
orbitals 𝜑𝐴, each of which describes a 
different state of the 𝑖-th electron, when 
it is close to the nucleus 𝐴.
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𝐻𝑒𝑙 =

𝑖

𝐻𝑖
0 =

𝑖

𝜀𝑖

𝐻𝑖
0 = 𝑇𝑖 + 𝑉𝑖 + 𝑈𝑖

𝐻𝑖
0Ψ𝑖 = 𝜀𝑖Ψ𝑖

𝐻𝑒𝑙Φ = 𝐸Φ

Φ Ԧr1, Ԧr2, Ԧr3, … Ԧr𝑛 = Ψ1 Ԧr1 Ψ2 Ԧr2 Ψ3 Ԧr3 …Ψ𝑛 Ԧr𝑛

Approximation

Ψ𝑖 Ԧ𝑟 =

𝐴

𝑐𝐴
𝑖𝜑𝐴 Ԧ𝑟

𝑐𝐴
𝑖 2 The probability of finding

electron close to th enucleus 𝐴



The Self-consistent Field Method 

For each of the atomic orbitals 𝜑𝐴 the origin is at another point (orbitals are centered on 
different atomic nuclei). This method is called LCAO-MO (Linear Combination of Atomic Orbitals
– Molecular Orbitals).

Theoretically one can take any combination of atomic orbitals, but in reality we take some 
„adequate” orbitals (resulting from the symmetry - group theory).

The electron wavefunction as a product of molecular orbitals is not a strict eigenfunction of the
Hamiltonian, because it does not take into account the correlation of electrons. This function 
can be improved by adding the expression corresponding to combinations of other atomic 
orbitals (different atomic configurations). This method is called Configuration Interaction - CI
(Configuration Interaction)

In most accurate calculation of the electron wave function for the ground state of the hydrogen 
molecule H2 takes into account 100 atomic configuration (W. Kołos).

Molecular orbital theory

Ψ𝑖 Ԧ𝑟 =

𝐴

𝑐𝐴
𝑖𝜑𝐴 Ԧ𝑟
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The Self-consistent Field Method 
LCAO
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Numerical solution of electronic Hamiltonian

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

Each of the single-electron spinorbital 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛 must be different - two spinorbitals may have
for instance the same orbital part 𝜑, but then must have different spin

𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛 = 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛
0
1

or 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛
1
0

This Ψ𝑒𝑙
𝑘 Ԧ𝑟1, Ԧ𝑟2, Ԧ𝑟3, … 𝑠1, 𝑠2, 𝑠3, … (below) is not a good wavefunction – why? 

Ψ𝑒𝑙
𝑘 Ԧ𝑟1, Ԧ𝑟2, Ԧ𝑟3, … 𝑠1, 𝑠2, 𝑠3, … = 𝜑1

𝑠𝑝
Ԧ𝑟1, 𝑠1 𝜑2

𝑠𝑝
Ԧ𝑟2, 𝑠2 …𝜑𝑛

𝑠𝑝
Ԧ𝑟𝑛, 𝑠𝑛



The Self-consistent Field Method 
LCAO
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Numerical solution of electronic Hamiltonian

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

LCAO-MO in Hartree-Fock approximation – self-consistent method, 𝑛-electrons wavefunction as 
a single Slater determinant, automatically providing antysymmetry of the wavefunction due to 
the interchanging the particles occupying any pair of states : 

Ψ𝑒𝑙
𝑘 Ԧ𝑟1, Ԧ𝑟2, Ԧ𝑟3, … 𝑠1, 𝑠2, 𝑠3, … =

1

𝑛!

𝜑1
𝑠𝑝

Ԧ𝑟1, 𝑠1 𝜑1
𝑠𝑝

Ԧ𝑟2, 𝑠2

𝜑2
𝑠𝑝

Ԧ𝑟1, 𝑠1 𝜑2
𝑠𝑝

Ԧ𝑟2, 𝑠2

… 𝜑1
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛

… 𝜑2
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛
… …

𝜑𝑛
𝑠𝑝

Ԧ𝑟1, 𝑠1 𝜑𝑛
𝑠𝑝

Ԧ𝑟2, 𝑠2
…

… 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛

Each of the single-electron spinorbital 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛 must be different - two spinorbitals may have
for instance the same orbital part 𝜑, but then must have different spin

𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛 = 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛
0
1

or 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛
1
0



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Because molecule is diatomic we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.

If the nuclei are the same:

overlap integral (całka przekrycia)
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Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑐𝐴
2 = 𝑐𝐵

2 ⇒ 𝑐𝐴 = ±𝑐𝐵

Ψ+ = 𝑁+ 𝜑𝐴 + 𝜑𝐵

Ψ− = 𝑁− 𝜑𝐴 − 𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟

𝑁+ =
1

2 1 + 𝑆
𝑁− =

1

2 1 − 𝑆



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Because molecule is diatomic we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.

overlap integral (całka przekrycia)
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Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟

P. Kowalczyk



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Because molecule is diatomic we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.

overlap integral (całka przekrycia)
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Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟

+ =
+ =

12 A 3 A

s-orbital



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Because molecule is diatomic we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.

overlap integral (całka przekrycia)
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Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟

p-orbital

12 A 3 A

+ =



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Because molecule is diatomic we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.

overlap integral (całka przekrycia)

2015-11-27 26

Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟

p-orbital

12 A 3 A

+ =





Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Because molecule is diatomic we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.

overlap integral
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Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟

1s 1s

EatEat

𝜀± = නΨ±
∗ 𝐻0Ψ±𝑑Ԧ𝑟

𝜀+ =
𝐻𝐴𝐴 + 𝐻𝐴𝐵 + 𝐻𝐵𝐴 + 𝐻𝐵𝐵

2 1 + 𝑆

𝜀− =
𝐻𝐴𝐴 − 𝐻𝐴𝐵 − 𝐻𝐵𝐴 + 𝐻𝐵𝐵

2 1 − 𝑆

𝐻𝐴𝐴 = න𝜑𝐴
∗ 𝐻0𝜑𝐴𝑑Ԧ𝑟 = 𝐻𝐵𝐵 ≈ 𝐸𝑎𝑡

𝐻𝐴𝐵 = න𝜑𝐴
∗ 𝐻0𝜑𝐵𝑑Ԧ𝑟 < 0



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Because molecule is diatomic we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.

overlap integral
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Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟 > 0
𝜀± = නΨ±

∗ 𝐻0Ψ±𝑑Ԧ𝑟

𝜀+ =
𝐸𝑎𝑡 − 𝐻𝐴𝐵

1 + 𝑆

𝜀− =
𝐸𝑎𝑡 + 𝐻𝐴𝐵

1 − 𝑆

𝐻𝐴𝐴 = න𝜑𝐴
∗ 𝐻0𝜑𝐴𝑑Ԧ𝑟 = 𝐻𝐵𝐵 ≈ 𝐸𝑎𝑡

𝐻𝐴𝐵 = න𝜑𝐴
∗ 𝐻0𝜑𝐵𝑑Ԧ𝑟 < 0

1s 1s

1su
+

1sg
+

EatEat

e+

e-

bonding orbital

antibonding orbital



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Because molecule is diatomic we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.

overlap integral
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Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟 > 0

1s 1s

1su
+

1sg
+

EatEat

e+

e-

Orbital symbols
• λ=|ml|orbital angular momentum around the 
internuclear axis
• λ = 0 – σ-orbitals. These orbitals are not affected 
by the rotation around the axis of the molecule
• λ = 1 – π-orbitals. These orbitals changes sign after
the rotation around the axis of the molecule by π.
• g – gerade (even, parzyste) parity, inversion 
through the center of the molecule
• u – ungerade (odd, nieparzyste).
• ± - reflection symmetry with respect to any plane 
containing the axis of the molecule.
• The number at the beginning – the serial number 
of the particular orbital type.



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Because molecule is diatomic we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.
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Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟 > 0

Orbital symbols
• λ=|ml|orbital angular momentum around the 
internuclear axis
• λ = 0 – σ-orbitals. These orbitals are not affected 
by the rotation around the axis of the molecule
• λ = 1 – π-orbitals. These orbitals changes sign after
the rotation around the axis of the molecule by π.
• g – gerade (even, parzyste) parity, inversion 
through the center of the molecule
• u – ungerade (odd, nieparzyste).
• ± - reflection symmetry with respect to any plane 
containing the axis of the molecule.
• The number at the beginning – the serial number 
of the particular orbital type.
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Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟 > 0

Orbital symbols
• λ=|ml|orbital angular momentum around the 
internuclear axis
• λ = 0 – σ-orbitals. These orbitals are not affected 
by the rotation around the axis of the molecule
• λ = 1 – π-orbitals. These orbitals changes sign after
the rotation around the axis of the molecule by π.
• g – gerade (even, parzyste) parity, inversion 
through the center of the molecule
• u – ungerade (odd, nieparzyste).
• ± - reflection symmetry with respect to any plane 
containing the axis of the molecule.
• The number at the beginning – the serial number 
of the particular orbital type.
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H2
+ ion

Trial functions of the hydrogen atom 
(variational method)

1s 1s

1su
+

1sg
+

EatEat

e+

e-
P. Atkins
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Molecules

Ψ+ = 𝑁+ 1𝑠𝐴 + 1𝑠𝐵

Ψ− = 𝑁− 1𝑠𝐴 − 1𝑠𝐵
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H2
+ ion

Trial functions of the hydrogen atom 
(variational method)

1s 1s

1su
+

1sg
+

EatEat

e+

e-
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Molecules

Ψ+ = 𝑁+ 1𝑠𝐴 + 1𝑠𝐵

Ψ− = 𝑁− 1𝑠𝐴 − 1𝑠𝐵

P. Atkins

Atkins, Fridman Molecular QM
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1su
+

1sg
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EatEat
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e-

H2

e+

1s 1s

1su
+

1sg
+

EatEat

e-

H2
+

1s 1s

1su
+

1sg
+

EatEat

e-

1s 1s

1su
+

1sg
+

EatEat

e-

He2
+

He2

e+

e+e+

Eat > e+ 2Eat > 2e+

3Eat > 2e++1e- 4Eat =2e++2e-
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Molecules
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2s 2s
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2sg
+

2p 2p

1pg

1pu

3su
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1s 1s

1su
+
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+

2s 2s

2su
+

2sg
+

2p 2p

1pg

1pu

3su
+

3sg
+

Homonuclear diatomic molecules molecular orbital energy scheme

Most of the molecules Light molecules (incl. N2)
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Electronic states

LCAO

2015-11-27 37

Numerical solution of electronic Hamiltonian

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

LCAO-MO in Hartree-Fock approximation – self-consistent method, 𝑛-electrons wavefunction as 
a single Slater determinant, automatically providing antysymmetry of the wavefunction due to 
the interchanging the particles occupying any pair of states : 

Ψ𝑒𝑙
𝑘 Ԧ𝑟1, Ԧ𝑟2, Ԧ𝑟3, … 𝑠1, 𝑠2, 𝑠3, … =

1

𝑛!

𝜑1
𝑠𝑝

Ԧ𝑟1, 𝑠1 𝜑1
𝑠𝑝

Ԧ𝑟2, 𝑠2

𝜑2
𝑠𝑝

Ԧ𝑟1, 𝑠1 𝜑2
𝑠𝑝

Ԧ𝑟2, 𝑠2

… 𝜑1
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛

… 𝜑2
𝑠𝑝

Ԧ𝑟𝑛, 𝑠2
… …

𝜑𝑛
𝑠𝑝

Ԧ𝑟1, 𝑠1 𝜑𝑛
𝑠𝑝

Ԧ𝑟2, 𝑠2
…

… 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛

Each of the single-electron spinorbital 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛 must be different - two spinorbitals may have
forinstance the same orbital part 𝜑, but then must have different spin

𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛 = 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛
0
1

or 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛
1
0



Electronic states

LCAO
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Numerical solution of electronic Hamiltonian

𝐻𝑒𝑙 Ԧ𝑟, 𝑅 Ψ𝑒𝑙
𝑘 Ԧ𝑟, 𝑅 = 𝑇𝑒 + 𝑉 Ԧ𝑟, 𝑅 + 𝑉𝑒 Ԧ𝑟 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅 = 𝐸𝑒𝑙
𝑘 𝑅 Ψ𝑒𝑙

𝑘 Ԧ𝑟, 𝑅

LCAO-MO in Hartree-Fock approximation – self-consistent method, 𝑛-electrons wavefunction as 
a single Slater determinant, automatically providing antysymmetry of the wavefunction due to 
the interchanging the particles occupying any pair of states : 

Ψ𝑒𝑙
𝑘 Ԧ𝑟1, Ԧ𝑟2, Ԧ𝑟3, … 𝑠1, 𝑠2, 𝑠3, … =

1

𝑛!

𝜑1
𝑠𝑝

Ԧ𝑟1, 𝑠1 𝜑1
𝑠𝑝

Ԧ𝑟2, 𝑠2

𝜑2
𝑠𝑝

Ԧ𝑟1, 𝑠1 𝜑2
𝑠𝑝

Ԧ𝑟2, 𝑠2

… 𝜑1
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛

… 𝜑2
𝑠𝑝

Ԧ𝑟𝑛, 𝑠2
… …

𝜑𝑛
𝑠𝑝

Ԧ𝑟1, 𝑠1 𝜑𝑛
𝑠𝑝

Ԧ𝑟2, 𝑠2
…

… 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛

Each of the single-electron spinorbital 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛 must be different - two spinorbitals may have
forinstance the same orbital part 𝜑, but then must have different spin

𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛, 𝑠𝑛 = 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛
0
1

or 𝜑𝑛
𝑠𝑝

Ԧ𝑟𝑛
1
0



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Because molecule is diatomic we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.

overlap integral
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Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟 > 0

Orbital symbols
• λ=|ml|orbital angular momentum around the 
internuclear axis
• λ = 0 – σ-orbitals. These orbitals are not affected 
by the rotation around the axis of the molecule
• λ = 1 – π-orbitals. These orbitals changes sign after
the rotation around the axis of the molecule by π.
• g – gerade (even, parzyste) parity, inversion 
through the center of the molecule
• u – ungerade (odd, nieparzyste).
• ± - reflection symmetry with respect to any plane 
containing the axis of the molecule.
• The number at the beginning – the serial number 
of the particular orbital type.
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Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Term symbols
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Molecules

Orbital symbols
• λ=|ml|orbital angular momentum around the 
internuclear axis
• λ = 0 – σ-orbitals. These orbitals are not affected 
by the rotation around the axis of the molecule
• λ = 1 – π-orbitals. These orbitals changes sign after
the rotation around the axis of the molecule by π.
• g – gerade (even, parzyste) parity, inversion 
through the center of the molecule
• u – ungerade (odd, nieparzyste).
• ± - reflection symmetry with respect to any plane 
containing the axis of the molecule.
• The number at the beginning – the serial number 
of the particular orbital type.

See: Atkins, Fridman Molecular Quantum Mechanics

Term symbols 2s+1Λ
• Λ =|σ𝜆| total orbital angular
momentum around the internuclear
axis
• Λ = 0 – Σ-orbitals. 
• Λ = 1 – Π-orbitals.
• g – gerade (even, parzyste) parity, 
inversion through the center of the 
molecule
• u – ungerade (odd, nieparzyste).
• ± - reflection symmetry with respect 
to any plane containing the axis of 
the molecule.



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Term symbols
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Molecules

See: Atkins, Fridman Molecular Quantum Mechanics

Term symbols 2s+1Λ
• Λ =|σ𝜆| total orbital angular
momentum around the internuclear
axis
• Λ = 0 – Σ-orbitals. 
• Λ = 1 – Π-orbitals.
• g – gerade (even, parzyste) parity, 
inversion through the center of the 
molecule
• u – ungerade (odd, nieparzyste).
• ± - reflection symmetry with respect 
to any plane containing the axis of 
the molecule.

1s 1s

1su
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1sg
+

EatEat

e+

e-

1s 1s

1su
+

1sg
+

EatEat

e+

e-

H2
+ s=1/2: 2Σg

+

H2: 1Σg
+



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Term symbols
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2p 2p

1pg

1pu

2su
+

2sg
+

Oxygen

O2:  2×[(1s)2(2s)2(2p)4]

(1σg
+)2(1σu

+)2(2σg
+)2(2σu

+)2(3σg
+)2(1πu)

4(1πg)
2

ground state 3Σg
-



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Term symbols
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2p 2p

1pg

1pu

2su
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Oxygen

O2:  2×[(1s)2(2s)2(2p)4]
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+)2(1σu

+)2(2σg
+)2(2σu
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+)2(1πu)
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ground state 3Σg
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2p 2p
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+

2p 2p

1pg

1pu

3su
+

3sg
+

O2 excited states



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

Term symbols
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Oxygen

O2:  2×[(1s)2(2s)2(2p)4]
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O2 excited states



Electrons energy strongly depends on the distance between nuclei.

P. Kowalczyk

𝐸(𝑅) - usually in numerical form.

Approximations: Morse potential
eg. Lithium

𝑉 𝑟 = 𝐷𝑒 1 − 𝑒−𝛼 𝑟−𝑟0 + 𝑉 𝑟0

Approximations: Lenard-Jones potential

2015-11-27 45

Electronic states

𝑉 𝑟 = 4𝜀
𝜎

𝑟

12

−
𝜎

𝑟

6

+ 𝑉 𝑟0



Electrons energy strongly depends on the distance between nuclei.

𝐸(𝑅) - usually in numerical form.

Approximations: Morse potential
eg. Lithium

𝑉 𝑟 = 𝐷𝑒 1 − 𝑒−𝛼 𝑟−𝑟0 + 𝑉 𝑟0

Approximations: Lenard-Jones potential
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Electronic states

𝑉 𝑟 = 4𝜀
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𝑟
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Electrons energy strongly depends on the distance between nuclei.

𝐸(𝑅) - usually in numerical form.

Approximations: Morse potential
eg. Lithium

𝑉 𝑟 = 𝐷𝑒 1 − 𝑒−𝛼 𝑟−𝑟0 + 𝑉 𝑟0

Approximations: Lenard-Jones potential
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Electronic states
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Homonuclear diatomic molecules, eg. H2, Li2, N2, O2
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Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟 > 0

Eat,B

Eat,A

overlap integral

𝑐𝐴
2 = 𝑐𝐵

2 ⇒ 𝑐𝐴 = ±𝑐𝐵



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2

The molecule is diatomic so we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.

overlap integral
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Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟 > 0
𝜀± = නΨ±

∗ 𝐻0Ψ±𝑑Ԧ𝑟

𝜀+ =
𝐸𝑎𝑡 − 𝐻𝐴𝐵

1 + 𝑆

𝜀− =
𝐸𝑎𝑡 + 𝐻𝐴𝐵

1 − 𝑆

𝐻𝐴𝐴 = න𝜑𝐴
∗ 𝐻0𝜑𝐴𝑑Ԧ𝑟 = 𝐻𝐵𝐵 ≈ 𝐸𝑎𝑡

𝐻𝐴𝐵 = න𝜑𝐴
∗ 𝐻0𝜑𝐵𝑑Ԧ𝑟 < 0

1s 1s

1su
+

1sg
+

EatEat

e+

e-

bonding orbital

antibonding orbital

These were

𝑁+ =
1

2 1 + 𝑆
𝑁− =

1

2 1 − 𝑆

𝑐𝐴
2 = 𝑐𝐵

2 ⇒ 𝑐𝐴 = ±𝑐𝐵



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2
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Molecules

Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟 > 0
𝜀 <

±Ψ
∗ 𝐻0Ψ±𝑑Ԧ𝑟

±Ψ
∗Ψ±𝑑Ԧ𝑟

𝐻𝐴𝐴 − 𝜀 𝐻𝐴𝐵 − 𝜀𝑆
𝐻𝐴𝐵 − 𝜀𝑆 𝐻𝐵𝐵 − 𝜀

𝑐𝐴
𝑐𝐵

= 0

𝑐𝐴
2 ≠ 𝑐𝐵

2

Eat,B

Eat,A

e1

e2

variational method

𝜀 𝑐𝐴
2 + 𝑐𝐵

2 + 2𝑐𝐴𝑐𝐵𝑆 = 𝑐𝐴
2𝐻𝐴𝐴 + 𝑐𝐵

2𝐻𝐵𝐵 + 2𝑐𝐴𝑐𝐵𝑆 𝐻𝐴𝐵

𝜕𝜀

𝜕𝑐𝐴
=

𝜕𝜀

𝜕𝑐𝐵
= 0

𝐻𝐴𝐴 ≈ 𝐸𝑎𝑡,𝐴

𝐻𝐵𝐵 ≈ 𝐸𝑎𝑡,𝐵

Let’s assume that 𝐸𝑎𝑡,𝐴 < 𝐸𝑎𝑡,𝐵

The molecule is diatomic so we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.



Homonuclear diatomic molecules, eg. H2, Li2, N2, O2
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Ψ = 𝑐𝐴𝜑𝐴 + 𝑐𝐵𝜑𝐵

𝑆 = න𝜑𝐴𝜑𝐵 𝑑Ԧ𝑟 > 0
𝜀 <

±Ψ
∗ 𝐻0Ψ±𝑑Ԧ𝑟

±Ψ
∗Ψ±𝑑Ԧ𝑟

𝐻𝐴𝐴 − 𝜀 𝐻𝐴𝐵 − 𝜀𝑆
𝐻𝐴𝐵 − 𝜀𝑆 𝐻𝐵𝐵 − 𝜀

𝑐𝐴
𝑐𝐵

= 0

𝑐𝐴
2 ≠ 𝑐𝐵

2

Eat,B

Eat,A

e1

e2

variational method

𝜀 𝑐𝐴
2 + 𝑐𝐵

2 + 2𝑐𝐴𝑐𝐵𝑆 = 𝑐𝐴
2𝐻𝐴𝐴 + 𝑐𝐵

2𝐻𝐵𝐵 + 2𝑐𝐴𝑐𝐵𝑆 𝐻𝐴𝐵

𝜕𝜀

𝜕𝑐𝐴
=

𝜕𝜀

𝜕𝑐𝐵
= 0

𝜀1 ≈ 𝐸𝑎𝑡,𝐴 −
𝐻𝐴𝐵 − 𝐸𝑎𝑡,𝐴𝑆

2

𝐸𝑎𝑡,𝐵 − 𝐸𝑎𝑡,𝐴

𝜀2 ≈ 𝐸𝑎𝑡,𝐵 −
𝐻𝐴𝐵 − 𝐸𝑎𝑡,𝐵𝑆

2

𝐸𝑎𝑡,𝐵 − 𝐸𝑎𝑡,𝐴

The molecule is diatomic so we are looking for a combination of two orbitals 𝜑𝐴 and 𝜑𝐵.



The bonding is strong when:

The large value of the overlap integral 𝑆 and proportional to it integral 𝐻𝐴𝐵.
The small difference of the energy of atomic orbitals 𝐸𝑎𝑡,𝐴, 𝐸𝑎𝑡,𝐵.
Molecular orbitals do not have to be constructed with atomic orbitals of the same type (𝑠 − 𝑠
or 𝑝 − 𝑝).
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Molecules

𝐻𝐴𝐴 − 𝜀 𝐻𝐴𝐵 − 𝜀𝑆
𝐻𝐴𝐵 − 𝜀𝑆 𝐻𝐵𝐵 − 𝜀

𝑐𝐴
𝑐𝐵

= 0
Eat,B

Eat,A

e1

e2

𝜀 𝑐𝐴
2 + 𝑐𝐵

2 + 2𝑐𝐴𝑐𝐵𝑆 = 𝑐𝐴
2𝐻𝐴𝐴 + 𝑐𝐵

2𝐻𝐵𝐵 + 2𝑐𝐴𝑐𝐵𝑆 𝐻𝐴𝐵

𝜕𝜀

𝜕𝑐𝐴
=

𝜕𝜀

𝜕𝑐𝐵
= 0

𝜀1 ≈ 𝐸𝑎𝑡,𝐴 −
𝐻𝐴𝐵 − 𝐸𝑎𝑡,𝐴𝑆

2

𝐸𝑎𝑡,𝐵 − 𝐸𝑎𝑡,𝐴

𝜀2 ≈ 𝐸𝑎𝑡,𝐵 −
𝐻𝐴𝐵 − 𝐸𝑎𝑡,𝐵𝑆

2

𝐸𝑎𝑡,𝐵 − 𝐸𝑎𝑡,𝐴



Example: HF molecule

F: (1s)2(2s)2(2p)5 H: (1s)1

1. Similar energy values have 2p of F and 1s of H.
2. Only 2pz orbital gives non-zero overlap integral

with 1s (bonding orbital σ).
3. 2 Fluorine electrons 2px i 2 electrons 2py are not 

involved in the HF molecular bonding and are 
called lone pair (wolna para elektronowa)

4. Similarly fluorine 1s and 2s atomic orbitals do not 
form a bond with the 1s hydrogen electron 
because of the large energy difference

5. Ground state: 1Σ+
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Hybridization and overlap integrals
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Molecules
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Hybridization sp, eg. BeH2
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Molecules

The angle between the bonds is 180˚.

ℎ1 =
1

2
𝑠 −

1

2
𝑝𝑥

ℎ2 =
1

2
𝑠 +

1

2
𝑝𝑥



Hybridization sp2, eg. C2H4
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Molecules

The angle between the bonds is 120˚.

ℎ1 =
1

3
𝑠 −

1

2
𝑝𝑥 −

1

6
𝑝𝑧

ℎ3 =
1

3
𝑠 +

1

2
𝑝𝑧

ℎ2 =
1

3
𝑠 +

1

2
𝑝𝑥 −

1

6
𝑝𝑧
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Hybridization sp3, eg. CH4
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Molecules

The angle between the bonds is 109,5˚.

ℎ1 =
1

2
𝑠 + 𝑝𝑥 + 𝑝𝑦 + 𝑝𝑧

P.
 K

o
w

al
cz

yk

Methane CH4

ℎ2 =
1

2
𝑠 + 𝑝𝑥 − 𝑝𝑦 − 𝑝𝑧

ℎ3 =
1

2
𝑠 − 𝑝𝑥 + 𝑝𝑦 − 𝑝𝑧

ℎ4 =
1

2
𝑠 − 𝑝𝑥 − 𝑝𝑦 + 𝑝𝑧



Hybridization sp3, eg. CH4
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Molecules

The angle between the bonds is 109,5˚.

ℎ1 =
1

2
𝑠 + 𝑝𝑥 + 𝑝𝑦 + 𝑝𝑧

ℎ2 =
1

2
𝑠 + 𝑝𝑥 − 𝑝𝑦 − 𝑝𝑧

ℎ3 =
1

2
𝑠 − 𝑝𝑥 + 𝑝𝑦 − 𝑝𝑧

ℎ4 =
1

2
𝑠 − 𝑝𝑥 − 𝑝𝑦 + 𝑝𝑧

Methane CH4 Ammonia NH3 Water H2O

http://oen.dydaktyka.agh.edu.pl/dydaktyka/chemia/a_e_chemia/1_3_budowa_materii/01_04_03_2b.htm



Hybridization sp3, eg. CH4
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Molecules

The angle between the bonds is 109,5˚.

ℎ1 =
1

2
𝑠 + 𝑝𝑥 + 𝑝𝑦 + 𝑝𝑧

ℎ2 =
1

2
𝑠 + 𝑝𝑥 − 𝑝𝑦 − 𝑝𝑧

ℎ3 =
1

2
𝑠 − 𝑝𝑥 + 𝑝𝑦 − 𝑝𝑧

ℎ4 =
1

2
𝑠 − 𝑝𝑥 − 𝑝𝑦 + 𝑝𝑧



Hybridization
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Hybridization
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Carbon



Benzene molecule
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Molecules

σ-bonds (sp2) are "localized" and form a rigid skeleton, 
while π-electrons forming a bond are delocalized.

Benzene

𝑘 = 0,±1,±2, 3

Six of atomic orbitals 2pz gives an equal 
contribution to all of the molecular orbitals.

These functions correspond to the waves running around the 
carbon atoms ring in opposite directions for positive and 
negative values of 𝑘

Ψk =
1

6


𝑛=1

6

𝑒
2𝜋𝑖
6 𝑘𝑛 𝑝𝑧,𝑛

𝐸k = 𝛼 + 2𝛽 cos
2𝜋𝑖

6
𝑘



Benzene molecule
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Molecules

𝑘 = 0,±1,±2, 3

Ψk =
1

6


𝑛=1

6

𝑒
2𝜋𝑖
6 𝑘𝑛 𝑝𝑧,𝑛

𝐸k = 𝛼 + 2𝛽 cos
2𝜋𝑖

6
𝑘

Friedrich August Kekule 1829 - 1896
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Orientation is defined by the chiral vector 
𝒏,𝒎 : 𝒄𝒉 = 𝒏 𝒂 + 𝒎 𝒃

Different orientations:

• Armchair 

• Zig-zag 

• Chiral

J.Basak, D.Mitra, S.Sinha „Carbon nanotube: the next generation sensors” presentation Paweł Tomasz Pęczkowski
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Nanotubes
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Nanotubes

Single Wall Nanotube
(Zig-Zag Type) 

Single Wall Nanotube
(Arm-Chair Type) 

Uprolling a Graphene
(Arm-Chair Type) 

Uprolling a Graphene
(Zig-Zag Type) 

Single Wall Nanotube
(Chiral Type) 

www.surf.nuqe.nagoya-u.ac.jp/nanotubes/omake/nanotubes/nanotubes.html

f = 0.246 (n2+nm+m2)1/2 / π (nm) 



Single – twist http://www.ipt.arc.nasa.gov
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Nanomachines



Single – bend http://www.ipt.arc.nasa.gov
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Nanomachines



Single – compress http://www.ipt.arc.nasa.gov
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Nanomachines



Multi – twist http://www.ipt.arc.nasa.gov

2015-11-27 75

Nanomachines



Multi – bend http://www.ipt.arc.nasa.gov
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Nanomachines



Multi – compress http://www.ipt.arc.nasa.gov
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Nanomachines



Space elevator

2015-11-27 78



Space elevator
http://www.spaceelevator.com/
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http://www.uc.edu/news/NR.asp?id=5700

Space elevator
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Buckminster Fuller pour un exposition en 1967 à Montréal

Fullerenes
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Solutions in toluene

Fullerenes
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Fullerenes
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fcc C60 crystals



Fullerenes
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Superconductivity K3C60
X.D. Xiang, J.G. Hou, et al. Nature 361, 54, 1993

Zależność oporu właściwego 
K3C60 od temperatury Zależność Tc od stałej sieci

Paweł Tomasz Pęczkowski

Fullerenes
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Za wolno Za szybko

W sam raz

Benzene + C60

http://www.ipt.arc.nasa.gov
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Nanomachines



Za wolno

W sam raz

Benzen + CN

Gear Rotation in a Vacuum 200 rot/ns

Powered Sharfhttp://www.ipt.arc.nasa.gov
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Nanomachines



Gear Rotation at RT 50/70/100 rot/ns

Gear Rotation at RT 50 rot/ns

Too fast > 100 rot/ns

http://www.ipt.arc.nasa.gov
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Nanomachines



h
tt

p
:/

/w
w

w
.ip

t.
ar

c.
n

as
a.

go
v

Gear and Shaft Operation 

Powered GearPowered Sharf

Large Gear Drives Small Gear 
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Long Gear Rotation at Room Temperature 
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Startup Rotating

Rotation of Gears with Two Off-line Rows of Teeth 

Zbyt szybko
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Nanomachines



„plumber’s nightmare”



Schwartzite




