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Morphodynamic systems:
from initial instability to network formation

Abstract:

Natural shapes are often viewed as the result of an optimization process, or as being
predetermined, for instance by a genetic program. This overlooks the problem of how
shapes appear in the first place. To understand this, we must examine the underlying
growth dynamics. We study the relationship between final shapes and growth processes to
address the inverse problem: Given a shape, how can we determine the details of its growth
process or, more broadly, identify the fundamental mechanism behind its emergence?
Answering such a question could help us reconstruct environmental information from
geological forms or understand how to arrest pathological processes in biological systems.

In this thesis, we focus on forms that initiate as an instability at a moving front.
The small protrusions later develop into finger-like shapes that interact with each other
and can form a network structure. The analyzed systems range from solution pipes in
limestone to river networks to the canal network of Aurelia jellyfish. In the first two
cases, growth models can be established and solved, for instance, by assuming that the
studied shape is invariant. We demonstrate how to use these growth models to extract
details of the governing growth laws or conditions during the emergence of a structure
just by examining its final geometry. This is particularly important for geological forms
that evolve over timescales beyond human measurement capabilities. We show that a
single snapshot of geometry is sufficient to reconstruct historical flow rates in an emerging
solution pipe or to identify the growth laws of a river network.

Next, we investigate loops in physical networks. Looping networks have been shown
to be more resilient to damage and to be selected in biological evolution. However, their
dynamic formation remains elusive. How do branches in a growing network attract each
other and reconnect to form a loop? Classical models of networks growing in response
to the gradient of an external field explain the competition, screening, and repulsion
between branches. Yet, in remarkably diverse processes, ranging from unstable fluid flows
to the canal system of jellyfish, loops suddenly form near breakthrough, when the longest
branch reaches the boundary of the system. We study this process and demonstrate that
when growth is governed by diffusive fluxes, screening and repulsion shift to attraction
near the breakthrough event. Finally, we investigate the morphogenesis of a specific
looping network: the gastrovascular canal network of Aurelia jellyfish. Our experimental
observations suggest that canals emerge in a self-organized manner. We relate this process
to the mechanics of jellyfish and hypothesize that canals are guided by a stress or diffusive
field in the tissue. We build a numerical model of canal network development and show
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that both processes can reproduce the patterns observed in the experiments equally well.

Keywords: morphodynamics, pattern formation, moving-boundary problem, unsta-
ble growth processes, Laplacian growth, physical networks
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Układy morfodynamiczne:
od początkowej niestabilności po wzrost sieci

Streszczenie:

Naturalne kształty są często postrzegane jako wynik procesu optymalizacji lub jako
struktury z góry określone, na przykład przez program genetyczny. Pomija to jednak
problem, w jaki sposób takie kształty powstają. Aby to zrozumieć, musimy zbadać dyna-
mikę ich wzrostu. W tej pracy badamy związek między kształtami a procesami wzrostu,
aby zmierzyć się z problemem odwrotnym: znając dany kształt, w jaki sposób możemy
określić szczegóły procesu jego wzrostu lub, bardziej ogólnie, zidentyfikować podstawowe
mechanizmy leżące u podstaw jego powstania? Odpowiedź na to pytanie mogłaby po-
móc nam w odtworzeniu informacji środowiskowych na podstawie form geologicznych lub
zrozumieniu, w jaki sposób zatrzymać procesy patologiczne w układach biologicznych.

W niniejszej pracy skupiamy się na formach, które początkowo powstają wskutek
niestabilności na ruchomym froncie. Małe wypukłości przekształcają się później w wycią-
gnięte kształty przypominające palce, które oddziałują ze sobą i mogą tworzyć strukturę
sieci. Analizowane układy obejmują świece krasowe, sieci rzeczne oraz sieć kanałów me-
duzy Aurelia. W pierwszych dwóch przypadkach można określić model wzrostu i rozwiązać
go, na przykład zakładając, że badany kształt jest niezmienniczy. W pracy pokazujemy,
jak wykorzystać znajomość takiego modelu wzrostu do wydobycia szczegółów dotyczą-
cych praw wzrostu lub warunków podczas powstawania struktury, badając wyłącznie jej
ostateczną geometrię. Jest to szczególnie ważne w przypadku form geologicznych, które
ewoluują w skali czasowej przekraczającej możliwości pomiarowe człowieka. Pokazujemy,
że pojedyncza migawka geometrii wystarcza do odtworzenia historycznych natężeń prze-
pływu w powstającej świecy krasowej lub do zidentyfikowania praw wzrostu sieci rzecznej.

Następnie skupiamy się na pętlach w sieciach fizycznych. Sieci z pętlami zostały ziden-
tyfikowane jako bardziej odporne na uszkodzenia i są preferowane w ewolucji biologicznej.
Jednak dynamika ich wzrostu pozostaje niejasna. W jaki sposób gałęzie w rosnącej sieci
przyciągają się nawzajem i ponownie łączą, tworząc pętlę? Klasyczne modele sieci rosną-
cych w odpowiedzi na gradient pola zewnętrznego wyjaśniają konkurencję, ekranowanie i
odpychanie między gałęziami. Jednak w różnych procesach, od niestabilnych przepływów
płynów po system kanałów meduz, pętle powstają nagle, gdy najdłuższa gałąź sięga do
granicy układu i następuje przebicie. Badamy ten proces i wykazujemy, że gdy wzrost
jest regulowany przez strumienie dyfuzyjne, ekranowanie i odpychanie zmieniają się w
przyciąganie w momencie przebicia. Na koniec badamy morfogenezę konkretnej sieci z
pętlami: sieci kanałów w układzie gastrowaskularnym meduzy Aurelia. Nasze obserwacje
eksperymentalne sugerują, że kanały wyłaniają się w procesie samoorganizacji. Łączymy
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ten proces z mechaniką meduz i stawiamy hipotezę, że kanały są kierowane przez pole
naprężeń lub strumienie dyfuzyjne w tkance. Tworzymy model numeryczny rozwoju sieci
kanałów i pokazujemy, że oba procesy mogą równie dobrze odtworzyć wzorce zaobserwo-
wane w eksperymentach.

Słowa kluczowe: morfodynamika, formowanie wzorów, zagadnienie z ruchomą gra-
nicą, niestabilne procesy wzrostu, wzrost Laplace’a, sieci fizyczne
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Systèmes morphodynamiques :
des instabilités à la formation de réseaux

Résumé :

Les formes naturelles sont souvent considérées comme le résultat d’un processus d’op-
timisation ou comme étant prédéterminées, par exemple par un programme génétique.
Cela néglige la question de savoir comment les formes apparaissent en premier lieu. Pour
comprendre cela, nous devons examiner la dynamique de croissance sous-jacente. Nous
étudions la relation entre les formes finales et les processus de croissance afin d’aborder le
problème inverse : étant donné une forme, comment pouvons-nous déterminer les détails
de son processus de croissance ou, plus largement, identifier le mécanisme fondamental à
l’origine de son apparition ? Répondre à une telle question pourrait nous aider à reconsti-
tuer les informations environnementales à partir des formes géologiques ou à comprendre
comment arrêter les processus pathologiques dans les systèmes biologiques.

Dans cette thèse, nous nous intéressons aux formes qui apparaissent sous forme d’in-
stabilité à un front mobile. Les petites protubérances se développent ensuite en formes
semblables à des doigts qui interagissent entre elles et peuvent former une structure en
réseau. Les systèmes analysés vont des conduites de solution dans le calcaire aux réseaux
fluviaux en passant par le réseau de canaux de la méduse Aurelia. Dans les deux premiers
cas, des modèles de croissance peuvent être établis et résolus, par exemple en supposant
que la forme étudiée est invariante. Nous montrons comment utiliser ces modèles de crois-
sance pour extraire des détails sur les lois ou les conditions de croissance qui régissent
l’émergence d’une structure, simplement en examinant sa géométrie finale. Cela est par-
ticulièrement important pour les formes géologiques qui évoluent à des échelles de temps
dépassant les capacités de mesure humaines. Nous montrons qu’un seul instantané de
la géométrie suffit pour reconstruire les débits historiques dans un conduit de solution
émergent ou pour identifier les lois de croissance d’un réseau fluvial.

Ensuite, nous étudions les boucles dans les réseaux physiques. Il a été démontré que les
réseaux en boucle sont plus résistants aux dommages et sont sélectionnés dans l’évolution
biologique. Cependant, leur formation dynamique reste difficile à cerner. Comment les
branches d’un réseau en croissance s’attirent-elles les unes les autres et se reconnectent-
elles pour former une boucle ? Les modèles classiques de réseaux se développant en réponse
au gradient d’un champ externe expliquent la compétition, le filtrage et la répulsion entre
les branches. Pourtant, dans des processus remarquablement divers, allant des écoulements
fluides instables au système de canaux des méduses, des boucles se forment soudainement
près du point de rupture, lorsque la branche la plus longue atteint la limite du système.
Nous étudions ce processus et démontrons que lorsque la croissance est régie par des flux
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diffusifs, le filtrage et la répulsion se transforment en attraction près du point de rupture.
Enfin, nous étudions la morphogenèse d’un réseau en boucle spécifique : le réseau de ca-
naux gastrovasculaires de la méduse Aurelia. Nos observations expérimentales suggèrent
que les canaux émergent de manière auto-organisée. Nous relions ce processus à la méca-
nique des méduses et émettons l’hypothèse que les canaux sont guidés par un champ de
contrainte ou de diffusion dans les tissus. Nous construisons un modèle numérique du dé-
veloppement du réseau de canaux et montrons que les deux processus peuvent reproduire
aussi bien les modèles observés dans les expériences.

Mots-clés : morphodynamique, formation de motifs, problème de frontière mobile,
processus de croissance instables, croissance laplacienne, réseaux physiques
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Chapter 1

Introduction

Figure 1.1 Patterns of nature. From left to right: the diatom Lyrella hennedyi [1], a
snowflake [2], the jellyfish Aurelia, the Crab Nebula [3]

Nature strikes us with a plethora of patterns, shapes, forms, morphologies and geome-
tries. They span across all scales – from micrometer diatoms to milimeter snowflakes to
centimeter jellyfish to light years nebulas (Fig. 1.1). The beauty of them have inspired
people to ponder for centuries. Where does the variety of forms come from? Despite the
sheer diversity of systems, the forms also share certain similarities (Fig. 1.2). How is it
possible that root systems are so similar to lightnings? Why are mineral dendrites similar
to bacterial colonies? Why are we still unsure whether certain forms are purely geological
or if living organisms played a role in their creation? This kind of questions have long
motivated curiosity-driven science, and continue to do so today.

Natural shapes are often viewed as the result of an optimization process, or as being
predetermined, for instance by a genetic program. This overlooks the problem of how
shapes appear in the first place. To understand this, we must examine the underlying
growth mechanism. Morphodynamics of natural systems – the link between their shape
and growth dynamics – remain largely unexplored, but can provide valuable insights. For
instance, understanding how geological forms such as river networks or solution pipes in
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Chapter 1. Introduction

Figure 1.2 The resemblance of biological and physical patterns. (a) The root system
of a black locust [4] (b) Lightnings [5] (c) A bacteria colony on a Petri dish [6] (d) The manganese
oxide dendrites on a limestone bedding plane from Solnhofen, Germany [7]

limestone emerged provides a unique window into history. This knowledge can help us
decipher the conditions under which these forms evolved and inform us about paleocli-
mate. On the other hand, studying patterns in living organisms, such as jellyfish, and
understanding the development of biological structures, fine-tuned by millions of years of
evolution, can help us engineer efficient structures on our own and have possible medical
applications.

1.1 What is a morphodynamic system?
The word ‘morphodynamic’ comes from Greek roots: morphē, meaning ‘form’ or ‘shape’
and dynamikos, meaning ‘powerful’ or pertaining to power and force. Consequently, the
term literally translates to the study of changing forms driven by powers or forces. In the
scientific context, a morphodynamic system is one that dynamically adapts its morphology
through response to a driving force. The term morphodynamics is used frequently in the
field of geomorphology [8, 9], but terms like pattern formation or self-organization in
physics [10–17] or morphogenesis in biology [13, 18–20] are similar in their attempt to
explain emergent self-organized phenomena from local interactions which are relatively
simple.

Morphodynamics require three components, sometimes referred to as the morphody-
namic trinity [21, 22] (Fig. 1.3a). The first component is the evolving geometry: a full
spatial and physical specification of the object of interest. The second component is the
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1.1. What is a morphodynamic system?

driving field that can be computed at a given time based on system geometry and ad-
ditional internal/external boundary conditions. In many cases, the system evolution is
driven by physical fields such as flow, stress, or growth-factor concentration in the system.
However, the driving force/field can be treated more abstractly. For instance, it could
be a group of termites working together to build a mound. The final component is the
response of the system to the driving field. This can be a mechanical response to shear
stresses acting on the walls of an object due to fluid flow or a biological response translat-
ing incoming growth-factor gradients to local growth rate. The morphodynamic system
evolves then in the following manner (Fig. 1.3a): (i) the geometry at a given time allows
one to specify the driving field in the whole system; (ii) the system locally responds to
the driving field; (iii) the geometry is updated which completes a feedback loop.

Geometry

Local
response

Driving
field

(a) (b)

Figure 1.3 (a) Schematic of the morphodynamic trinity. (b) An example of unstable growth
process – the reactive-infiltration instability [23]. The front between dissolved and undissolved
parts of the system (solid vs dashed lines) grows rapidly due to a positive feedback loop that
acts on the flow and concentration field (arrows). For details see text.

Morphodynamic processes are often unstable – due to a positive feedback loop small
perturbations in the initial geometry tend to grow rapidly. A good example of unstable
growth is the dissolution process induced by a flow of reactive fluid in a soluble medium,
referred to in the literature as the reactive-infiltration instability (Fig. 1.3b). The reac-
tant advected by flow is consumed as it dissolves the matrix and dissolution is usually
concentrated at the interface between the dissolved and undissolved parts of the system.
Even if the dissolution front is initially almost planar, flow naturally focuses on any small
bumps. This brings more reactant there and locally increases dissolution. The bump is
amplified, causing more flow focusing. Soon, finger-like structures emerge.

In this thesis, we focus on forms that initiate as an instability at a moving front. The
small protrusions later develop into finger-like shapes that interact with each other and can
form a network structure. The analyzed systems range from solution pipes in limestone to
river networks to the canal network of Aurelia jellyfish. We study the relationship between
final shapes and growth processes to address the inverse problem: Given a shape, how can
we determine the details of its growth process or, more broadly, identify the fundamental
mechanism behind its emergence?

3



Chapter 1. Introduction

1.2 Instabilities

In the following section, we provide a historical context for concepts used throughout the
thesis, such as moving-boundary and Stefan problems, Darcy’s law, the Hele-Shaw cell
and viscous fingering. We also briefly summarize the study of well-known instabilities
such as the Saffman-Taylor, the Rayleigh-Taylor, and the Mullins-Sekerka instabilities;
the reactive inflitration instability; the reaction-diffusion model and the Turing instability.

We discuss invariant forms in nature – a concept used in Chapter 2 to link conditions
during the emergence of solution pipes with their shape. Next, we derive a paradigm
model for unstable growth processes – Laplacian growth. As most of the systems studied
in the thesis – including dissolution and viscous fingers in a Hele-Shaw cell, river networks,
and possibly jellyfish canals – are governed by diffusive fluxes it provides useful intuitions
when studying these problems.

1.2.1 An overview

Although natural patterns have drawn attention and inspired people for ages, a quantita-
tive, mathematically rigorous studies of them only began in the 19th and 20th centuries.
A well studied branch of morphodynamic systems in physics are moving, or free, bound-
ary problems. The history of moving-boundary problems began with the study of phase
change. In 1831, Gabriel Lamé and Émile Clapeyron first mathematically tackled a free
boundary problem by analyzing the solidification of a cooling sphere, introducing a prob-
lem where the domain itself evolves [24]. This was formalized by Jožef Stefan in 1889 in his
study of freezing ice [25,26], and to this day, the canonical moving-boundary phase-change
model is known as the Stefan problem.

At the same time, in 1883, the study of hydrodynamic instabilities began with Lord
Rayleigh (John William Strutt), who used linear stability analysis to predict the unstable
growth of disturbances at the interface of a heavier fluid on top of a lighter fluid in
a gravitational field [27] (Fig. 1.5a). Geoffrey Ingram Taylor in 1950 generalized the
analysis to arbitrary accelerations [28], establishing what is now known as the Rayleigh-
Taylor instability.

In 1898, Henry Selby Hele-Shaw worked with a viscous fluid flowing between two
closely-spaced parallel plates. Even though the flow between two plates was dominated by
viscous forces, he showed that the in-plane, depth-averaged streamline patterns coincide
with those of two-dimensional potential flow [29] (Fig. 1.4). Soon after, George Gabriel
Stokes proved that the harmonic potential in this case is in fact pressure in the system [30].

4



1.2. Instabilities

(a) (b) (c)

Figure 1.4 Streamlines of flow in a Hele-Shaw cell [29]. (a) “Round a section of the
twin screw strut of one of Her Majesty’s cruisers” (b) Past a plate inclined at 45◦ (c) In a channel
with a variable width.

In parallel, the understanding of flow in porous media was developed. In 1856, Henry
Darcy was tasked with designing and improving the water supply and filtration systems
for the city of Dijon in France. He conducted numerous experiments on the flow of water
through columns packed with sand, and described a linear relationship between volumetric
flow rate with the hydraulic gradient [31]. Today, this relationship is known as Darcy’s
law. The concept was later generalized by Morris Muskat in the context of petroleum
reservoir engineering. He explicitly separated the fluid properties from the rock properties
in the linear relationship and developed the governing equations for porous media flow.
He also studied a problem of evolution of the interface between two fluids [32]. Later in
1952, Hill experimentally studied the displacement of sugar liquors by water from columns
of granular bone charcoal in the process of refining raw sugar [33]. He was the first to
systematically study and quantify the highly ramified, finger-like invasion patterns, when
a less viscous fluid is injected in a more viscous fluid (Fig. 1.5b). At the time he called it
channeling, but nowadays it is rather known as viscous fingering.

Real interest in viscous fingering did not arise until 1958, when Philip Saffman and Ge-
offrey Ingram Taylor systematically studied this instability [35] (Fig. 1.5c). They demon-
strated the analogy between Hele-Shaw flow and flow through two-dimensional porous
media, analyzed the instability using linear stability analysis, and derived the shape of a
viscous finger in a channel. The results of their works were so fundamental that nowadays
this phenomenon is known as the Saffman–Taylor instability. An analogous linear sta-
bility framework for diffusion/heat-flow controlled moving boundaries was developed for
solidification by William Wilson Mullins and Robert Floyd Sekerka in 1963-1964. They
showed that a solid–liquid interface governed by diffusive heat and/or solute transport
can become morphologically unstable, leading to the formation of complex patterns like
dendrites in what is now known as the Mullins–Sekerka instability [39, 40] (Fig. 1.5d).

The discovery of viscous fingering helped the petroleum industry understand why
oil recovery by waterflooding – injecting water to push oil out – was often far lower
than predicted and how to improve it by damping the instability. To increase near-
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(a) (b)

(c)

(d) (e)

Figure 1.5 Instabilities. (a) The Rayleigh-Taylor instability simulation (adapted from [34]).
Note the Kelvin-Helmholtz instability at the sides of the finger, where two fluids are in shear.
(b) Channeling observed by Hill in his experiment of flow in columns packedwith granular
material [33]. (c) The Saffman-Taylor instability (air injected into glycerin in a Hele-Shaw
cell [35]). (d) The Mullins-Sekerka instability appearing in alloy solidification [36]. (d) A
wormhole resulting from HCl injection into a limestone core [37,38].

wellbore permeability, engineers also developed matrix acidizing, in which acid is injected
to dissolve reactive minerals and open flow pathways. In 1959, Rowan reported that
the permeability gain depends non-monotonically on the acid injection rate around a
wellbore [41]. The optimal flow rate producing the largest increase in permeability for
a given amount of acid corresponds to the spontaneous development of highly localized
flow paths called wormholes (Fig. 1.5e). More detailed studies of the reactive-infiltration
instability followed in the ’80s [23, 42–44]. The same instability occurs when rainwater
acidified by dissolved carbon dioxide infiltrates limestone. Dissolution focuses flow into
channels, forming cave conduits and solution pipes [45,46].

The idea that complex patterns can emerge from systems governed solely by physical
laws has gradually made its way into the field of biology in 20th century. In 1917, D’Arcy
Thompson argued in his work “On Growth and Form” that biological morphology is not
only programmed by genes as an effect of natural selection, but is also largely dictated by
physical and mechanical constraints [13]. He provided mathematical descriptions of bio-
logical forms and compared them to physical systems. A major turning point came in 1952
with Alan Turing’s paper “The Chemical Basis of Morphogenesis” [18]. He introduced a
mathematical model of diffusing and reacting substances, morphogens. He showed that,
when their diffusion rates are sufficiently different, a uniform state can become unstable to
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spatial perturbations, generating stationary patterns. Turing demonstrated that periodic
patterns in biology can spontaneously emerge from instabilities (Fig. 1.6 and Fig. 1.7).
These patterns are highly sensitive to initial conditions and variable. Thus, variability in
the pattern can be interpreted as a trace of instability. Turing’s reaction-diffusion model
was popularized in 1972, when Alfred Gierer and Hans Meinhardt introduced biologically
relevant non-linear form of kinetic functions (rate of chemical reactions) [47]. The work
established the principle of local activation, long-range inhibition as the key concept in
the study of biological pattern formation.

(a)
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Figure 1.6 The Turing instability. (a) Results of Alan Turing showing that an almost
homogeneous initial distribution of morphogens (horizontal dashed line) may develop a signal of
specified wavelength (hashed line – incipient, solid line – final pattern) [18]. Turing considered
reacting and diffusing chemicals on a ring of cells and hypothesized that the maxima of mor-
phogen could determine positioning of: (b) Hydra tentacles [48] or (c) woodruff leaves [49].

Figure 1.7 The reaction-diffusion patterns in biology. (a) Tails of a leopard, jaguar,
cheetah and genet, followingly, along with the patterns from a reaction-diffusion model solved
in the geometry of a narrowing cylinder [50]. (b) Giant Freshwater Puffer fish with elaborate
skin patterns [51]. (c) A zoom in along with the result of a computer simulation of a reaction-
diffusion model (the Gray-Scott model [52]).
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Invariant forms

(a) (e)(c) (d)(b)
Figure 1.8 Invariant forms in lab experiments and nature. (a) The Saffman-Taylor
finger in a channel (air advancing into glycerine). Inset (marked with a dashed rectangle) shows a
tip with overlayed points indicating theoretical shape [35]. (b)) top: A travertine dome, bottom:
A side-view with theoretical prediction marked with blue dots. Adapted from Ref. [53]. (c)
A stalagmite, red line indicates theoretical shape developed in Ref. [54]. (d) left: A stalactite
from Kartchner Caverns (Benson, AZ), right: theoretical prediction [55]. (e) An icicle, red line
indicates theoretical prediction of the shape [56].

After the initial chaotic phase, the instabilities in many cases simplify in the long-time
limit. Invariant growth forms appear and advance into the system without changing shape.
One example is already mentioned Saffman-Taylor finger (Fig. 1.8a), which emerges as an
asymptotic solution in viscous fingering [35] or the corresponding solution in solidification
– the Ivantsov paraboloid [57]. Other examples include the regular shapes of flames [58]
or crystals growing in a capillary [59]. The concept of invariant shapes can be also found
in natural systems and was used to describe karst pinnacles [60] and travertine cones [53]
(Fig. 1.8b), stalagmites [54] (Fig. 1.8c) and stalactites [55] (Fig. 1.8d), and icicles [56,61]
(Fig. 1.8e). In Chapter 2, we apply the concept of invariant growth to derive a formula
for the ideal form of dissolution finger. This formula can be used to reconstruct historical
flow rates in an emerging solution pipe.
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1.2. Instabilities

1.2.2 Laplacian growth

The unstable growth processes are usually modeled as an invasion of one phase into
another. In a classical Stefan problem, the boundary – the interface between two phases
– moves due to the external forcing, such as the pressure gradient between the inlet and
outlet of the system. Important parameters in such models are the mobilities of the two
phases, e.g. hydraulic permeabilities for pressure-driven growth. Whenever the mobility
of the invading phase (λ1) is larger than the mobility of the displaced phase (λ2) the flux
concentrates on small protrusions of the interface. Without a regularization mechanism
any initial geometry leads to the generation of finite-time cusps [62, 63]. The infinite
growth of short wavelengths at the boundary is sometimes referred to as the ultraviolet
catastrophe, in reference to the classical black-body problem, in which the energy emitted
by the body diverges for the shortest wavelengths. However, in physical cases of boundary
growth, the instability is regularized by effects such as surface tension. In such a case,
linear stability analysis can be used to obtain a dispersion relation and determine the most
unstable wavelength. This determines the characteristic spacing and size of the fingers in
the system [35, 39, 64]. Additional effects, such as tip splitting, can give rise to a highly
ramified, hierarchical tree-like structure.

A paradigm for such growth processes is Laplacian growth (Fig. 1.9), in which evolution
is driven by a harmonic field, ϕ, obeying the Laplace equation. Essentially, the Laplace
equation may be derived from Fick’s law, which states that the flux is proportional to the
gradient of the field:

J = −λ∇ϕ , (1.1)

and the continuity equation:
∇ · J = −∂ϕ

∂t
. (1.2)

The combination of the two results in a diffusion equation:

λ∆ϕ = ∂ϕ

∂t
. (1.3)

The boundary between two phases moves with a velocity proportional to the flux of
the field: v ∼ −λ∇ϕ. Assuming that the timescales of the boundary evolution are much
smaller than the timescales of field relaxation, the time derivative in the diffusion equation
can be neglected.

The above results in the Laplace equation both in the invading (D1) and the displaced
phase (D2):

∆ϕ1(x) = 0 x ∈ D1 and ∆ϕ2(x) = 0 x ∈ D2 . (1.4)
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Figure 1.9 Schematic of Laplacian growth. There are two phases: the invading phase
(D1) of mobility λ1 and the displaced phase (D2) of mobility λ2. The interface between them,
C, moves with velocity v (green arrows) proportional to the incoming flux of the field ∇ϕ (thin
gray arrows). The field obeys the Laplace equation, ∆ϕ = 0, in both phases.

These equations are supplemented with the continuity condition for the field and its flux
at the interface (C):

ϕ1(x) = ϕ2(x) x ∈ C ,

λ1(∇ϕ1(x))n = λ2(∇ϕ2(x))n x ∈ C ,
(1.5)

where n denotes the normal to the interface. Additional boundary conditions are imposed
on the boundaries of the system, depending on the problem at hand.

Both the continuity equation and Fick’s law are ubiquitous in the study of trans-
port phenomena, which makes the Laplacian growth model relevant across many settings.
Although the Laplace equation is linear, time-dependent boundary conditions introduce
nonlinearity to the Laplacian growth problem. This yields a rich spectrum of complex phe-
nomena and morphologies. Growth dynamics of a similar type underlies a wide range of
different processes, including formation of the lungs [65–67], bacterial colony growth [68],
cave formation [45,69], metallic dendrite formation in electrochemical deposition [70,71],
dielectric breakdown [72], discharge trees [73], combustion fingers [74], tributary and
distributary channel formation in river networks [75–77], dendritic patterns in supercon-
ducting films [78], leaf venation [79], or sprouting angiogenesis [80–82].
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1.3. Network formation

1.3 Network formation

In the following section, we summarize different approaches to study network geometries
and their formation. We focus on physical networks embedded in space and describe the
processes responsible for their morphodynamics: remodeling and tip-growth. We focus
on Laplacian networks that extend at the tips with velocity proportional to the gradient
of harmonic field. In Chapter 3, we use thic concept to model river networks and decipher
their growth laws.

We describe how common assumptions lead to branch screening and repulsion in
Laplacian networks, making loop formation elusive. In the thesis, we try to fill this
gap and identify the fundamental mechanism behind the dynamical emergence of loops
in tip-growing networks. In Chapter 4, we demonstrate the transition from repulsion to
attraction between fingers when the longest finger reaches the boundary of the system. In
Chapter 6, we simulate the growth of the jellyfish canal network in response to diffusive
fluxes, but also stress field induced by swimming contractions.

1.3.1 An overview

The modern boom in network science came after the work of Duncan J. Watts and Steven
Strogatz on small-world networks and Albert-László Barabási and Réka Albert on scale-
free networks, such as the World Wide Web or network of scientific articles connected
by citations [83, 84]. Models such as the Watts–Strogatz model or the Barabási–Albert
model explained emergent properties of network graphs. Treating networks as a set of
vertices connected by links became also useful in the context of engineered networks,
such as power grids, where networks indeed develop by attaching new vertices to the
network [85]. However, most natural, physical networks that are embeded in space show
very different properties. This might derive from their morphodynamics, as they emerge
in the process of tip growth or adaptation (remodeling).

Remodeling vs tip growth

A good illustration of the tip growth and the adaptation processes is the development
of the vascular networks, where they both take place. During vasculogenesis, precursor
cells assemble to form an initial network of capillaries known as the primitive capillary
plexus [86], which is then remodeled by blood flow (Fig. 1.10a). This results in the
emergence of a hierarchical structure of arteries and veins. In contrast, in sprouting
angiogenesis, new vessels branch out from the pre-existing ones [86]. These new vessels
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grow, guided by tip cells (Fig. 1.10b) that respond to the gradients of vascular endothelial
growth factor (VEGF), among others.

(a) (b)

Figure 1.10 Schematic of two key morphodynamic processes responsible for net-
work morphogenesis. (a) Remodeling – network branches shrink (red arrows) or widen (green
arrows). (b) Tip growth – network branches extend at the tips (green arrows). The two pro-
cesses can change the topology of the network: remodeling can break loops, while tip growth
can create loops.

The class of adaptive networks also includes physical systems such as the pore space
evolving during reactive infiltration of rocks [87], channel networks in river deltas [88] or
network of Physarum polycephalum [89]. These networks are modeled by adapting the
links between the nodes of the initial network, reinforcing some of them and trimming
others. Adapting the links can follow from some local rules, but it can be also treated
as optimization of a global property of the network (i.e., transport through it or energy
dissipation) [85, 88,90–94].

In the case of tip growth, network development involves a dynamic system of branches
that extend at the tips and sometimes bifurcate into new branches or reconnect to already
existing parts of the network (Fig. 1.10b). One way to describe such a process is to coarsen
the microscopic features responsible for branch extension and bifurcation, and adopt a
simple set of rules governing tip evolution. A convenient minimal description treats tips as
stochastic walkers that can branch and annihilate upon encounter, leading to models in the
branching annihilating random walk (BARW) class, introduced by Maury Bramson and
Lawrence Gray in 1985 [95] and later adapted to the context of spatial network evolution
by Edouard Hannezo et al. [96]. Additionally, elements such as global guidance or local
self-avoidance of neighboring branch segments can be included. These models have been
proven to successfully reproduce the statistical properties of branched networks in many
real-world examples [96–99].

Yet, in many cases in nature the network is not only guided by some external forc-
ing/field, but also impacts it exactly like a lightning rod impacts the electric field around
it. The field and the network co-evolve in time, since as the network grows, it continuously
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modifies the boundary conditions that determine the field. Growing parts of the structure
compete for the available flux of the field, effectively interacting with each other. This
description is derived from a relatively well-studied branch of physics – unstable growth
processes (Section 1.2.2).

In this approach, a more detailed picture of the evolving network emerges: tips move
with different velocities depending on the flux of the field reaching them; bifurcations
can occur based on some deterministic criteria; after splitting, branches often maintain
characteristic angles, because the tips follow the gradient at each moment of the evolution.
Such an approach has been applied to model growth of river networks [75,100–103], river
deltas [76], viscous fingers [104], discharge trees [73] or coral growth [105], leading to
network geometries qualitatively and quantitatively similar to those observed in nature.
For instance, the mean branching angle in the case of river networks is equal to 72◦ and
matches the analytical predictions [75].

Branching and looping networks

An important characteristic of a network is its topology – networks can take the form
of either branched, tree-like structure (Fig. 1.11a) or looping pattern (Fig. 1.11b). The
latter are more robust against damage [93, 106], hence are thought to be favored by
biological evolution. Paleobiological records show that the leaf venation in ancestral
plants is branched, but highly reticulated in more evolutionary recent ones [107–109].

(a) (b)

Figure 1.11 Fluorescent dye visualization of transport in damaged leaves [93].
(a) In the ginkgo branching network, damage cuts off an entire section of the leaf from nutrients
and water supply. (b) The lemon looping network continues to supply to almost entire leaf even
after damage.

The question of why looping networks might have been selected by evolution and what
quantity, if any, they optimize, has been extensively studied in the domain of adaptive
networks [85, 88, 90–94]. In the case of tip-growing networks a natural candidate for an
underlying driving field leading to reconnections and loop creation is a tensorial stress
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field [110, 111]. However, it is less clear how branches in the network driven by a scalar
field interact to form a looping network. As we describe in the following section, classical
models of networks growing in response to the gradient of an external field explain rather
the competition, screening, and repulsion between branches.

1.3.2 Laplacian networks

In moving-boundary problems, initial instabilities at the front grow and develop into
finger-like shapes that interact and can form a network. Eventually, the widths of the fin-
gers become much smaller than the distances between them. The flux of the field focuses
at the tips, rendering them the most intense growth zones. Consequently, instead of solv-
ing a full moving-boundary problem, it is convenient to assume that an evolving network
consists of branches that can only extend at the tips. By analogy with Laplacian growth
in moving-boundary problems, the framework of Laplacian networks can be defined with
similar evolution rules. The growth velocity is related to the flux of the field at the tips.
A common extension of the linear model assumes a power-law relation between the flux
into the tip and the growth velocity, v ∼ |∇ϕ|η [72,112] (studied in detail in Chapter 3).
Following the principle of local symmetry, applicable in Laplacian networks [101], but also
in stress driven problems [113,114], the branches extend in the direction from which most
flux of the field is coming.

There are two main processes responsible for pattern formation in these systems: (i) tip
splitting, when the branch bifurcates, giving rise to a pair of daughter branches, and (ii)
competition between the nearby branches mediated by the harmonic field, which results
in an increase in the growth rate of the longer branches and suppression of the growth of
the shorter ones. The interplay of these two processes leads to the appearance of a highly
ramified hierarchical network structure.

In the full moving-boundary problem tip splitting is a result of the inherent instability
at the tip, such as in Fig. 1.2c-d. When modeling extension of the branches only, bifur-
cation is no more an intrinsic part of the dynamics [115] and needs to be re-introduced
by hand, based on certain criteria. Different splitting rules can be found in the literature:
the velocity criterion [35, 104] or the bimodality criterion [100, 105], among others. The
first comes from a close study of tip splitting events in the full moving-boundary problem.
The instability wavelength decreases as the front propagation velocity increases [14, 35]
and at a critical velocity it becomes so small that it fits within the tip width, resulting
in a bifurcation. The second criterion is linked to the appearance of two maxima of the
flux in the neighborhood of the tip. Other works consider also stochastic growth and
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bifurcations [112].

The strong competition between the branches in Laplacian networks is a result of a
widely used simplification – the field drop inside the invading phase is neglected, and
the Laplace equation is solved only in the displaced phase with a constant value of the
field directly on the branches of the network. The Dirichlet boundary condition on the
fingers results in: (i) two neighboring fingers growing away from each other (Fig. 1.12a);
(ii) the long fingers screening the shorter ones and hindering their growth (Fig. 1.12b).
Consequently, reconnections and loop creation is usually not obtained in this model [14,
17,116].

(b)(a)

Figure 1.12 The repulsion and screening mediated by harmonic field. (a) Two ad-
jacent fingers receive more flux from outside and effectively repel each other. (b) A lightning
rod effect [117] – a long finger screens (shadows) its neighborhood and hinders growth of shorter
fingers.

The effective repulsion between the fingers arises from the fact that they grow in the
direction from which most flux of the field is coming. Each finger absorbs the flux of
the field, and influences the field in the neighborhood. When placed close together, the
fingers receive more flux from outside and they start to effectively repel each other. It
has been shown that two diverging fingers stabilize at an opening angle of π/5 = 36◦

in a half-plane or 2π/5 = 72◦ if they stem from a single mother branch and create
a bifurcation [75, 100, 103, 118, 119]. Interestingly, following optimal local rules might
not lead to a globally optimal structure. Although the tips individually maximize the
incoming flux at each moment, the resulting 72◦ angle is not the most optimal. The
bifurcation angle that, as a structure, maximizes the flux into the tips is slightly wider,
around 78.5◦ [103].

A single long branch in the system acts as a lightning rod, wrapping the isolines of
the field around it (Fig. 1.13b). For an absorbing needle of length L, protruding from
the X-axis in a two-dimensional system with (∇ϕ)y = −1 at infinity, the solution to the
Laplace equation in the real plane can be obtained with complex analysis and is related
to the imaginary part of the complex potential Φ(z) =

√
z2 + L2: ϕ(x, y) = ℑ(Φ(z =
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x + iy)). Far from the finger, it introduces a dipole correction to the unperturbed field:
ϕcorr ∼ L2/2r, and a 1/r2 correction to the gradient, where r =

√
x2 + y2. Technically

the 1/r2 term is long-range and never vanishes completely. However, it plays a major
role within distances comparable to the size of the finger. This suggests that a typical
distance over which fingers can interact in an unbounded domain is of the same order as
their size.

Figure 1.13 Solutions of the Laplace equation in a half-plane. (a) Unperturbed field:
Φ(z) = z (b) Field around a needle: Φ(z) =

√
z2 + L2 (c) The solution around a periodic array

of needles of lengths L and a separation of a. The inset shows exponential screening near the
tip of a shorter finger (length l), placed between two longer fingers (along the red dashed line).

The situation is different in a bounded domain, such as a channel, or when study-
ing a shorter finger of length l, between two longer fingers of length L at a distance
a. In this case, the field (and the gradient) near the tip of the shorter finger obeys:
ϕ ∼ e−π(L−l)/a [120–122]. The finger is exponentially screened. Whenever it loses the
competition, even slightly, it quickly slows down and falls behind the other, still-growing
tips. Soon, the screened finger stops growing entirely and ‘dies’.

Treating the moving boundary as an isoline of the field is equivalent to taking the
limit of the mobility ratio to infinity (M = λ1/λ2 → ∞). In the case of a lightning
rod, the mobilities correspond to the conductivity of the rod and the surrounding air. A
lightning rod with high conductivity can be safely assumed to hold ground potential along
its entire length (Fig. 1.14a). However, a rod with lower conductivity would experience a
potential drop along its length and have less impact on the surrounding field. Therefore,
taking into account a finite mobility ratio reduces screening and effective repulsion in
the system (Fig. 1.14b). The field gradients resulting from the potential drop along the
fingers greatly impact the evolution of the system. The shorter fingers can still grow,
but also receive some flux of the field from the longer fingers. This can be seen in the
asymmetry of the isolines around the shorter finger tip, which are more concentrated on
the side closer to the longer finger (Fig. 1.14b), indicating an effective attraction. This
can lead to reconnections and loop creation within specific ranges of mobility and finger
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length ratios [73,123].

Yet, loop formation in general cases, for instance for high mobility ratio, remains
elusive. In Chapter 4, we address this issue and demonstrate the transition from repulsion
to attraction between fingers when the longest finger reaches the boundary of the system.
In Chapters 5 and 6, we study a specific looping network – the gastrovascular canal
network of Aurelia jellyfish – and attempt to determine the mechanisms responsible for
its morphogenesis, and formation of loops in particular.

(a) (b)

Figure 1.14 Numerical solutions of the Laplace equation around fingers with finite
mobility ratio, M = λ1/λ2. The short and long fingers (black contours) are placed periodically
in a strip with ϕ = 0 at the bottom and ϕ = 1 at the top. The mobility inside the fingers is higher
than the mobility outside. (a) For high mobility ratio (M = 106), we recover the results for the
needles with Dirichlet boundary condition (constant field) on them. The longer fingers act as
lightning rods and exponentially screen the shorter ones. (b) For low mobility ratio (M = 102),
the isolines penetrate the fingers. The shorter fingers receive some flux and can be attracted to
the longer ones.
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1.4 Theoretical and experimental approaches

In the following section, we provide an overview of the methods and systems considered
in this thesis. First, we describe a numerical approach to network growth problem. In
Chapter 3, we use this approach to simulate the evolution of river networks and extract
their growth laws. In Chapter 4, we simulate loop formation near breakthrough and in
Chapter 6, we adapt this model to simulate the jellyfish canal network growing in response
to diffusive fluxes or a stress field.

Next, we describe the classical Hele-Shaw cell and its modified version with a soluble
bottom. The former is used in Chapter 4 to study loop formation near breakthrough in
viscous fingering. The latter is used in Chapter 2 to study invariant forms of dissolution
fingers and in Chapter 4 to demonstrate loop formation in the case of low mobility ratio.

Lastly, we focus on a specific biological looping network: the gastrovascular canal
network in jellyfish. First, we thoroughly describe this fascinating organism and explain
its importance from evolutionary and developmental point of view. Next, we analyze canal
networks in the Discomedusae and describe their similarities with patterns produced by
physical growth processes. Finally, we turn our attention to the Aurelia jellyfish and its
canal network – the subject of the thesis, whose morphogenesis we try to understand.

1.4.1 Network growth simulations

The growth of Laplacian networks can be studied using the thin finger model. This model
approximates the branches of a network growing in a plane as thin, one-dimensional lines
extending in length only [119, 120, 124]. Considering two-dimensional systems and thin
needles simplifies the problem and allows the use of complex analysis and conformal map-
pings to study it. As noted by Peterson [124], studying only branch extension eliminates
the problem of short wavelengths growing infinitely without introducing a regularization
mechanism. This model has been used for the analysis of finger growth in 2D systems
in both the Laplacian [119, 120, 125, 126] and Poissonian fields [77, 127, 128]. The latter
appears if the continuity equation, Eq. (1.2), includes a source term on the right hand
side.

For an absorbing finger, the field gradient at the tip becomes singular, diverging like
r−1/2 in the vicinity of the tip. Hence, the growth rules have to be carefuly defined. In
polar coordinates (where the direction of the tangent to the finger at the tip sets θ = 0)
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the field near the tip can be expanded [129,130]:

ϕ(r, θ) = a1r
1/2 cos θ

2 + a2r sin θ + a3r
3/2 cos 3θ

2 + O
(
r2

)
, (1.6)

where the coefficients ai depend on the boundary conditions far from the finger tip. In
the simulations of network growth, we solve the Laplace (or Poisson) equation for the
field with the finite element method, and then integrate the field over a circular contour
of radius r0 around the tips to obtain the ai coefficients:

a1 = 1
πr

1/2
0

∫ π

−π
ϕ(r0, θ) cos θ

2dθ , (1.7)

a2 = 1
πr0

∫ π

−π
ϕ(r0, θ) sin θdθ , (1.8)

a3 = 1
πr

3/2
0

∫ π

−π
ϕ(r0, θ) cos 3θ

2 dθ . (1.9)
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Figure 1.15 Impact of the a1, a2, a3 coefficients on the field around the finger (after
Ref. [77,101]). (a-d) Field around the finger tip (indicated by a black line). Gray arrows follow
the field lines. (e-h) Profiles of the field along a small circle around the tip (black circle in (a)).

Each of the leading coefficients ai has a clear physical interpretation: a1 is linked
to the total flux over a small circular contour around the tip (Fig. 1.15a-b, e-f); a2 is
related to the field asymmetry with respect to the finger axis (Fig. 1.15c, g); a3 is related
to the bimodality of the driving field in the neighborhood of the tip (Fig. 1.15d, h).
Consequently, the velocity of the tip is proportional to a1. The trajectory of the finger
in the neighborhood of the tip, which follows from growth in the gradient direction [103],
can be determined with a1 and a2.
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The simulation of network growth proceeds as follows [100]. A geometry of the system
is constructed with appropriate boundary conditions on the walls and the initial branches
are placed in the system. In each iteration of the growth algorithm, the Laplace (or Pois-
son) equation is solved with the finite element method (for instance, with the FreeFem++
solver [131]). Next, the field around the tip is integrated to obtain the coefficients of ex-
pansion of the field in the vicinity of the tips. Finally, the velocity of the tips and their
growth direction is determined based on the expansion coefficients and the branches are
extended (or split if a bifurcation condition is met). The process is repeated iteratively,
and in each timestep the network extends and colonizes the available domain.

In Chapter 3, using this approach we develop a numerical package to simulate network
growth dynamics. We apply it to simulate the evolution of river networks and extract
their growth laws. In Chapter 4, we extend the method to incorporate the finite mobility
ratio. We then use it to simulate loop formation near breakthrough. In Chapter 6, we
adapt this model to simulate the jellyfish canal network growing in response to diffusive
fluxes, and a stress field.
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1.4.2 The Hele-Shaw cell

Flow

h

Figure 1.16 The Hele-Shaw cell. Two fixed plates at a distance h. The invading fluid is
injected on the left.

A Hele-Shaw cell consists of two parallel plates separated by a narrow gap of thickness
h (Fig. 1.16). In most general terms, the motion of the fluid between the plates is described
by the Navier-Stokes equation:

∂u

∂t
+ (u · ∇)u = −1

ρ
∇p + µ

ρ
∇2u + f , (1.10)

where u(x, y, z) is velocity vector field, ρ fluid density, µ viscosity, p pressure and f

external body forces acting on the fluid.

In the present case, there are no external forces (f = 0) and the fluid is assumed to
be incompressible:

∇ · u = 0 . (1.11)

The plates are sufficiently close together, so that the nonlinear and time dependent terms
in Eq. (1.10) can be neglected leading to Stokes flow:

∇p = µ∇2u . (1.12)

The lubrication approximation is then used. The pressure is independent of z (∂p
∂z

≈ 0),
so p = p(x, y). The velocity component in the z-direction is negligible (uz ≈ 0) and the
derivatives of velocity in the x and y directions are much smaller than the derivative in
the z direction ( ∂2

∂x2 , ∂2

∂y2 ≪ ∂2

∂z2 ). The parallel flow (uxy = (ux, uy)) remains dependent on
the z variable:

∇p = µ
∂2uxy

∂z2 . (1.13)

Assuming a no-slip boundary condition at the top and bottom plates, Poiseuille (parabolic)
flow is obtained:

uxy(x, y, z) = 1
2µ

z(z − h)∇p(x, y) . (1.14)
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Note that in the above and from now on the gradient is two-dimensional.

The z-coordinate can be removed from consideration entirely by defining the gap
averaged velocity:

v(x, y) = 1
h

∫ h

0
uxy(x, y, z)dz = − h2

12µ
∇p(x, y) , (1.15)

The linear relationship between velocity and pressure gradient is known as Darcy’s law,
and the proportionality constant, M = h2

12µ
, as mobility. An analogous formula describes

flow in porous media. In this case, the mobility is M = k
µ
, where k is permeability of the

medium.

Recalling the incompressibility condition, Eq. (1.11) and assuming that h is constant,
the Laplace equation for the pressure is obtained:

∆p = 0 . (1.16)

The velocity of the interface between two fluids is thus proportional to the gradient of a
harmonic field and is an example of Laplacian growth.

Viscous fingers

In the classical Saffman-Taylor experiment, a fluid with viscosity µ1 is injected into the
cell. It displaces a fluid with viscosity µ2 that initially fills the space between two plates.
According to the Young-Laplace law, the pressure is discontinuous at the interface of the
two fluids due to surface tension effects:

p1 − p2 = γ(2/h + 1/R) , (1.17)

where γ is the surface tension, 2/h is the curvature of the meniscus in the transverse plane
of the Hele-Shaw cell, and 1/R is the in-plane curvature of the front.

Two common setups are usually considered: a radial and a rectangular one. The Hele-
Shaw cell is initially filled with a high viscous fluid. In the first case, less viscous fluid
is injected at the center of a Hele-Shaw cell and it initially creates a growing circle. In
the second case, fluid is injected uniformly along an entire edge of the system, initially
forming a planar interface. The initial stage of instability can be studied with linear
stability analysis. Let us consider the rectangular case and two fluids moving with velocity
vx = V . In the co-moving reference frame the interface lies at y = 0. Suppose the interface
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is deformed slightly into a wave-like corrugation:

y(x) = ϵeσt sin(kx) , (1.18)

where eσt is the amplitude of the perturbation, k is the wave vector, and λ = 2π/k is
the wavelength. For positive σ the amplitude increases at an exponential rate and the
interface is unstable to small disturbances. Conversely, for negative σ, the deviation is
damped and the motion is stable.

By substituting the perturbation into the governing Laplace equation, Darcy’s law,
and the Young-Laplace law, and applying the appropriate far-field constraints, one obtains
the dispersion relation [35] (Fig. 1.17a):

σ(k) = µ2 − µ1

µ2 + µ1
V k − γ

h2

12(µ2 + µ1)
k3 , (1.19)

or in terms of wavelength (Fig. 1.17b):

σ(λ) = µ2 − µ1

µ2 + µ1
V

2π

λ
− γ

h2

12(µ2 + µ1)

(2π

λ

)3
. (1.20)

(a) (b)

Figure 1.17 The dispersion relation resulting from the linear stability analysis of
the Saffman-Taylor problem.

Several insights can be drawn from Eq. (1.20). First, a positive value of σ is only
possible if µ1 < µ2. This shows that instability can only occur when a less viscous fluid
is injected into a more viscous fluid. Second, when surface tension is absent (γ = 0) the
growth rate diverges as the wavelength decreases, leading to an ultraviolet catastrophe.
Third, including surface tension (γ ̸= 0) regularizes the problem and introduces a critical
wavelength below which σ becomes negative:

λcrit = 2πh

√
γ

12(µ2 − µ1)V
. (1.21)

Finally, the non-monotonic dispersion relation has a well-defined maximum at
√

3λcrit.
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This defines the most amplified wavelength that should be observed in experiments.

Hence, the instability originates as a regular sinusoidal perturbation with a wavelength
of

√
3λcrit. The pattern quickly enters the nonlinear regime, in which the fingers compete

for available flux and screen each other. After this transient period, the pattern simplifies
again into an invariant shape that advances into the system without changing. Saffman
and Taylor already proved the equation for the invariant shape in their original work in
1958 [35]. For fluid injected along x direction into a channel of width W the shape can
be described with the formula:

x = W (1 − λ)
2π

ln
[1
2

(
1 + cos 2πy

λW

)]
, (1.22)

where, far upstream at x → −∞, λ = w/W relates the width of the finger, w, with the
channel width. From the mathematical point of view, when surface tension is neglected,
λ can be any number between 0 and 1. In physical experiments, the finger width fraction
approaches the universal limit of λ = 0.5 as the fluid velocity increases or the relative
influence of surface tension decreases [132].

In Chapter 4 we perform the Saffman-Taylor experiment in a radial Hele-Shaw cell.
We show that loops suddenly form when one of the viscous fingers reaches the outlet of
the system. This occurs even in a high mobility ratio case, which was previously thought
to be impossible.

Dissolution fingers

An instability in a Hele-Shaw cell appears when a high-mobility phase displaces a low-
mobility phase. In the previous section, the mobility contrast was introduced by using
two fluids with different viscosities. According to the mobility formula, M = h3

12µ
, the

same can be achieved if the two phases have different apertures, h. This is the case in
systems where the aperture can change under flow – for instance, when the bottom plate
is replaced with a soluble material, such as gypsum (Fig. 1.18). Such an experimental
setup is a direct analog of fracture dissolution observed in nature. It also mathematically
maps to the reactive-infiltration problem in porous media [133].

In the experiment, distilled water is injected on one side of the cell, and flows over the
gypsum, gradually dissolving it (Fig. 1.18a). Starting from the inlet side, a dissolved area
appears with an aperture hmax (black in Fig. 1.18b). As water quickly becomes saturated
with calcium ions, the regions behind the reaction front maintain the initial aperture, h0

(white in Fig. 1.18b).
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(a) (b)

Figure 1.18 The Hele-Shaw cell with a soluble bottom. (a) Part of the bottom plate
is replaced with a gypsum chip that dissolves under water flow. Different apertures in the
undissolved and dissolved areas result in mobility contrast and lead to instability. (b) Top view
on the experiment. The black part is the dissolved area, white – undissolved. The elongated
fingers are a result of the reactive-infiltration instability.

The change in aperture of the system is caused by a dissolution reaction. The ki-
netics for gypsum dissolution is approximately linear with respect to calcium ion un-
dersaturation: c3d = csat − [Ca2+]. Similarly to gap-averaged flow, v, we can define a
two-dimensional concentration field, c, by integrating the third dimension:

c(x, y) = 1
|v|h

∫ h

0
|u|c3d(x, y, z)dz . (1.23)

The concentration field obeys then the two-dimensional convection–diffusion–reaction
equation:

∇ · (vhc) = ∇ · (Dh∇c) − θ(hmax − h)kc , (1.24)

where D is the diffusion coefficient of the calcium ions, k is the reaction rate constant,
and θ is a step function: θ(x) = 1 if x > 0 and zero otherwise. The aperture change is
given by:

∂h

∂t
= θ(hmax − h)αkc , (1.25)

where α = νm/(1 − φ) is the volume (per mole) occupied by the solid phase. It is
determined by the molar volume (νm) and the porosity (φ) of the soluble material [133].
The characteristic dissolution time is much larger than the relaxation timescale of the
concentration field, which justifies dropping the time dependence in Eq. (1.24).

Writing Eq. (1.24) in a non-dimensional form introduces two dimensionless numbers
that control system behavior. The Damköhler number compares the reaction and diffusion
rates:

Da = kW 2

Dhmax
, (1.26)

and the Péclet number is the ratio of the advection to diffusion rates:

Pe = v0W

D
= Qtot

Dhmax
. (1.27)
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Above, W is the width of the system, v0 is the average velocity: v0 = Qtot/(Whmax), and
Qtot is the total flux in the system.

Although the aperture, h(x, y), varies continuously, under certain conditions, the prob-
lem can be reduced to a moving boundary (Stefan) problem with a sharp interface between
the dissolved and undissolved regions. When the dissolution reaction is much faster than
ion diffusion across the finger (large Da), the solution saturates essentially instantaneously
as it crosses the reaction front. This corresponds to a Dirichlet condition, c = 0, and a
sharp transition in the aperture field from hmax to h0 at the boundary of the finger. The
boundary evolution is then determined by the diffusive flux of ions:

vn(t) = −αD
hmax

hmax − h0
(∇c)n , (1.28)

where n is the outward normal to the moving boundary. Note that this approximation
breaks down near the tip of the finger because focused flow advects the undersaturated
fluid deeper into the undissolved region.

In one dimension, Eqs. (1.24)–(1.25) have a simple solution involving a uniform reactive
front propagating from inlet to outlet. The advected reactant is consumed quickly as it
reaches the undissolved matrix and dissolves it; hence, it cannot penetrate deep into the
system. This has long puzzled researchers studying cave formation in limestone, a process
in which fracture dissolution is recognized as the primary origin. The short penetration
length of an undersaturated solution made it seem impossible for long conduits to develop.
Treating the system as a two-dimensional moving-boundary problem revealed that the
front is unstable to transverse perturbations. The wavelength of this reactive-infiltration
instability calculated from linear stability analysis [45, 64] agrees well with the initial
dissolution patterns observed experimentally [133]. After the initial period, the instability
enters a nonlinear regime with many interacting fingers, as visible in Fig. 1.18b. As in the
Saffman-Taylor case, in the long time limit the pattern simplifies and a single invariant
dissolution finger emerges.

This experimental system is used to study the invariant form of a dissolution finger in
Chapter 2. Additionally, in Chapter 4, we show that fingers can attract each other and
create loops when the mobility ratio is low.
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1.4.3 The jellyfish gastrovascular canal network

Jellyfish are free-swimming marine animals widespread in oceans around the world. They
belong to the subphylum Medusozoa, which along with corals, hydras or sea anemones
is part of the phylum Cnidaria. Many aspects of jellyfish have brought attention of re-
searchers. Neuroscientists focus on their decentralized nervous system [134–136]. The way
they swim has been found to be one of the most efficient locomotion on the planet [137].
There are attempts to use them as a low-cost biohybrid robots for ocean exploration by
enhancing their swimming speed and controlling it with microelectronics embedded in
the living jellyfish body [138, 139]. They exhibit remarkable regenerative capacity. The
‘immortal jellyfish’, Turritopsis dohrnii, has gained worldwide fame for its ability to the-
oretically live forever. Under stress, it transdifferentiates reverting its specialized adult
cells back into a stem-cell-like state [140]. Other studies on jellyfish show rapid regener-
ation and restoration of injured organs [141] or mechanical reorganization of the body to
regain symmetry and functionality [142].

The phylum Cnidaria is an interesting reference point from the evolutionary perspec-
tive [143, 144]. It is the ‘sister group’ of Bilateria – a clade including most of extant
animals. The two groups diverged on the phylogenetic tree around 700 million years ago,
before the appearance of the mesoderm or circulatory systems [143]. However, jellyfish do
display an internal delivery network – one of the earliest evolutionary attempts to over-
come the limitations of short-distance diffusive transport of nutrients and oxygen. The
gastrovascular canal network of jellyfish is a phylogenetic precursor of vascular architec-
tures in higher animals. Fossils from the Middle Cambrian period (around 505 million
years ago) suggest that the fundamental body plans of jellyfish have endured for over
half a billion years [145]. While the gastrovascular canal system is not preserved in the
fossil record, the substantial size of these specimens suggests that specialized transport
networks were already a functional necessity. Thus, jellyfish provide a unique window
into the history of transport networks in animals.

The key differences between the Bilaterians and Cnidarians appear at the early stage
of development – the gastrulation. During Bilaterian gastrulation, the blastula – a hollow
sphere of cells – folds inward and reorganizes. The basic body axes are established, and the
cells undergo specification into primary germ layers: ectoderm, endoderm and mesoderm.
These germ layers later develop into different tissues and organs: the ectoderm gives rise
to organs of protection and sensing, such as the skin (epidermis) and nervous system;
the endoderm produces the lining of the digestive and respiratory system; the mesoderm
forms the circulatory system, connective tissues, and bones.

The Bilaterians develop three body axes: Anterior-Posterior (head-to-tail), Dorsal-
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Ventral (back-to-belly) and Left-Right. They are triploblastic, meaning that all three
germ layers appear in their development. They usually have a through-gut with a separate
mouth and anus, and a circulatory system deriving from the mesoderm. Contrarily,
jellyfish have a single axis – Oral-Aboral (the line from the mouth to the top of the bell)
and radial symmetry. Their organism is a ‘blind sac’ with an opening used both to ingest
and egest. They are usually considered diploblastic, so with only two germ layers: the
ectoderm and endoderm. Unlike more complex animals that integrate the germ layers to
form internal organs, the layers in jellyfish remain distinct. The ectoderm forms the outer
layer (epidermis), while the endoderm forms the layer lining the gastrovascular system
(gastrodermis). The two layers are separated by the mesoglea – an extracellular matrix
composed mainly of water, some collagen and polysaccharides.

The gastrovascular canal network of Discomedusae

The jellyfish gastrovascular system includes a central cavity from which a network of
canals extend to the periphery of the body. Although evolutionarily ancient, the delivery
network exhibits a remarkably complex and variable form. This is similar to the domain
of unstable growth processes – a simple system exhibiting complex patterns with high
variability. Interestingly, patterns in different jellyfish across the class Scyphozoa (true
jellyfish), subclass Discomedusae resemble patterns in physical experiments (Fig. 1.19).
Cyanea has a purely branching network [146,147], resembling viscous fingers, particularly
those obtained in a lifting Hele-Shaw cell [148]. Rhizostoma exhibits a dense, highly
reticulated network with many reconnections and loops [146, 149], similar to cracking
patterns in drying mud [150]. Finally, Aurelia jellyfish, the main object of study in the
thesis, has a sparse reticulated network, sharing similarities with patterns observed in
both diffusion-driven and stress-driven growth [146,151,152] (Fig. 1.20).
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Figure 1.19 The gastrovascular canal networks of Discomedusae. (a) Cyanea capillata
sub-umbrella and (b) a zoom in on the branching canals (white color) [146]. (c) Viscous fingers
in a lifted Hele-Shaw cell. Instead of pushing air into silicon oil with a pump, the top plate
is lifted and the air (black) invades the system to fill the space that appears. Photo adapted
from [148]. (d) Rhizostoma pulmo with stomachs and canal network stained in blue [149]. (e)
A zoom in on the reticulated canal network that resembles (f) cracks on mud [150].

Figure 1.20 Two adult Aurelia jellyfish swimming in an aquarium in Dr. Cornelis-
sen’s lab at the Laboratoire Matière et Systèmes Complexes.
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The Aurelia jellyfish

Figure 1.21 The Aurelia jellyfish anatomy. The view on the sub-umbrella showing a
stereotypical primary network in a juvenile jellyfish [152]. There are typically four stomach
pouches (sp) and eight sensory organs – rhopalium (r). At the periphery of the jellyfish there is
a ring canal (RC in blue). Eight straight adradial canals (AC in red) connect the ring canal and
stomach pouches. Between the adradial canals there is either the perradial canal (PC in green)
or the interradial canal (IC in orange), connecting the rhopalia with the stomach pouch or the
junction between two stomach pouches, accordingly. New canal sprouts (CS) sprout from the
ring canal (arrows).

The Aurelia jellyfish has a bell shaped body (Fig. 1.20). The top surface of the bell is
called the ex-umbrella, and the bottom – the sub-umbrella (Fig. 1.21). Along the margin
tentacles are found. The mouth and the oral arms of the jellyfish are located in the central
part of the sub-umbrella. Above the mouth there is a gastric cavity surrounded by four
stomach pouches. From each pouch two adradial canals go directly to the ring canal at
the periphery of the jellyfish. The adradial canals define eight sections called octants. In
the middle of each octant there is either an interradial canal, going from the ring canal
to the gastric pouch or a perradial canal connected directly to the central cavity and the
oral arms. Additional canals can extend from the ring canal toward the center, sometimes
reconnecting to the inter- or perradial canals, but rarely to the adradial ones. Each eighth
of the jellyfish, bordered by two adradial canals, is very similar, regardless of whether it
has an inter- or perradial canal in the middle. Hence, the jellyfish canal system is often
considered to have tetra-radial symmetry.

The Aurelia jellyfish is a predator that eats small crustaceans or larval fish. The food
is collected on the whole surface of the animal and then moved by cilia to the marginal
groove. From there, the cilia push the food toward the rhopalium, where the oral arms
pick it up and the food is transported to the mouth located centrally on the sub-umbrella.
It is then predigested by the four gastric pouches. Food particles are then distributed by a
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Figure 1.22 Ciliary flows in the Aurelia jellyfish after Ref. [153]. Arrows indicate flow
direction.

network of canals above the muscle layer on the sub-umbrella (Fig. 1.22). First, it goes by
the adradial canals toward the margin and then comes back by the smaller and the inter-
or perradial canals. The flow is driven by the activity of cilia and the peristalsis induced
by the contractions of the whole body during swimming movements. Interestingly, flow
in the canals can be bi-directional, as indicated by wavy arrows in Fig. 1.22.

From a practical standpoint, Aurelia jellyfish is a convenient model organism for bio-
physical research. They are relatively easy to grow and observe in vivo. Their trans-
parency allows for noninvasive observation of the gastrovascular canal system day by day
using methods such as transillumination. This allows to capture the development of a
transport network over time and acquire a time-lapse of its growth, which is rarely pos-
sible with living organisms. Their specific life cycle, which includes a stage of asexual
reproduction from a polyp, results in dozens of clone jellyfish available for the experi-
ments. Although genetically identical, each jellyfish has a unique gastrovascular canal
pattern. This allows to study how physical processes, independently of detailed genetic
instructions, play a role in developing the network pattern.

The medusa form originates from the polyp stage through strobilation (Fig. 1.23a)
– a process of transverse fission of multiple jellyfish larva, called ephyra (Fig. 1.23b).
They have a few mm in diameter and eight arms that already contain the straight canals
that will become inter- and perradial canals. In the first two weeks of its life, the ephyra
becomes a juvenile jellyfish (Fig. 1.23c). The space between the arms is filled and the body
becomes circular. The adradial canals extend and a trident form of the inter-/perradial
canals emerge. The ring canal is formed as all canals fuse at the rim. This stage of growth
is rather stereotypical and results in a regular, symmetric primary network (Fig. 1.21).

31



Chapter 1. Introduction

Figure 1.23 Initial stages of the Aurelia jellyfish development. (a) A strobilating
polyp. (b) An ephyra just after detaching from the polyp. (c) The development of the primary
network from star shape ephyra to juvenile jellyfish (A-F). Red indicates adradial canals, blue –
initial tri-fork structure, green – sprouts, yellow and purple – closing marginal canal. Adapted
from Ref. [146].
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Figure 1.24 The gastrodermis in the Aurelia jellyfish (after [151]). (a) The canals
grow in a unicellular endodermal layer, just above the lower epidermis with muscles (sub-
umbrella). (b) An optical view of a histological cross section of a canal.(c) The extension
of a canal at its tip. Red dots indicate the nucleus of the endodermal cells. The cell closest to
the tip (green dot) is integrated into the canal after 30 min.
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The subsequent stage, from juvenile to adult jellyfish, is more variable. New canals
sprout at the ring canal and grow in the direction of the stomachs [151, 152, 154]. The
canals grow directly in the monolayer of endoderm (Fig. 1.24), making the developing net-
work quasi-two-dimensional. The sprouts extend at their tips, by integrating the preceding
endodermal cells into the canal and proliferating the canal cells [151, 152] (Fig. 1.24c).
Some of the sprouts go directly to the stomachs, but most of them reconnect to other
canals. The sprouts tend to reconnect to the youngest canal in their neighborhood. A nat-
ural question is what determines their growth direction and what leads to the preferential
reconnections to the younger canals.

The endodermal sheet behaves mechanically as an elastic sheet embedded in gelatinous
mesoglea. The muscle contractions responsible for swimming movements exert tension on
the endodermal sheet. The variability of the patterns and the mechanical forces apparent
in the system suggest that physical fields like stress or pressure can be responsible for
determining the direction of canal growth [151,152].

In Chapter 5, we analyze more closely the variability of the Aurelia jellyfish gastrovas-
cular canal pattern. We show that the breakthrough-induced reconnections, similar to
those observed in viscous fingering or fracture dissolution, also occur in this biological
system. In Chapter 6, we describe the tracking of the jellyfish canal network in time and
and how we model its evolution numerically.
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1.5 Summary of the thesis

Natural shapes are often viewed as the result of an optimization process, or as being pre-
determined, for instance by a genetic program. This overlooks the problem of how shapes
appear in the first place. To understand this, we must examine the underlying growth
dynamics. We study the relationship between final shapes and growth processes to ad-
dress the inverse problem: Given a shape, how can we determine the details of its growth
process or, more broadly, identify the fundamental mechanism behind its emergence? The
answer to this question is useful in many contexts, for instance, to reconstruct environ-
mental information from geological forms or to understand how to arrest pathological
processes in biological systems.

We focus on forms that initiate as an instability at a moving front. The small protru-
sions later develop into finger-like shapes that interact with each other and can form a
network structure. The examples range from solution pipes to river networks to the canal
network of Aurelia jellyfish.

First, we analyze the systems in which the growth mechanism has been previously
identified or can be derived theoretically. We demonstrate how to extract details of the
governing growth laws or conditions during the emergence of a structure just by examining
its final geometry. This is particularly important for geological forms that evolve over
timescales beyond human measurement capabilities. We show that a single snapshot of
geometry is sufficient to reconstruct historical flow rates in an emerging solution pipe or
to identify the growth laws of a river network.

In the long-time limit, some natural forms attain an ideal shape, independent of the
initial conditions and characterized by a small number of parameters. This provides
a unique insight into the physical conditions under which the structure emerged. In
Chapter 2, we study the ideal forms of dissolution fingers. These structures result from
the reactive-infiltration instability – positive feedback between fluid flow and reactant
transport that occurs during the dissolution of fractured or porous media. We examine
the formation of these finger-like channels using a microfluidic Hele-Shaw cell with a
soluble bottom.

We observe a strong competition between the fingers in this system. The longest finger,
which offers the path of least resistance, captures an increasing amount of the flow at the
expense of the shorter fingers. Consequently, the shorter fingers slow down and widen.
Interestingly, the longest finger neither accelerates nor changes shape. Superimposing the
snapshots of the longest finger throughout its evolution reveals that it has been tracing
the same shape since the beginning. Over time, the invariant part of the finger simply
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shifts in the flow direction, and an increasingly longer invariant finger emerges.

To study the emergence of the invariant shape in more detail, we performed single-
finger experiments in a narrow microfluidic cell. The fingers are regular in shape, with a
constant slope at the walls far from the tip and parabolic tips. They are more elongated
at higher flow rates. Using a combination of reactive-transport theory and conformal
mapping techniques, the shape of the ideal finger can be derived that matches the shapes
observed in experiments.

The analysis can be extended to three dimensions and used to interpret natural forms,
such as solution pipes – vertical channels formed by acidic rainwater infiltrating limestone.
The critical parameter controlling the ideal shape is the Péclet number, Pe = Q/Da,
where Q is the flow rate in the system, D is the diffusion constant, and a is the channel
radius. By measuring the pipe diameter and its slope at the sides, we can reconstruct the
historical flow rate in an emerging solution pipe. This may provide information about the
environmental conditions under which they developed.

Even if a structure does not attain an ideal shape, its geometry conceals a wealth of
information about the laws of its growth and the environment in which it was formed.
In Chapter 3, we describe a framework for reconstructing this information from a single
snapshot of a morphodynamic network. We consider tip-growing networks with branches
that extend and bifurcate in response to an external field. The field and the network
co-evolve in time, as the growing network changes the boundary conditions for the field.
Network dynamics are defined by growth laws – a set of rules that link the extension and
bifurcation processes to the characteristics of the driving field, such as its gradient in the
vicinity of the tip. Once the growth laws are known, we can predict the shape of the
network in the future, but also in the past.

To decipher the growth laws, we developed the Backward Evolution Algorithm. First,
the growth laws are parametrized, and an initial set of parameters is selected. Using these
specific growth rules, the network is evolved backward in time over a small interval, dt,
and subsequently evolved forward over the same time step. If the selected growth law is
incorrect, time reversibility of the problem is broken, and we do not return to the original
state. Conversely, with a correct growth law we replicate the initial geometry after the
backward-forward step.

The forward step is then neglected, and the procedure repeated, backtracking the
evolution of the network completely down to its seeds. By measuring deviations from the
original state and other metrics after each backward step, such as the symmetry of the
field around each tip, we can estimate the fitness of the selected growth rule. We repeat
the same procedure for different sets of parameters and select the most optimal one.
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We validate this approach using synthetic data from simulations of networks grown in
a diffusive field. The growth rules of the branches and the conditions under which branch
splitting occurs are successfully determined. We then apply this approach to analyze the
growth of a real river network in Vermont, USA. Our results show that the forming tribu-
taries of this network competed strongly for groundwater flow. We also argue that branch
splitting events were triggered by an increase in tip growth velocity. This tool opens new
perspectives for the analysis of spatial networks in nature. A comprehensive analysis of
river networks on Earth could correlate growth laws with local climate conditions, such as
rainfall intensity. This could be used to reconstruct past conditions on other planets with
ancient river networks. A similar analysis based solely on bifurcation angles has yielded
promising results regarding the once-prevailing climate on Mars.

Next, we investigate loops in physical networks. Looping networks have been shown
to be more resilient to damage and to be selected in biological evolution. However, little
is known about their development, particularly in a process called tip-growth, in which
networks extend at branch tips in response to the gradient of an external field. Classical
models of this process explain the competition, screening, and repulsion between branches
and produce purely branching networks, such as the ones presented in Chapter 3. The
question remains: How do branches attract each other and reconnect to form loops?

In Chapter 4, we identify sudden loop formation near the breakthrough event. When
the longest finger reaches the boundary of the system, the shorter fingers revive and
are attracted to it. Breakthrough reconnections appear in remarkably diverse processes,
including electric discharges, conduits in karst caves, dissolution and viscous fingers in a
Hele-Shaw cell, canals in the gastrovascular system of the Aurelia jellyfish. The growth
of these structures is governed by diffusive fluxes. An important parameter here is the
mobility ratio, M – the ratio of mobility inside the growing fingers to mobility outside.
Previous studies have shown that a finite mobility ratio reduces screening and effective
repulsion in the system. This can lead to loop formation within specific ranges of mobility
and finger length ratios. However, breakthrough reconnections are not limited to these
specific scenarios. Near breakthrough, the branches reconnect even for a high mobility
ratio, which was previously thought impossible due to screening effects.

To provide a physical explanation of the breakthrough reconnections, we first consider
a one-dimensional model of Laplacian fingers. We note that the field within a short finger
far from the outlet of the system is almost constant. This suggests that treating the
fingers as isolines of the field, as in Chapter 3, is justified in this case. However, the field
decreases along longer fingers closer to the outlet. The transition from isoline fingers to
fingers exhibiting a field gradient occurs at a distance from the outlet that is inversely
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1.5. Summary of the thesis

proportional to the mobility ratio. If a short finger and a long finger were placed next
to each other, there would be a potential difference between the short finger tip and the
long finger. Consequently, the short finger would be attracted to the longer one.

In the one-dimensional model, each finger is treated independently. In reality, however,
the fingers interact; the longer finger screens the shorter one. To investigate this effect,
we conduct numerical simulations of a two-dimensional system. For low mobility ratio,
the shorter finger is weakly screened and receives some flux, even when the longer finger
is far from the outlet. The higher the mobility ratio, the stronger the screening effect.
In this case, when the gap – the distance from the longest finger to the outlet – is large
the total flux in the shorter finger is close to zero. As the gap decreases, the field in the
longest finger begins to drop and the shorter finger receives more flux.

The shorter finger not only revives and starts to grow again, but its growth direction
also changes near the breakthrough event. When the gap is large, more flux comes from
outside, and the shorter finger grows away from the longer one. For a smaller gap, more
flux comes from the longer finger. This results in an effective attraction toward the longer
finger.

Finally, we adapt the model from Chapter 3 to include finite mobility ratio. Instead
of thin fingers treated as isolines of the field, we consider fingers of finite width with the
field decreasing along them. We perform simulations of the temporal evolution of the
fingers to demonstrate how revival and attraction to the longest finger lead to dynamic
loop formation. For two fingers with slightly different initial lengths, we observe all of the
previously described interactions between them: competition and repulsion, screening,
revival, and attraction.

We then conduct experiments in a Hele-Shaw cell: fracture dissolution (as described
in Chapter 2) with low mobility ratio and viscous fingering with high mobility ratio. We
compare the simulations to the experiments and find that the dynamics of the shorter
finger are accurately reproduced. In both the experiments and simulations, we observe
that, for low mobility ratio, the shorter finger is not screened and is attracted towards
the longer one from the beginning. Conversely, for high mobility ratio, the shorter finger
is initially screened. It then revives and suddenly reconnects to the longer finger. Our
results demonstrate that reconnection is a prevalent phenomenon in systems driven by
diffusive fluxes. It occurs both when the mobility inside the growing structure is similar
to the mobility outside and near the breakthrough.

In the last part of the thesis, we focus on a specific biological looping network: the
gastrovascular canal system of the Aurelia jellyfish. The jellyfish is a valuable model
for studying the development of biological delivery networks due to its position on the
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Chapter 1. Introduction

phylogenetic tree, simple anatomy, and ease of in vivo imaging. The gastrovascular system
has four stomach pouches in the center of the jellyfish. At the end of the ephyra stage,
sixteen straight canals extend from the jellyfish center to the marginal ring canal. Eight
adradial canals border eight sections, called octants, with an inter- or perradial straight
canal in the middle of each. Typically, two shorter canals are connected to the middle
canal, forming a trident-like fork. As the jellyfish grow, new canals sprout from the
marginal ring canal and grow toward the center. Some sprouts reconnect to other canals,
while others go directly to the stomachs.

In Chapter 5, we describe the structure of the canal network and its variability. We
focus on the stage from juvenile to adult jellyfish. The ideal geometric construction of
the canal pattern can be described as follows: In each octant, the fork structure would
split the marginal canal into four equal segments. A new sprout would appear in the
middle of each segment. These sprouts would grow and connect to the youngest canal
in the neighborhood (from the last previous generation), so to the side canals of the fork
structure. Now, the marginal canal would have eight segments where the next generation
of sprouts would appear. These sprouts would again grow and connect left or right, to
the youngest canal in the neighborhood. This would lead to the distinctive fractal tree
shape of the canal network.

If the canal structure were predetermined, the geometric construction would be pre-
cisely followed and the sprouts would always connect to the last previous generation. We
quantify the deviation from this rule and count the number of the ‘false’ connections in
jellyfish bred in our laboratory. Although sprouts preferentially connect to the youngest
canal in the neighborhood, it is not a strict rule. Analyzing the canal patterns of jellyfish
grown under different conditions further illustrates high variability in the system. This
can be interpreted as a trace of instability arising from noise, suggesting that the pattern
emerges in a self-organized manner.

We relate this self-organized process to the mechanics of jellyfish. The jellyfish swim-
ming contractions induce considerable mechanical deformations on its body. This exerts
mechanical stress on the unicellular endodermal sheet on which the canals grow and in-
creases pressure inside them. To demonstrate that stress concentrates at the tips of the
growing sprouts, we solve the Cauchy momentum equation numerically to determine the
stress distribution in the jellyfish tissue. We consider a plane stress problem for a portion
of an octant close to the ring canal. We assume that the endoderm is a flat, rigid, and
nearly incompressible elastic sheet. The area normally occupied by the canals with lu-
mens is approximated as a compressible elastic membrane of Young’s modulus lower than
that of the endoderm. The chosen Poisson’s ratio of 0.3 translates the vertical expansion
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1.5. Summary of the thesis

of the canals into compression in the plane.

We analyze a small sprout growing between younger and older canals. Based on exper-
imental observations, we assign a higher stiffness to the younger canal. We observe that
stress accumulates at the sprout tip. The older, softer canal releases tension; therefore,
close to the growing tip maximum stress is found on the side of the younger, stiffer canal.
We hypothesize that high stress guides the sprout, explaining its preferential attachment
to younger canals. We also identify the breakthrough-induced loop formation, described
in detail in Chapter 4, in the canal network development. This suggests that the diffusive
fluxes may also play a role in the morphogenesis of this system.

In Chapter 6, we investigate the dynamics of jellyfish canal network formation in
order to validate the two hypotheses. We first approach the problem experimentally. We
collect jellyfish images over a period of several dozen days, as they grow from ~5 mm
to ~5 cm. The jellyfish radius grows linearly at a rate of 0.6 to 2 millimeters per day,
depending on the growth conditions, such as food regime, flow rate, and aquarium size.
We analyze images to detect the canals in the network and plot their azimuthally averaged
density and spacing profiles as a function of relative radial position. These profiles do not
depend on the growth rate, but change with the size of the jellyfish. In particular, we
demonstrate that the typical canal spacing at the rim increases when the jellyfish grows.
Interestingly, the spacing between the canals, adjusted for their changing width, remains
nearly constant over time. This may be related to the characteristic reaction-diffusion
length in the system – the effective range of nutrient delivery from a canal.

Finally, we adapt the numerical model from Chapters 3 and 4 to simulate the growing
jellyfish canal network. We initiate the simulations with the stereotypical geometry of
an octant – one-eighth of an annulus between the marginal canal and the stomachs.
We impose linear growth on the jellyfish radius at the mean growth rate measured in
the experiments. New sprouts are inserted at the rim with a probability that depends
on the separation between neighboring canals, reproducing the typical spacing observed
in the experiments. In each timestep of the simulation, we solve the elastic or diffusive
problem. The sprouts grow with a velocity proportional to the von Mises stress or pressure
gradient value at the tip and in the maximum stress or gradient direction. We run the
simulations for different ratios of mechanical properties (Young’s modulus or viscosity) of
the endoderm to that of the canals. For low ratio, the canals do not interact and grow
straight. For higher ratio, the canals attract each other strongly, leading to reconnections
almost instantly after sprouting from the rim. Moderate ratio reproduces the patterns
observed in experiments and the measured canal spatial frequency profiles. We discuss
the limitations of the model and outline future research directions.
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Chapter 2

Paper I: “Invariant Forms of
Dissolution Fingers”

Author contributions

In this study, the author: conducted part of the microfluidic experiments on fracture
dissolution, studied the influence of flow rate on the shape of invariant finger in exper-
iments, performed image analysis, analyzed and interpreted data, compared theoretical
and experimental results, prepared figures, and co-wrote the paper.
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Dissolution of fractured and porous media introduces a positive feedback between fluid flow and
reactant transport, leading to the emergence of pronounced, fingerlike channels. We investigate the
formation of these structures using a microfluidic Hele-Shaw cell with a soluble bottom. Our experiments
show that the shape of dissolution fingers is invariant and reveals itself over time as the fingers extend into
the system. By combining reactive-transport theory and conformal mapping techniques we derive these
invariant forms. We relate these results to natural dissolution fingers in karst landscapes, and illustrate how
to determine the groundwater flow rate responsible for their formation based on the finger shape.
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Climatic conditions can leave a permanent mark on the
landscape in the shapes and forms left behind by geological
processes. Geochemical transformations are an unusual
class of pattern-forming systems, in that the pattern does
not decay once the driving force is removed [1–3]. While
mechanical erosion shapes river valleys and mountain
ridges [4–7], chemical erosion shapes caves and karst
towers, as well as smaller surface forms, such as grooves,
rills, or solution pans [8–12]. An intriguing example of
spontaneously forming dissolution structures are solution
pipes [Fig. 1(a)]. These fingerlike channels are caused by
the infiltration of limestone formations by rainwater, which
has become acidic through the absorption of carbon dioxide
from the atmosphere and soil [13,14]. Such pipes are
abundant in nature and often have regular forms, sug-
gesting that they might represent invariant asymptotic
forms of reactive-transport processes. In this Letter, we
report theoretical and experimental evidence of an under-
lying time-invariant form for dissolution fingers, which
reveals itself during the growth process.
The existence of invariant solutions is a compelling

characteristic of many unstable growth processes, particu-
larly since the early stages are often characterized by a
chaotic sea of fingerlike structures [15,16]. And yet, in the
longtime limit, the pattern often simplifies, with the
appearance of invariant growth forms which advance into
the system without changing their shape. A well-known
example is the Saffman-Taylor finger, which emerges as an
asymptotic solution in viscous fingering [17], or the
Ivantsov paraboloid [18], which is the corresponding
solution in solidification. Other examples include the
regular shapes of flames [19] or crystals growing in a

capillary [20]. In natural systems, a similar concept was
used to describe stalactites [21], icicles [22,23], karst
pinnacles [24] and travertine cones [25].
The importance of these invariant solutions lies in their

independence from the initial conditions; the ideal shapes
attained in the longtime limit are characterized by a small
number of parameters, which record the physical condi-
tions under which the growth occurred. For example, the
width of a Saffman-Taylor finger is linked to the capillary
number (involving viscosity, flow rate, and surface tension)
[17], whereas the invariant shape of a crystal growing in a
capillary is a function of solution supersaturation [20]. Our
aim is to find a similar connection for dissolution fingers,
which should enable us to obtain paleoenvironmental or
even paleoclimatic data from the period in which they were
formed.
Arguably, the simplest system in which to study dis-

solution instabilities is a Hele-Shaw cell with a soluble

FIG. 1. (a) Solution pipes in limestone bedrock (Smerdyna,
Poland). (b) Dissolution fingers formed in a microfluidic system.
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bottom. A classical Hele-Shaw cell consists of two closely
spaced flat plates with a small gap between them
[Fig. 2(a)]. The average velocity in a thin film of liquid
within the cell is linked with the pressure gradient through
the Darcy’s law, v ¼ −M∇p, where the mobility
M ¼ h2=12μ, h is the gap between the upper and lower
surface [Fig. 2(b)], and μ represents the fluid viscosity. The
mobility can thus be changed in two different ways: either
by changing the viscosity of the fluid (as in the classical
Saffman-Taylor experiment) or by modifying the depth of
the Hele-Shaw cell.
A variable depth can be achieved by replacing part of the

bottom plate with a soluble gypsum chip, as illustrated in
Fig. 2(a). Fresh water, injected by a syringe pump,
dissolves the gypsum layer from the left, becoming
saturated with calcium ions in the process. Gradually,
the dissolved region (with aperture hmax) appears at the
inlet side, while the rest of the system maintains its initial
aperture (h0), as illustrated in Figs. 2(b) and 2(c). The
boundary between these two regions, initially planar,
becomes unstable due to a reactive-infiltration instability
[26,27]: if small perturbations appear in the dissolution
front, the flow will increase locally due to the higher
mobility. This increased flow carries an undersaturated
solution deeper inside the system. As a result, small
inhomogeneities tend to grow and transform into highly
permeable, fingerlike flow channels, as depicted in
Fig. 1(b), similar in shape to the natural solution pipes
in Fig. 1(a).

To investigate the shape of such fingers, we performed
microfluidic experiments, introducing small cuts in the
gypsum layer near the inlet, to trigger the formation of
fingers in those locations [Fig. 1(b)]. We conducted both
two-finger and single-finger experiments: the former to
quantify the interaction between the fingers, and the latter
to capture the invariant shapes of individual fingers.
In the two-finger system (Fig. 3), the individual fingers

compete strongly: the longer finger, offering the path of
least resistance, captures an ever-increasing portion of the
flow at the expense of the shorter one. Interestingly, even
though the shorter finger begins to move more slowly as it
loses flow, the longer finger does not accelerate [Fig. 3(b)],
unaffected by the fact that it is focusing an increasing
fraction of the flow injected into the system. This is
fundamentally different from most models of fingered
growth [28–30] which predict a speedup in the longer
finger.
Equally striking is an analysis of the finger shapes. If we

trace the boundaries of the fingers at different moments in
time and superimpose them in such a way that their tips
overlap, we observe that they have been tracing the same
invariant shape from the outset [Fig. 3(a)]. Over time, an
invariant part of the finger simply shifts in the flow
direction, and an increasingly longer invariant finger
emerges. Parametrizing the shape of the finger as xfðy; tÞ
the invariance condition becomes

xfðy; t1Þ − xtipðt1Þ ¼ xfðy; t2Þ − xtipðt2Þ; ð1Þ

where xtipðtÞ is the x position of the tip at time t.
Intriguingly, this behavior is observed only in the longer
finger. By contrast, the shorter finger does not maintain its
shape; a close examination of Fig. 3(a) reveals that it
becomes progressively wider as it slows down.
The emergence of invariant shapes can be studied in

more detail in single-finger experiments, using a larger
aspect ratio microfluidic cell (5 cm × 1 cm). The growing

FIG. 2. The experimental setup. (a) The chip is a three-layer
sandwich. The top polycarbonate plate has two networks of
microfluidic channels: the inlet, delivering a uniform flow of fresh
water into the system, and the outlet, draining fully saturated water.
The bottom plate is flat, except for a shallow rectangular
(3.3 × 3.8 cm) indentation filled with gypsum. The two plates
are glued together by a double-coated tape, which at the same time
introduces an aperture of thickness h0. (b),(c) Fresh water flowing
into the system (dashed arrows) gradually dissolves the gypsum,
effectively introducing two phases: dissolved (with aperture hmax)
and undissolved (h0). The two phases are separated by a transition
region with a characteristic length scale lp.

FIG. 3. (a) Outlines of the fingers, xfðy; tÞ, from the experiment
depicted in Fig. 1(b), captured at different moments of time and
superposed at the tips. The body of the longer finger retains its
shape once it has emerged. The experiment was conducted at a
volumetric flow rate Qtot ¼ 0.5 ml=h, h0 ¼ 210 μm, and
hmax ¼ 710 μm. (b) The position of the tip versus time, xtipðtÞ.
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fingers have a regular shape, becoming more elongated at
higher flow rates (Fig. 5). To find the invariant shape
theoretically, we start with the equations describing flow
and reactant transport in a Hele-Shaw cell. The average
velocity vðx; yÞ, comes from a lubrication (narrow aperture)
approximation to the Stokes equations:

v ¼ −
h2

12μ
∇p; ∇ · ðhvÞ ¼ 0; ð2Þ

where ∇ is a two-dimensional gradient operator. The
transport of calcium ions in the aqueous phase is described
in terms of their undersaturation c, which is the difference
between the saturation concentration csat and the average
Ca2þ concentration in the fluid film. The vertically aver-
aged concentration field in the fully dissolved finger body
is described by the two-dimensional transport equation

∇ · ðhmaxvc −Dhmax∇cÞ ¼ 0; ð3Þ
where D is the diffusion coefficient of the calcium ions. A
more detailed derivation can be found in Supplemental
Material (SM), Sec. I [31].
Since the widths of the fingers are large, the dissolution

process is transport limited. The relevant parameter here is
the Damköhler number Da ¼ kW2=Dhmax [see Eq. (8) in
the SM [31] ], where k is the reaction rate constant, and W
is the width of the system. In our experiments Da is of the
order of 1000; it can be even larger in natural systems such
as solution pipes, where the diameter can be of the order of
1 m. Large values of Da indicate that the dissolution
reaction is very fast compared to ion diffusion across the
finger, implying that the solution saturates essentially
instantaneously as it crosses the reaction front separating
dissolved and undissolved material. This corresponds to a
Dirichlet condition c ¼ 0 at the boundary of the finger, and
allows us to approximate the finger evolution as a moving
boundary (Stefan) problem; a schematic is shown in Fig. 4.
The local growth rate of the finger is determined by the
diffusive flux of ions at the boundary (see SM, Sec. III [31])

unðtÞ ¼ −αD
hmax

hmax − h0
ðn · ∇cÞΓ; ð4Þ

where n is the outward normal to the finger boundary Γ.
The coefficient α ¼ νm=ð1 − φÞ converts the flux of ions
into a dissolved volume; it is determined by the molar
volume (νm) and the porosity (φ) of the soluble material.
Solutions of Eq. (3) are characterized by the dimension-

less Péclet number, which is a measure of the relative
importance of advective and diffusive transport,
Pe ¼ Qtot=ðDhmaxÞ, where Qtot is the total volumetric flow
rate entering the system [see Eq. (9) in the SM]; in our
experiments, Péclet numbers are in the range 50–500. For
large Péclet numbers the fingers are strongly elongated,
with a small aspect ratio, w0ðxÞ ¼ dw=dx ≪ 1. One can

then assume that the flow rate and concentration profiles
are locally analogous to those between the two parallel
absorbing walls separated by distance wðxÞ. The flow is
then simply a plug flow

vðx; yÞ ¼ QðxÞ
wðxÞhmax

ex þO(w0ðxÞ)ey; ð5Þ

whereQðxÞ is the total flow through the finger cross section
at x. The problem of finding the concentration profile
between two parallel absorbing walls is known as the
Graetz problem [38], and for plug flow (5) the slowest
spatially decaying mode is of the form [39]

cðx; yÞ ¼ πc̄ðxÞ
2

cos
πy
wðxÞ ; ð6Þ

where axial diffusion has been neglected. In Eq. (6), c̄ðxÞ is
the average undersaturation in a cross section of the finger
perpendicular to the direction of flow.
The flux of calcium ions within a cross section of the

finger contains contributions from ion advection Qc̄ and
the diffusive fluxes, which are absorbed at the finger
boundary, JdðxÞ ¼ −Dhmaxn · ∇c [Fig. 4(a)]. The latter
can be approximated as JdðxÞ ¼ −Dhmax∂yc by neglecting
terms O(w0ðxÞ), as in Eq. (5). For steady state transport
these fluxes balance:

ðQc̄Þ0 ¼ −Dhmaxc̄
π2

w
: ð7Þ

Next, we make use of the observation that the emerging
body of the finger keeps its shape and translates only
[Eq. (1)]. Points along the boundary move with the same x

FIG. 4. (a) Schematic view of a single dissolution finger with a
width profile wðxÞ, diffusive flux Jd, volumetric flow rate Q
through the finger cross section, and total concentration flux Qc̄
through the cross section. (b)–(d) Because of the invariance of the
tip, the flow through a cross section located at distance l0 from the
tip of any finger (b), should be the same as the flow through the
base of a finger of length l0 (c). The total flow through the finger
base is estimated analytically by approximating a finger with a
thin line of the same length (d).
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velocity U, which is linked with the normal growth rate (4)
by un ¼ Unx. In particular, this means that downstream of
any cross section, the total volume of gypsum dissolved
over time δt is Uðhmax − h0ÞwðxÞδt. This must be propor-
tional to the incoming number of ions Qc̄ðxÞδt with
proportionality constant α (Fig. 4):

Uðhmax − h0Þw ¼ αQc̄: ð8Þ

The volumetric flux inside a finger of length l,Qðx; lÞ, is
constrained by the observation that the shape of the finger,
starting from its tip (xtip ¼ l), remains the same during its
evolution. This identity in shape implies that the flow field
should also remain unchanged (SM, Sec. III [31]); thus
Qðx; lÞ should be a function of the distance from the tip
only Qðx; lÞ ¼ Q(xtipðtÞ − x). In particular, as shown in
Figs. 4(b) and 4(c), the total flow through the base (x ¼ 0)
of the finger of length l0, Qð0; l0Þ≡Q0ðl0Þ, should be the
same as the flow at the cross section x ¼ xtip − l0 of the
same finger, captured at the later time

Q(xtipðtÞ − l0) ¼ Q0ðl0Þ: ð9Þ

To calculate Q0ðl0Þ, we approximate the finger by an
infinitely thin line confined to a channel of width W
[Fig. 4(d)], and use conformal mapping to derive the
corresponding pressure field analytically. Even though
the thin-finger approximation will not be an entirely
faithful representation of the flow field near the finger,
global quantities, such as the total flow focused in the
finger, should be represented with good accuracy, as they
primarily depend on the length of the finger.
The volumetric flux entering the finger base can be

expressed as Q0ðl0Þ ¼ Qtotfðl0=WÞ where W is the width
of the Hele-Shaw cell. The function fðξÞ can be determined
from the pressure field derived in [40], by integrating the
leakage flux around the exterior of the finger:

fðξÞ ¼ 1 −
2

π
arctan½cschðπξÞ�: ð10Þ

Combining (7), (8) and (10) we get the slope of the finger

dw
dx̃

¼ Dhmaxπ
2

Q0ðx̃Þ
¼ π2

Pe
fðx̃=WÞ−1; ð11Þ

where x̃ ¼ xtip − x is the distance from the tip. The shape is
then obtained as an integral of (11):

wðx̃Þ − w0 ¼
π2

Pe

Z
x̃

x0

fðζ=WÞ−1dζ: ð12Þ

Since Eq. (11) defines only the slope of the finger,
Eq. (12) includes an additional degree of freedom, corre-
sponding to a translation of the entire shape by w0.

Additionally, the location of xtip should be adjusted to
account for the transition from a finite size finger to the
needle shape used in the conformal mapping.
Equation (12) describes the body of the finger, apart

from the tip. A comparison of the predicted shape with
experimental observations is indicated by the white lines in
Fig. 5. However, the same approach cannot be applied in
the tip region for two reasons. First, the assumption of a
large aspect ratio, w0ðxÞ ≪ 1, no longer holds near the tip.
Second, the separation between reactive and diffusive
timescales (and corresponding length scales) no longer
holds. Near the tip, the flow becomes focused by the
converging boundaries of the finger. The penetration length
lp (Fig. 2) increases due to the higher fluid velocity, and
becomes comparable to the radius of curvature of the tip.
Hence, a two-phase approximation with a sharp interface is
not applicable in this region. Existing models of dissolution
finger tips [41,42] assume a sharp interface and therefore
depend only on the Péclet number. A proper theory of the
tip shape should involve both Péclet and Damköhler
numbers and would require resolving the partially dis-
solved region between the two phases. Such a solution
could then be matched with the solution for the body at x0.
Still, a number of conclusions can be drawn based on

Eq. (12) alone. In particular, sufficiently far from the tip, the
flow saturates to Qtot with the corresponding slope
w0 ¼ π2=Pe. This suggests the possibility of deducing
the flow rate in the finger from its shape. Such measure-
ments should be taken as far from the tip as possible but not
too close to the base, where concave inlet structures
connecting the finger to the system edges become notice-
able. A suitable location is indicated by the black dashed
line in Fig. 5(b).
The model can also be employed to understand the

dynamics of interacting fingers. The key lies in Eq. (9),
which shows that to maintain the invariance of the finger,
the flow through any cross section comoving with the tip
must be kept constant. When a finger wins the competition,
and the flow through its base (Q0) increases, it is easy to

FIG. 5. Experimentally generated dissolution fingers with the
theoretically predicted shapes (white) based on Eq. (12). The
experimental parameters are (a) Qtot ¼ 0.12 ml=h, h0 ¼ 70 μm
and hmax ¼ 570 μm, and (b) Qtot ¼ 0.16 ml=h, h0 ¼ 70 μm and
hmax ¼ 270 μm. The black dashed line indicates the region in
which the total flow in the finger can be estimated from the slope.
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meet the invariant flow condition by redirecting part of the
excess flow to the sides of the finger. As for the shorter
finger, since it is losing the competition, the flow entering
its base decreases, making it impossible to maintain the
same flow rates in its body. Lower flows result in higher
slopes of the finger sides [cf. Eq. (11)], causing the finger to
become more bulky with time.
To interpret natural forms, such as the solution pipes

shown in Fig. 1, we must consider three spatial dimensions.
Here, the invariance condition gives an equation for the
radius of the pipe aðxÞ as a function of volumetric flow rate
through the cross section (see SM, Sec. IV [31]):

da
dx

¼ −
πaD
2Q

ðj0;1Þ2; ð13Þ

where j0;1 is the first zero of the Bessel function J0. From
this equation, we can estimate the flow in natural fingers, as
described earlier.
Taking as an example the solution pipe in Fig. 1(a), the

slope of the sides, da=dx is about 1=10, which gives the
characteristic Péclet number, Pe ¼ Q=Da ≈ 100. Taking
the diffusion constant of calcium ions as D ¼ 10−5 cm2=s
and the pipe radius a ≈ 30 cm gives an average velocity of
about 10−5 cm=s, which is a reasonable value [43], given
the high porosity and permeability of the underlying
rocks [44].
In practice we rarely encounter fingers in isolation or in

pairs; instead,we observe an entire group, as depicted in SM,
Fig. S1 (microfluidic experiment) or Fig. S3 (natural forms).
For the finger to keep its shape, we need only to ensure that
the volumetric flow to the base of a given finger does not
decrease over time. This can be easily achieved if the finger
locally outcompetes its neighbors. Therefore, we can iden-
tify the fingers that are locally the longest (e.g., in Fig. S1C,
there are five such fingers), measure their slopes, and
average the results over the group.
In this Letter, we have summarized experimental results

showing that an individual dissolution finger emerges with
a shape that is invariant from its inception. This is different
from the classical Saffman-Taylor finger, which only
obtains its invariant shape at long times. We presented
an analysis, based on reactive-transport theory, that allowed
us to describe this invariant shape. Field measurements of
the slope of the solution pipe allow us to estimate the flow
in natural fingers during their formation. This may provide
information about the environmental conditions under
which they developed.

Acknowledgments—This work was supported by the
National Science Centre (NCN; Poland) under CEUS-
UNISONO Grant No. 2020/02/Y/ST3/00121. The work
of A. L. was supported by the U.S. Department of Energy,
Office of Science, Office of Basic Energy Sciences,
Geosciences program under Award No. DE-SC0018676.
We thank C. Josserand, M. Lipar, K. Mizerski, J. Piasecki,

and Y. Pomeau for helpful discussions. We gratefully
acknowledge the help of Prof. Piotr Garstecki group
(Institute of Physical Chemistry, Polish Academy of
Sciences) in setting up the microfluidic experiments.

[1] P. J. Ortoleva, Geochemical Self-Organization (Oxford
University Press, New York, 1994).

[2] B. Jamtveit and P. Meakin,Growth, Dissolution and Pattern
Formation in Geosystems (Springer, New York, 1999).

[3] B. Jamtveit and O. Hammer, Sculpting of rocks by reactive
fluids, Geochem. Perspect. 1, 341 (2012).

[4] A. P. Petroff, O. Devauchelle, D. M. Abrams, A. E.
Lobkovsky, A. Kudrolli, and D. H. Rothman, Geometry
of valley growth, J. Fluid Mech. 673, 245 (2011).

[5] L. Ristroph, M. N. Moore, S. Childress, M. J. Shelley, and J.
Zhang, Sculpting of an erodible body by flowing water,
Proc. Natl. Acad. Sci. U.S.A. 109, 19606 (2012).

[6] B. D. Quaife and M. N. J. Moore, A boundary-integral
framework to simulate viscous erosion of a porous medium,
J. Comput. Phys. 375, 1 (2018).

[7] D. J. Jerolmack and K. E. Daniels, Viewing Earth’s
surface as a soft-matter landscape, Nat. Rev. Phys. 1, 716
(2019).

[8] W. Dreybrodt, The role of dissolution kinetics in the
development of karst aquifers in limestone: A model
simulation of karst evolution, J. Geol. 98, 639 (1990).

[9] A. Ginés, M. Knez, T. Slabe, and W. Dreybrodt, Karst Rock
Features. Karren Sculpturing: Karren Sculpturing (Založba
ZRC, 2009), Vol. 9.

[10] P. Szymczak and A. J. C. Ladd, The initial stages of cave
formation: Beyond the one-dimensional paradigm, Earth
Planet. Sci. Lett. 301, 424 (2011).
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Here we derive equations describing the invariant propagation of a dissolution finger in a Hele-Shaw cell with a
soluble base. A sketch of the experimental cell [1] is shown in the paper (Fig. 2). Fluid is injected in the narrow gap
between the inert (polycarbonate) top layer and the soluble (gypsum) bottom layer (Figs. 2 b-c). The gypsum layer
near the inlet dissolved rapidly (Fig. 2b), on a timescale of about 10 hours, to create a step profile extending over a
distance of the order of 1 mm (Fig. 2c). The profile is uniform in the transverse (y) direction and at first propagates
slowly downstream, on timescales up to a few days [1]. However, over longer times perturbations appear in the front
(Fig. S1a), which eventually develop into well formed fingers (Fig. S1 b-c) that slowly coarsen over time. Results
from those experiments are shown in Figs. 1b, 3, and 5. This document is largely a compendium of published results,
which we have assembled for the convenience of readers desiring a more in depth description of the physics outlined
in the main paper.

I. GOVERNING EQUATIONS

Gypsum dissolution,

CaSO4(s) → Ca2+ + SO4
2−, (1)

has a particularly simple kinetics [2], which to a good approximation is linear in the undersaturation of calcium ions,
c = csat − [Ca2+]. The dissolution rate (the number of dissolved molecules per unit area and unit time) is then

R(c) = kc, (2)

where k is the reaction rate constant, which can include corrections for the diffusional hindrance across the concen-
tration boundary layer. A similar, product-controlled reaction kinetics is also appropriate for other minerals, such as
halite (dissolved by water) or limestone dissolved by groundwater [3]. The rate constant for gypsum dissolution by
distilled water is k = 4.5 × 10−4 cm/s [2, 4].

The dissolution reaction on the gypsum surface gives rise to an increase in aperture,

∂th = αkcθ(hmax − h), (3)

where α = νm/(1 − φ) is the volume (per mole) occupied by the solid phase; it is determined by the molar volume
(νm) and the porosity (φ) of the soluble material [1]. The function θ is a step function; θ(x) = 1 if x > 0 and
zero otherwise. The large volume of solution needed to dissolve a given volume of mineral establishes a time scale
separation between changes in aperture and the evolution of the flow and concentration fields, which can therefore be
treated as stationary [5].

The thin film (or lubrication) approximation is used to describe flow and reactant transport in the Hele-Shaw cell.
The average velocity v and concentration c are related to integrals over the aperture:

vh =

∫ h

0

udz, vhc =

∫ h

0

ucdz, (4)

where u(x, y, z) is the three-dimensional flow field. After integrating over the fracture aperture (z-direction):

v = − h2

12η
∇p, (5)

∇ · (vhc) = ∇ · (Dh∇c) − kc θ(hmax − h), (6)
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Figure S1. Evolution of the dissolution patterns in the microfluidic experiments. The flow enters from the left and progressively
dissolves the gypsum block. The front between the dissolved area (black) and the undissolved area (white) becomes unstable,
causing the dissolution to focus into fingers.

where ∇ is the two-dimensional (xy) gradient operator. We ignore the numerically small distinction between the
velocity averaged concentration, which appears in the convective flux, and the average concentration in the diffusive
flux [6].

Although equations (3)–(6) have a simple solution, with a uniform reactive front h(x, t) propagating from inlet to
outlet, they are linearly unstable to transverse perturbations in the aperture field [7]. Over time the front breaks down
into interacting fingers (Fig. S1) with a wavelength controlled by the flow and reaction rate. The wavelength calculated
from linear stability analysis [8] is in good agreement with the initial dissolution patterns observed experimentally [1].
In the later stages of evolution, the fingers begin to interact with each other. Two processes take place: one is the
competition of the fingers for the flow, causing the longer ones to advance ahead of the shorter ones. The other is the
merging of the fingers, reducing their total number. As a result, as shown in Fig. S1, the pattern coarsens. In the
long-time limit, a single finger would emerge. However, observing the entire dynamics – from the formation of the
initial instabilities to the emergence of one or two fingers – would require experiments in a very long system, which
is technically unfeasible. Therefore, to analyze the interaction between two fingers or the growth of a single finger,
we initialize growth in specific (y) locations by making small cuts in the gypsum at the inlet. The cuts are placed
symmetrically, either a single one at the centerline of the system (for one-finger systems) or two at equal distances
from the centerline (for two-finger systems).

Equation (6) can be written in dimensionless form by scaling coordinates with the width of the channel W , velocity
by its average value v0 = Qtot/(Whmax), aperture by hmax, and concentration by csat. Denoting the scaled variables
with a hat, the dimensionless Eq. (6) is:

Pe ∇̂ · (v̂ĥ∇̂ĉ) = ∇̂ · ĥ∇̂ĉ− Da ĉ, (7)

where

Da =
kW 2

Dhmax
, (8)

and

Pe =
v0W

D
=

Qtot

Dhmax
. (9)
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II. INVARIANT FINGERS

Equations (3)-(6) allow for invariant solutions for the aperture field in the coordinate system comoving with the
finger tip:

x̃ = x− xtip(t). (10)

The aperture evolution, Eq. (3), in this coordinate system is

−U(t)∂x̃h = αkcθ(hmax − h), (11)

where U(t) = dxtip/dt. If h is to be invariant in the comoving frame, then ∂x̃h is time independent, which implies
that the concentration field depends on time only through U(t). Since in the comoving frame c can be written as a
product of time and space dependent functions, and h is time independent, it follows from Eq. (6) that the flow field
v must also be time-independent in the comoving frame. Thus the shape of the finger can remain invariant, even
when the propagation velocity U(t) is changing in time.

III. THIN-FRONT LIMIT

Away from the tip, the thickness of the interface between dissolved and undissolved material is controlled by the
balance between diffusion of reactant from the fully dissolved finger body, which is of the order of Dhmax∂

2
yc, and the

rate of consumption as the reactant encounters the undissolved solid, kc. The reactant is consumed over a length scale√
Dhmax/k ≈ 0.05 cm, which is much smaller than the width of the finger body (≈ 1 cm). Hence, we can replace the

aperture field by a boundary separating fully dissolved (h = hmax) and entirely undissolved (h = h0) material. Within
the finger there is no reaction, and Eq. (6) from the SM reduces to Eq. (3) in the paper. Outside the boundary, the
water is fully saturated (c = 0). The state of the system is then specified by the position of the boundary, xf(y, t),
and the invariance condition reduces to Eq. (1) in the paper.

" 

J bt 

hmax - ho 

Lx 
◄ ►

unbtunbt

d

Figure S2. Cross section of the system in xz plane in the thin-front limit. Over the time interval δt, Jdδt molecules of the
reactant (per unit length in the y direction) dissolve the volume of νmJdδt of the mineral (marked in gray), which can also be
expressed as (1− φ)(hmax − h0)unδt. The comparison of both expression for the dissolved volume leads to Eq. (12).

In the thin-front limit, the advancement of the boundary between the phases is linked to the flux of reactant at a
given point rf = (xf(y), y)

un = n · drf
dt

= − α

(hmax − h0)
Dhmax (∇c)n , (12)

where the subscript n indicates the component normal to the interface. Only the (depth-integrated) diffusive flux
Jd = −Dhmax∇c is present in Eq. (12). Since the concentration at the front vanishes, so does the convective
contribution to the flux. The front velocity (12) is then obtained from the flux by observing that the total volume
dissolved by the reactant crossing the reaction front over a time δt, can be expressed, on one hand, as νmJdδt, and,
on the other, as (1 − φ)(hmax − h0)unδt (see Fig. S2).

IV. INVARIANT FINGERS IN THREE DIMENSIONS

For the interpretation of natural forms, such as the solution pipes shown in Fig. 1 or Fig. S3, we must consider
three spatial dimensions. Here, the invariance condition becomes

Uπa2 = αQc̄, (13)
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while the transport equation is now

∂(vxc)

∂x
= D

1

r

∂

∂r
r

(
∂c

∂r

)
, (14)

where x is the axial direction of the pipe, r is the radial coordinate and a(x) is the radius of the pipe. If the pipe is
treated as locally uniform, Eq. (14) can again be solved by separation of variables. For the slowest decaying mode

c(r, x) =
c̄(x)j0,1
2J1(j0,1)

J0

(
j0,1

r

a

)
, (15)

where Jn denotes a Bessel function of the first kind, and j0,1 is the first zero of J0. Similarly to the two-dimensional
case, we will use this solution also for a nonuniform radius, a(x), assuming that da/dx ≪ 1.

Combining an integration over r of Eq. (14),

(Qc̄)′ = −Dπc̄(j0,1)2, (16)

with the invariance condition (13) gives the shape equation:

da

dx
= −πaD

2Q
(j0,1)2. (17)

Figure S3. Group of soil-filled solution pipes in Canunda National Park, Australia. The photo is courtesy of Ken Grimes.
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growth dynamics: deciphering the
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Through history to growth 
dynamics: deciphering 
the evolution of spatial networks
Stanisław Żukowski   1,2, Piotr Morawiecki   3, Hansjörg Seybold   4 & Piotr Szymczak   1*

Many ramified, network-like patterns in nature, such as river networks or blood vessels, form as a 
result of unstable growth of moving boundaries in an external diffusive field. Here, we pose the inverse 
problem for the network growth—can the growth dynamics be inferred from the analysis of the 
final pattern? We show that by evolving the network backward in time one can not only reconstruct 
the growth rules but also get an insight into the conditions under which branch splitting occurs. 
Determining the growth rules from a single snapshot in time is particularly important for growth 
processes so slow that they cannot be directly observed, such as growth of river networks and deltas 
or cave passages. We apply this approach to analyze the growth of a real river network in Vermont, 
USA. We determine its growth rule and argue that branch splitting events are triggered by an increase 
in the tip growth velocity.

Many of the natural patterns are in the form of branched networks: from river networks or cave conduits, mineral 
dendrites, and viscous fingering patterns to biological systems such as blood vessels or leaf venation1,2 (Fig. 1). 
The physical forces driving their growth vary from system to system: erosion, diffusion, and thermal conduc-
tion, to name just a few3. Despite these differences, there are many features which these networks share, which 
suggests a common underlying growth mechanism4–6.

A prominent feature of network growth is the close coupling between geometry and dynamics. The field driv-
ing the growth and the network co-evolve in time, as the evolving network changes the boundary conditions for 
the field. Evolving the network in response to the surrounding field involves two major processes: (i) extension 
of the branches and (ii) bifurcation of a tip into two (or more) branches. To understand the co-evolution of the 
network and the field, it is important to understand how the extension and bifurcation processes are linked to the 
characteristics of the driving fields such as the gradient of the field in the vicinity of the tip. Once the growth rules 
are known, we can predict the evolution of the network geometry based on its configuration at an earlier time.

Such procedure has been applied to river networks9–13, river deltas14, viscous fingers15, discharge trees16 or 
coral growth17, leading to network geometries qualitatively and quantitatively similar to those observed in nature. 
However, in many practical cases, the details of the growth rules are unknown. If, in addition, the temporal 
evolution of the pattern is exceedingly slow and can only be observed at a single instance of time, determining 
growth rules from a single snapshot in time becomes a necessity. This gives rise to the following question: can 
we deduce the growth rules from an instantaneous snapshot of the network geometry? In fact, even a single 
snapshot of a network configuration contains information about its growth history, which is inherently linked 
to growth dynamics.

For example, streets in cities are historically built in succession—the oldest being the longest and going 
through the whole city, and the younger extending from the first ones. To extract historical information from 
city maps, Lagesse et al.18 used a multiscale approach exploiting local geometry and alignment at road crossings.

Geological systems, such as river networks, evolve over even longer time scales. They extend through erosion 
at the channel heads at a rate of less than a few millimeters per year19. One idea for deciphering the growth law 
in these systems is through a backward-forward approach. First, the network is grown backward in time using a 
parameterization of the growth rule with an initial set of parameters, and then it is grown forward in time again. 
Analyzing the correlation of the flux coming to the tips and the orientation of the branches after the backward-
forward step, one can determine the optimal set of parameters that best replicates the initial network geometry11.
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In this paper, we present a comprehensive method to extract growth rules from a single snapshot of the 
network geometry—the Backward Evolution Algorithm (BEA) (Fig. 2). Within the BEA approach, we probe 
the space of possible growth rules linking the extension of the network with the gradient of the driving field. We 
then apply these growth rules backward in time, backtracking the evolution of the network completely down to 
its seeds. While backtracking, we collect multiple metrics to quantitatively estimate the fitness of a given growth 
rule and select the best. We validate this approach on synthetic data for networks grown in a diffusive field, 
demonstrating that we can not only successfully determine the growth rules of the branches but also assess the 
conditions under which branch splitting occurs. The method thus allows for a thorough analysis of the patterns 
and provides a glimpse into a previously inaccessible growth history.

The model
We begin by introducing a specific family of growth processes, namely, growth driven by a diffusive field. Here, 
the field is coupled to the network through the boundary conditions, as the branches absorb the field fluxes. Many 
natural growth processes can be described by such a system, for example, the formation of blood vasculature20, 
dissolution patterns in porous media21, river networks10,22 or electric breakdowns23.

If the internal dynamics of the field is fast compared to the evolution of the network, the field can be assumed 
to be quasi-static. This considerably simplifies modeling of the growth process as the diffusion equation reduces to 
the Poisson or Laplace equation for the driving field. Essentially, the equation governing the field can be derived 
from Fick’s law, linking the flux ( �J  ) to the gradient of the field ( ∇φ):

with a respective transport coefficient κ . Combining (1) with the conservation of flux ( ∇ · �J = P ) results in the 
Poisson equation:

(1)�J = −κ∇φ

Figure 1.   Examples of branched spatial networks in nature: (A) White River basin in Vermont, USA7 (B) 
Adiantum leaf (photo: Jim Mattsson, Simon Fraser University, by permission) (C) Lichtenberg figure8.

Figure 2.   The backward evolution of a network. Consider a network of unknown growth dynamics. We 
postulate a certain growth rule and use it to evolve the network backward in time. During backtracking, we 
collect metrics to estimate the fitness of different growth rules and select the best.
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where P is a source term. For the special case P = 0 we recover the celebrated problem of Laplacian growth3,24, 
in which an interface between two immiscible phases moves with a velocity proportional to the gradient of the 
harmonic field:

If the interface is an isoline of the field and the growth rate is proportional to the field gradient, small pertur-
bations of the interface have a tendency to grow. At short wavelengths, the growth of the interface is stabilized 
by regularization mechanisms such as surface tension or kinetic undercooling25. Otherwise, the flux of the field 
concentrating on the tips favors very thin fingers and leads to their infinitely fast growth—the so-called ultra-
violet catastrophe26.

The longer wavelengths are generally unstable and have a tendency to grow and eventually transform into 
fingers27–31. There are two main processes responsible for the pattern formation in these systems: (i) screening 
between the nearby branches mediated by the harmonic field, which results in an increased growth rate of the 
longer branches and suppression of growth of the shorter ones, and (ii) tip splitting, when the branch bifurcates, 
giving rise to a pair of daughter branches. The interplay of these two processes leads to the appearance of a highly 
ramified hierarchical network-like structure.

Growth dynamics of a similar type underlies a wide range of different processes, including formation of 
the lungs32–34, bacterial colony growth35, cave formation21,36, metallic dendrite formation in electrochemical 
deposition37,38, dielectric breakdown23, discharge trees16, combustion fingers39, tributary and distributary channel 
formation in river networks9,14, dendritic patterns in superconducting films40, leaf venation41, or blood vascu-
lature formation20,42,43.

The thin finger model.  Not every moving boundary problem leads to the emergence of a spatial network. 
Spatial transport networks have distinct branches, the widths of which are much smaller than the distances 
between them. They are also characterized by well-defined bifurcation points in which one branch splits into 
two. It is thus natural to describe the growth of the network in frames of the thin finger model (TFM), which 
approximates the growing fingers as lines that extend only in length44–46. As noted in Ref44, such an approach 
provides also another method of regularizing the Laplacian growth at short wavelengths, without the need 
of introducing the surface tension. This model has been used for the analysis of fingered growth in both the 
Laplacian45–48 and Poissonian fields49,50.

Removing the ultraviolet catastrophe through the thin finger approximation comes at a cost. First, the field 
gradient at the tip becomes singular, diverging like r−1/2 in the vicinity of the tip. In polar coordinates (where 
the direction of the tangent to the finger at the tip sets θ = 0—see Supplemental Information, Fig. S1A) the field 
near the tip can be expanded51,52:

where the coefficients ai depend on the boundary conditions far from the finger tip. Equation (4) holds also for 
the case of Poisson fields, as in a small area around the tip the flux contribution from the source term is negligible 
compared to the flux from the regions away from the tip. Each of the leading coefficients ai in Eq. (4) has a clear 
physical interpretation10 (Supplemental Information, Fig. S1).

First, the coefficient a1 is linked to the total flux over a small circle of radius r0 around the tip (Supplemental 
Information, Fig. S1E–F):

where r0 is the typical width of the finger.
The coefficient a2 is related to the field asymmetry with respect to the finger growth direction (Supplemental 

Information, Fig. S1G). With the positive a2 flux of the field is larger on the right side of the tip and with the 
negative a2 on the left. However, the finger grows in the direction of the largest flux and, as a result, it turns in 
such a way that a2 always vanishes (principle of local symmetry11).

Finally, a3 is related to the bimodality of the driving field in the neighborhood of the tip. If we consider a circle 
of radius rB around the tip and study the field as a function of the angle θ , we notice that with a fixed a1 > 0 and 
a2 = a3 = 0 the field has a single maximum at θ = 0 (Supplemental Information, Fig. S1E–F). Now, if we take 
a3 < 0 , then the smaller it is, the flatter the maximum becomes. Eventually, when the second derivative of φ 
becomes negative, which corresponds to the negative value of a3/a1:

the field becomes bimodal and there appear two maxima of the flux at ±θ0 (Supplemental Information, Fig. S1H). 
Note that the threshold value of a3/a1 depends on the distance rB from the tip at which the field is analyzed. For 
sufficiently small rB the field profile is always symmetric with one maximum at θ = 013.
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Growth rules.  The growth velocity in classical Laplacian growth is proportional to the field gradient. A 
widely used extension of this rule assumes a power-law relation between the flux into the tip and the growth 
velocity23,53:

where η is a specific growth exponent. Recalling Eq. (5), we have:

where σ is the proportionality constant linking flux with the growth rate of the tip. The value of the growth 
exponent, η , strongly affects the competition between the fingers45,46,54 and hence, as shown later, results in 
qualitatively different network geometries (Fig. 4).

While the moving boundary problem in its continuous version has an inherent instability, which splits one 
finger into two daughter branches depending on the finger width and speed55, in the TFM tip splitting is not 
an intrinsic part of the dynamics56 and needs to be introduced by hand, based on certain criteria. Two differ-
ent splitting criteria can be found in the literature—the velocity criterion15,28 and the bimodality criterion10,17.

The first is based on the observation that the instability wavelength ( � ) decreases with increasing front 
propagation velocity25,28. As the finger accelerates at some point � becomes smaller than its width, and the finger 
becomes destabilized. Such a criterion can be straightforwardly implemented in the TFM as a threshold on a1 : 
a1 > acrit1 .

The second criterion is linked to the appearance of two maxima of the flux in the neighborhood of the tip, 
which is related to the value of the a3 coefficient. When for a given radius rB the flux of the field has a single high 
maximum, the finger grows in the direction of this maximum. However, if the flux of the field from the sides 
of the tip becomes comparable to that from the front, or even higher (which corresponds to the bimodal field 
around the tip and the appearance of two maxima at ± θ0—Supplemental Information, Fig. S1H), the finger 
attempts to grow in two directions at once, which results in a bifurcation. More precisely, we require the finger 
to split whenever a3/a1 becomes smaller than some critical value (which is negative if we consider the bimodal 
field around the tip or might be positive if we consider a single flat maximum17). This critical value depends on 
the value of rB (Eq. 6), which introduces a new length scale in the system. For an insightful discussion on this 
length scale in the case of river networks we refer to Ref.10.

Whenever a splitting criterion is fulfilled, two daughter branches are created at θ = ± 36◦ (measured in 
the coordinate system around the tip as before). As shown in Refs45,46,57, the angle of 2π/5 = 72◦ between the 
two daughter branches is the stable opening angle in the TFM. This characteristic opening angle has also been 
found in natural stream networks formed by groundwater seepage9 and has been used to characterize the climate 
dependence of river network patterns on Earth and Mars58,59.

Results
Forward evolution.  Given the growth rules described above, we can follow the growth of the network 
starting from the initial positions of the branches (seeds) to understand how the growth rules impact the final 
geometry of the structure. However, except for the simplest cases of one- and two-finger solutions46, one needs 
to resort to numerical methods here.

First, we rescale the coordinates and the field in both the Laplace and the Poisson case (Supplemental Informa-
tion, section 1), which results in the dimensionless equations:

respectively. In both cases, the dimensionless growth law becomes:

Next, we construct a growth algorithm based on the finite element calculation of the driving field for a given 
geometry of the network and extension of the branches in streamline direction (Supplemental Information, sec-
tion 2). The details of the growth algorithm are described in Supplemental Information, section 3.

We begin by considering a simple case of two fingers growing in a long channel with constant flux of the 
field coming from the top ( (∇φ)�n = 1 ), absorbing boundary conditions ( φ = 0 ) on the fingers and the bottom 
wall, and reflective boundary conditions ( (∇φ)�n = 0 ) on the side walls. The source term P = 0 implies that the 
Laplace equation ( �φ = 0 ) needs to be solved to calculate the field, hence the name of the networks obtained 
in such a setup—Laplacian. The aspect ratio of the channel was set at 1:25, with Figs. 3 and 4 showing only the 
lower portion of the domain.

For a single finger, the parameter η would affect only the growth velocity, but not the network structure. The 
same holds for two identical fingers symmetrically placed left and right of the vertical symmetry line. Thus, we 
break the symmetry by starting from a configuration where the left finger is 50% shorter, and hence collects 
slightly less flux than the right one. For η = 0 the growth velocity of the fingers does not depend on the flux; 
thus, both fingers grow with the same velocity (Fig. 3A). For η < 0 the growth process is stable and the velocity 
is inversely proportional to the flux. Thus, the shorter tip which collects less flux is growing faster, catching up 
with its longer sibling at some point. For η > 0 , however, we have a positive feedback between growth velocity 
and flux; thus, the right branch starts to outcompete the other. Eventually, it screens its sibling from the flux, just 
as the lightning rod screens the surrounding area. The larger the η , the stronger the effect, as shown in Fig. 3B,C.

Next, we present the evolution of branched networks, where we allow the splitting of the fingers according to 
the velocity criterion (Fig. 4). More specifically, a finger bifurcates if a1 > 0.8 . At low η , the competition between 

(7)v ∝ Jη ∝ |∇φ|η ,

(8)v = σa
η
1 .

(9)�φ = 0 or �φ = − 1

(10)v = (a1)
η .
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the fingers is relatively weak. It takes then a long time for one finger to outgrow the other sufficiently to intercept 
enough extra flux in order to split again. The bigger the η , the more dynamic the evolution with a larger number of 
tip splittings. Laplacian structures, similar to those presented in Fig. 4 can be observed in natural systems, such as 
corals17, dielectric breakdown patterns23, combustion fingers39, or leaf venation of evolutionary ancient plants60.

Figure 3.   The evolution of two fingers for different growth exponents. Initially, the fingers are positioned 
symmetrically in the channel ( xinitial = ± 0.3 ), but their heights differ (0.01 vs. 0.02). The units here are chosen 
in such a way that the channel extends from x = −1 to x = 1 . (A) For η = 0 the fingers grow with the same 
velocity. (B,C) At larger η the growth becomes unstable due to the competition between the fingers for an 
available flux. The colors in the figure correspond to the value of the field driving the growth.

Figure 4.   Comparison of the Laplacian and Poissonian networks for different η exponents. On the left, 
Laplacian networks in a channel with reflective side walls and flux of the field coming from the top. On the right, 
Poissonian networks in a square box with reflective side and top walls and non-zero source term. In the latter 
case, each of the networks has the same total sum of the lengths of the branches. The networks grow from a 
single seed initially placed at 3/4 of the channel width. Fingers can bifurcate with the velocity criterion a1 > 0.8 
in the Laplacian case and with the bimodality criterion a3/a1 < −0.1 in the Poissonian case.
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In a second series of simulations, we consider a non-vanishing source term P  = 0 . Now, the Poisson equation 
( �φ = −1 ) is solved in the domain, hence the name of the networks—Poissonian. We grow the networks in a 
square box with reflective boundary conditions on the top, left, and right walls. As before, the absorbing boundary 
conditions are imposed on the bottom wall and the network itself. Because the flux is now produced uniformly 
across the domain, the system does not have a preferred growth direction, contrary to the Laplacian case. As a tip 
splitting criterion, we have chosen the bimodality bifurcation rule ( a3/a1 < −0.1 ). The two elements: (i) weaker 
competition between the fingers connected to a uniform distribution of the field sources and (ii) the bifurcation 
criterion based on the field on the sides of the tip result in the creation of fractal-like structures, with progres-
sively shorter branches splitting in a self-similar way. Consequently, the geometry of Poissonian networks does 
not depend as strongly on the η exponent as for Laplacian structures (compare the differences of trees in Fig. 4). 
Ramified, self-similar structures of this kind are encountered in river networks10,22 or blood vasculature20,42.

The backward evolution algorithm.  Having analyzed the deterministic forward growth, we now focus 
on the question of whether it is possible to recover the value of the growth exponent and the bifurcation criteria 
given only the final geometries of the networks, such as those shown in Fig. 4. To this end, we construct the 
Backward Evolution Algorithm. The idea of the method is to start with a set of possible growth exponents η , 
and then evolve the system back in time while collecting geometric information on shrinking structures. These 
data then allow us to assess which growth rule reproduces the evolution of the system in the most accurate way.

To be more specific, we first assume some value of η = η∗ , and then calculate the velocities at the current posi-
tions of the tips ( vγi—Fig. 5A, panels I–II), as well as the distance over which each tip will move over a timestep 
dt : dsi(t) = vγidt = (ai1)

η∗dt . Using the reversed version of the growth algorithm (Supplemental Information, 
section 3) we then obtain the projected previous position of the tip ( ζi ) and trim each branch accordingly. This 
procedure can be repeated iteratively, trimming progressively more and more segments of the branches, and 
thus shrinking the whole network.

In each step of the BEA we collect the local symmetry measure—the a2/a21 value. As mentioned earlier, the a2 
coefficient should vanish along the real trajectory of a growing tip. Thus the value of a2 (rescaled by a21 to make it 
dimensionless) is a convenient measure of how far we are from the real trajectory of the finger. Additionally, we 
make a virtual forward step obtaining an extrapolated position of the tips ( ξi in Fig. 5A, panel III∗ ). Based on these 
data, the overshoot ( �d—distance between the points γi and ξi ) and the angular deflection ( α—angle between 
γi and ξi ) are calculated. In this way, a backward-forward method is incorporated into the BEA, collecting the 
metrics throughout the whole backward evolution of the network, and not only in a single backward-forward 
step (as opposed to Ref11).

We evolve the network backward in time until it vanishes entirely. In this manner, in each step of the BEA 
we collect N values for each metric, where N is the number of tips. Next, we calculate the quartiles ( Q1 , M, Q3

—quantiles of order 25%, 50% (median) and 75%, respectively) of the data collected over all time steps. This 
procedure is repeated for a range of η∗ values. We expect that all metrics (local symmetry, overshoot and angular 
deflection) will be minimized at a particular value of η∗ , which should correspond to the growth exponent of 
the original network ( η0).

To examine the effectiveness of the BEA, we first grow a test network with some specific value of η = η0 . 
Then we evolve it backward in time for a range of different η∗ values and plot the resulting metrics as a function 
of η∗ . Figure 6 shows the plots for a Laplacian network originally grown with η0 = 1.5 . Figure 6B–D presents 
the quartiles of the collected data. We observe that each median approaches zero exactly at the η0 value that was 
initially imposed to produce the network (marked with the black dashed line).

Figure 5.   The Backward Evolution Algorithm. (A) I–II: The velocities of the tips ( γi ) are calculated, and each 
branch is trimmed by vγidt . This gives the previous tip positions ζi , where we measure the local symmetry 
parameter ( a2/a21 ). III∗ : Additionally, we can use the forward algorithm to obtain an extrapolated position ξi , 
and two additional metrics: the overshoot ( �d—distance between γi and ξi ) and the angular deflection ( α ). (B) 
Definition of the length mismatch ( l0 ) at a bifurcation during the backward evolution.
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Note that at the correct value of the exponent ( η⋆ = η0 ) the interquartile range (IQR—distance between Q1 
and Q3 in 6B–D) of metrics collected during the backward evolution approaches zero. Conversely, for an incor-
rect η∗ , the distribution of the collected data set has some spread due to the fact that we land in different places 
around the initial position after the backward-forward step. Consequently, the IQR dependence also exhibits a 
minimum at the correct η∗ = η0 value. In Fig. 6E-G we show the median of the absolute value of the collected 
data in a logarithmic scale. Pronounced minima observed at η∗ = η0 reflect both the fact that the value of a given 
metric is minimal for the correct η∗ and the fact that the variance of the metric is minimal at η∗ = η0.

Let us consider the possibility of using the position of the bifurcation points in the solution of the inverse 
problem. Since the fingers split at a specific point, then—with the use of the correct growth rule—they should 
also converge to the same bifurcation point as the network is grown backward. If they do not converge simulta-
neously, then measuring the excess length of the longer branch (length mismatch l0 in Fig. 5B) and minimizing 
it with respect to η∗ should allow one to recover the correct growth exponent. Indeed, if we start with η∗ = 0 , 
the branches will be trimmed at the same rate and it will take less time for the shorter branch to reach the bifur-
cation point. In such a case, the length mismatch will be exactly equal to the initial length difference between 
the branches. With η∗ approaching η0 , the length mismatch decreases monotonically to zero, since the longer 
branch—which was growing faster—will also be trimmed faster in the backward evolution. At the correct η∗ = η0 
the branches converge to the bifurcation point simultaneously, which should result in the minimum of the length 

Figure 6.   The Backward Evolution Algorithm applied to a synthetic Laplacian network. (A) Original network 
created with η0 = 1.5 to which the algorithm was applied. (B–D) Quartiles of the collected values of the local 
symmetry, overshoot, and angular deflection. (E–G) Median of the absolute value of the corresponding metric 
plotted in a logarithmic scale. The pronounced minima allow us to estimate the correct η0 (marked with the 
black dashed line on each plot). The results show that the BEA can precisely reconstruct the growth exponent of 
a given network.

Figure 7.   Analysis of the bifurcation points in the BEA: length mismatch ( l0 ) and a1 coefficient at the splitting 
point as a function of the growth exponent ( η∗ ). (A–B) Quartiles of the values of a corresponding metric. 
(C–D) Interquartile range of the distributions (distance between Q1 and Q3 ). The results confirm that the BEA 
is capable of reconstructing not only the growth exponent of a given network based on its bifurcation points but 
also the mechanism behind the tip splitting.
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mismatch, as well as its interquartile range. Throughout the backward evolution, we collect the mismatch value 
from all bifurcation points. The corresponding median and interquartile range exhibit minima at the correct 
η∗ = η0 , as shown in Fig. 7A,C.

Interestingly, we observe a dramatic decrease of the length mismatch above η∗ ≈ 1 (Fig. 7A). This behavior is 
related to the stability of a single bifurcation in an unbounded domain, as studied analytically by Carleson and 
Makarov45. They have shown that for η < ηc ≈ 1.09382 the growth of the daughter branches after splitting is 
stable and that the fingers move away from each other with equal velocities. For η > ηc , the competition between 
the branches makes their growth unstable, with one speeding up and the other slowing down. With a flipped 
time arrow, the stability of the system is also reversed. Thus, for η > ηc both daughter branches should reach the 
bifurcation point at the same time, hence almost zero length mismatch for larger growth exponents. After zoom-
ing in we nevertheless observe a minimum at the correct η∗ , which is related to the higher order effects such as 
the presence of other branches and the influence of the boundaries of the system. The above reasoning does not 
hold for bifurcations triggered by the bimodality criterion in the Poissonian case. Here, due to the presence of 
local sources, the competition between branches is weaker and, hence, a bifurcation can grow in a stable manner 
even for relatively high η . On the contrary, in the backward evolution there is no stabilizing effect, and we observe 
a pronounced minimum of the length mismatch (Supplemental Information Fig. S2E).

One can also analyze the expansion coefficients of the field indicating a splitting event at the bifurcation 
point ( a1 for the velocity bifurcation criterion or a3/a1 for the bimodality criterion). As can be seen in Fig. 7B, 
the values of a1 at the bifurcation points are converging to one value for the correct η∗ = η0 . Hence, minimiz-
ing the interquartile range of the bifurcation indicators is another way to estimate η0 (Fig. 7D). Importantly, the 
values of a1 or a3/a1 converge exactly to the values used as bifurcation criterion thresholds when the network 
was originally grown. Thus, the BEA analysis of bifurcations gives us not only the correct growth exponent but 
also allows us to recover the bifurcation criterion for a particular network.

The BEA can be applied as well to a Poissonian tree, giving similarly precise estimates of the growth exponent 
(Supplemental Information, Fig. S2). The precision of the predictions decreases somewhat with an increasing 
growth exponent, as shown in Supplemental Information, Fig. S3. This is connected to the increasing growth 
instability at high η—with increasing growth exponent the minima of the metrics become less pronounced, 
finally flattening totally, which makes the reconstruction of the growth rules and estimation of η0 increasingly 
harder. This effect becomes pronounced around η0 = 4 for the Laplace case and η0 = 6 in the Poisson case. The 
wider range of precision in the Poissonian case might be the result of weaker screening and smaller differences 
of velocities between the fingers than in the corresponding Laplacian case.

Backward evolution of the river network.  As a final application of our model, we use it to assess the 
growth laws of a real river network, namely the White River basin (HUC-01080105) in central Vermont, USA. 
This river network grows in a humid environment, where diffusive fluxes and groundwater flows may play a cru-
cial role in its formation58,61–63. For our analysis, we used medium resolution channels in the White River basin, 
as mapped by the NHDPlus dataset7 and preprocessed as described in Supplemental Information, section 4. We 
assume that the field driving the growth can then be described by the Poisson equation (Eq. 2), with precipitation 
being responsible for the source term. Using Eq. (7) for the rate of erosion, we can apply the BEA to extract the 
parameters of the underlying growth law.

The results of our analysis are presented in Fig. 8. As one could anticipate, the metrics are much more noisy 
than the ones based on the artificial network, with less pronounced minima of overshoot and angular deflection 
and only a local minimum of the local symmetry in the region where the rest of the metrics indicate η0 . The 
bifurcation length mismatch plot (Fig. 8B) is less revealing, with several shallow minima for η > 1.

To determine the growth exponent, we make use of the multiple metrics included in the BEA (local sym-
metry, overshoot, angular deflection Fig. 8A–C; their IQR Supplemental Information, Fig. S5; length mismatch 
and its IQR Fig. 8D–E; and IQR of the splitting indicator Fig. 8G). We normalize each metric so that its values, 
as a function of η⋆ , range from 0 to 1 and average the resulting functions to produce a final measure of the fit of 
a particular η value (Fig. 8H). The resulting function has a single minimum at η∗ = 1.65± 0.25.

The appearance of the minimum in the splitting indicator plot (Fig. 8G) around η∗ = 1.65 suggests that in this 
case the branch splitting events are triggered by an increase of the tip growth velocity. This is further confirmed 
by the analysis of the histogram of branch lengths in the White River, which shows an exponential distribution 
(Supplemental Information, section 5) similar to the analogous distributions for synthetic networks grown with 
the velocity bifurcation criterion. Additionally, we observe an abrupt decrease of the length mismatch for η∗ > ηc 
(8d), which is another indicator of the velocity bifurcation criterion, as already discussed (compare Fig. 7A and 
Supplemental Information, Fig. 2E).

Summary
We have shown that it is possible to use the final geometry of the spontaneously grown network to decipher 
its growth dynamics using the Backward Evolution Algorithm. We tested it on several synthetic networks and 
then analyzed the natural system—the White River basin. The BEA metrics consistently suggest that the growth 
exponent of this network is around η = 1.65± 0.25 . This indicates a nonlinear relation between the erosion rate 
and diffusive flux coming to springs, implying strong competition between different tributaries for groundwater 
flow. Additionally, we determined that the splitting events in this network were triggered by an increase of the 
growth velocity of the channel heads. The BEA method should be equally applicable to other systems, such as 
leaf venation, blood vessel networks, or dielectric breakdown patterns.
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Data availability
The datasets used and/or analyzed during the current study together with the source code are available on the 
GitHub repository (https://​github.​com/​stzuk​owski/​retic​uler).
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1 Rescaling the Equations
First, we make the Poisson equation dimensionless by rescaling both the coordinates and the field as follows: x′ = x

w (with 2w
being the width of the system) and φ ′ = κ

w2P φ . This leads to:

∆′φ ′ = −1. (1)

Next, we cast the growth rate equation (Eq. 8 in the main text) in the dimensionless form by scaling time by t ′ = σw
3
2 η−1( P

κ )η t
to obtain:

v′ = (a′1)η , (2)

where a′1 = κ
w3/2P

a1.
The rescaling in the Laplacian case (P = 0) is slightly different. Here, the system is usually fed by a flux of the field coming

from the outside boundary of the system (J0), so P in the Poissonian scalings is replaced by J0/w. Now, t ′′ = σw
1
2 η−1( J0

κ )η t,
and the field: φ ′′ = κ

wJ0
φ , which leads to:

∆′′φ ′′ = 0 , (3)
v′′ = (a′′1)η (4)

with a′′1 = κ
w1/2J0

a1.

2 Trajectory of the Tip
To construct a precise growth algorithm, we first derive the trajectory of the finger in the neighborhood of the tip. It can be
obtained using the fact that the growth proceeds along a unique streamline going through the tip1. To simplify the analysis,
let us move to the complex plane with z = x + iy and analyze the solution of the Laplace equation (∆φ = 0) in the vicinity of
the tip. It is convenient to introduce the complex potential Φ(z) such that Φ = φ + iψ(z), with ψ(z) being the corresponding
stream function. Additionally, let us direct the finger along the negative imaginary axis with the tip at the origin. To find the
complex potential near the finger tip, we first map the area outside the finger to the upper half plane by the mapping ω =

√
iz.

In the ω plane (mathematical plane), the complex potential vanishing at the real axis can be expanded in the Taylor series:

Φ̃(ω) = −i(a1ω + a2ω2 + a3ω3 + ...) . (5)

This solution can then be mapped back to the z plane (physical plane) to yield:

Φ(z) = Φ̃(ω(z)) = −i(a1(iz)1/2 + a2iz + a3(iz)3/2 + ...) , (6)

which is equivalent to Eq. (4) in the main text.
To determine the streamlines in the mathematical plane, where ω = u + iv, we calculate ψ̃(u,v):

ψ̃(u,v) = Re[Φ̃(u + iv)] = −a1u−a2u2 + a2v2 + ... , (7)

1



and equate it to a constant:

ψ̃(u,v) = A =⇒ −a1u−a2u2 + a2v2 = A . (8)

The curves describing the streamlines, γ̃(u,v), can thus be parameterized only with one parameter τ , with u = τ and v =
i(τ − γ̃(u,v)):

−a1u−a2τ2 + a2i2(τ − γ̃)2 = A =⇒ γ̃(τ) = τ + i
√

βτ + τ2 + A/a2 , (9)

where β = a1/a2. As the tip is mapped to the point ω = 0 in the mathematical plane, the streamline of interest is then given by
γ̃0(0) = 0, thus:

γ̃0(τ) = τ + i
√

βτ + τ2 . (10)

Moving back to the physical plane (with z = −iω2) we obtain the formula describing the streamline entering the tip2:

γ0(τ) = −iγ̃0(τ)2 = 2τ
√

βτ + τ2 + iβτ . (11)

Using the fact that x = Re[γ0(τ)] = 2τ
√

βτ + τ2 and y = Im[γ0(τ)] = βτ we obtain:

x(y) = 2

√
y3

β 2 +
y4

β 4 ≈ 2
β

y3/2 . (12)

We can also calculate the arclength as a function of y:

s(y) =
∫ y

0

√
1 +(

dx
dy′

)2dy′ =
∫ y

0

√
1 +

9
β 2 y′dy′ =

2β 2

27

[
(

9
β 2 y + 1)3/2 −1

]
. (13)

Finally, we get the following set of equations for the streamline (β = a1/a2):

y(s) =
β 2

9

[(
27s
2β 2 + 1

)2/3

−1

]
, (14)

x(y) = 2

√
y(s)3

β 2 +
y(s)4

β 4 . (15)

The above reasoning was carried out for the Laplacian case. However, as discussed in the main text, the Poissonian case
will be fully equivalent, since we are interested in the small neighborhood of the tip here. In such a small area, the flux from the
local sources is negligible compared to the flux from the regions far away from the tip, which brings the description of the
system to the Laplacian case with flux entering through the boundaries only.

3 Growth Algorithm

Our growth algorithm is composed of a finite element solver3 for the Laplace or Poisson equation, and an integration step
extending the tips along the streamline γ0 (Eq. (11)) by ds = vdt via Eqs. (14)-(15). The second order method allows for an
increased accuracy in the network growth simulations in comparison to the previous models2, 4.

The velocity of the tip is derived from the field through the expansion coefficients a1, a2 and a3, which can be obtained by
integration over a small circle of radius r:

a1 =
1

πr1/2
0

∫ π

−π
φ(r0,θ)cos

θ
2

dθ , (16)

a2 =
1

πr0

∫ π

−π
φ(r0,θ)sinθdθ , (17)

a3 =
1

πr3/2
0

∫ π

−π
φ(r0,θ)cos

3θ
2

dθ . (18)
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Importantly, we require the numerical method used to construct the tip trajectory to be reversible. This ensures that after the
backward-forward step in the Backward Evolution Algorithm, we end up in the same point, provided that a correct growth rule
is used (except for the effects of numerical noise). Keeping this in mind, we use the implicit trapezoidal method5:

r⃗(t + dt) = r⃗(t)+
1
2

[d⃗r(t)+ d⃗r(t + dt)] , (19)

which we solve iteratively. The reversed version of this algorithm can be expressed as follows:

si(t −dt) = si(t)−
1
2

[dsi(t)+ dsi(t −dt)] . (20)

Additionally, to limit the maximum displacement of the tip, we adjust the value of dt at each time step to keep ds of the fastest
branch constant.

We tested our algorithm on a simple case of one finger growing in a semi-infinite channel with flux of the field coming from
infinity. For this case, the analytical solution has been derived6 which was compared with our numerical solutions to validate it.

4 Preprocessing of the river network
The data was extracted from the NHDPlus dataset7. Then, to limit the computational cost, we selected seven sub-trees of the
whole network to apply the BEA algorithm on them (Fig. 4). The fragments were chosen to stem from the highest Strahler
order streams8, which was also treated as an absorbing boundary of their growth domain. The rest of the boundaries were
marked out so that they lay between the neighboring sub-trees, following the watershed lines (see Fig. 4B). On these boundaries
reflecting boundary conditions are imposed. The setup is thus similar to the box where the Poissonian simulations from Fig. 4
in the main text were conducted, but with more complicated geometry of the domain. Before applying the BEA algorithm, we
also smoothed out the branches. We performed the sensitivity analysis introducing small changes in the shape of the selected
sub-domain and smoothing procedure, changing the time step; and did not notice any significant difference in the results. The
plots presented in Fig. 8 in main text and Fig. 5 are averaged results from the seven different areas of the White River basin.

5 Distribution of Segment Lengths
In Fig. 6 we present a comparison of histograms of segment lengths (distances between bifurcations) for: (i) the entire White
River basin, (ii) simulations with the velocity-based splitting criterion and (iii) simulations with the bimodality splitting criterion.
In the first two cases, we observe exponential distribution of segment lengths. However, there is a deficiency of very short
branches (<500m for White River and <0.6 for the simulation). This is because the flux that was prior to bifurcation coming to
a single mother branch is now divided between two daughter branches. It takes then some time for the new branches to move
away from each other enough to get sufficient velocity and split again, which results in a lower number of very short segments.
By contrast, simulations with the bimodality splitting criterion do not exhibit these features.
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stream (black thick line). The rest of the boundaries (orange) were marked out so that they lay between the neighboring
sub-trees. (C) Seven selected sub-trees with their domains after smoothing (blue). The original shapes are plotted in gray. For
the numerical analysis, each of the sub-trees was rescaled to the same width w = 2.
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Chapter 4

Paper III: “Breakthrough-induced
loop formation in evolving transport
networks”

Author contributions

In this study, the author: identified the characteristic loop formation event in various
systems, provided theoretical description, developed numerical tools to study finger inter-
actions and to model temporal evolution of the fingers, performed simulations of finger
growth leading to loop formation, conducted the viscous fingering experiment, analyzed
data from the experiments and compared them with theoretical results, prepared figures,
wrote the first draft, and co-edited all subsequent versions of the paper.

71



RESEARCH ARTICLE PHYSICS

Breakthrough-induced loop formation in evolving transport
networks
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Transport networks, such as vasculature or river networks, provide key functions in
organisms and the environment. They usually contain loops whose significance for the
stability and robustness of the network is well documented. However, the dynamics
of their formation is usually not considered. Such structures often grow in response to
the gradient of an external field. During evolution, extending branches compete for the
available flux of the field, which leads to effective repulsion between them and screening
of the shorter ones. Yet, in remarkably diverse processes, from unstable fluid flows to the
canal system of jellyfish, loops suddenly form near the breakthrough when the longest
branch reaches the boundary of the system. We provide a physical explanation for
this universal behavior. Using a 1D model, we explain that the appearance of effective
attractive forces results from the field drop inside the leading finger as it approaches
the outlet. Furthermore, we numerically study the interactions between two fingers,
including screening in the system and its disappearance near the breakthrough. Finally,
we perform simulations of the temporal evolution of the fingers to show how revival
and attraction to the longest finger leads to dynamic loop formation. We compare the
simulations to the experiments and find that the dynamics of the shorter finger are well
reproduced. Our results demonstrate that reconnection is a prevalent phenomenon in
systems driven by diffusive fluxes, occurring both when the ratio of the mobility inside
the growing structure to the mobility outside is low and near the breakthrough.

nonlinear physics | unstable growth processes | transport networks

Nature offers us a wide spectrum of spatial, transport networks, which provide key
functions in living organisms and the surrounding environment. Examples span from
leaf venation (1), blood vessels (2), jellyfish gastrovascular canal system (3), to river
networks (4, 5), deltas (6, 7), or cave conduits (8, 9). Topologically, these networks can
take the form of either branched, tree-like structures or looping patterns. The latter are
more robust against damage (10), hence they are often favored by biological evolution.
For example, it is thought that leaf venation is branched in ancestral plants, but highly
reticulated in more evolutionary recent ones (11–13).

While the question of why looping networks might have been chosen by evolution
and what quantity, if any, they optimize, was extensively studied (6, 10, 14–18), the
question of how branches in the network interact to form a looping network remains
unclear. A natural candidate for an underlying mechanism leading to reconnections is a
tensorial stress field (19, 20). However, many networks in nature develop as a result of
unstable growth processes in a scalar field (21, 22).

The growth in such a case is driven by the gradient of an external field, such as electric
potential or concentration. Growing parts of the structure compete for the available flux
of the field, effectively interacting with each other. The branches in the network try to
go away from each other, to maximize the flux coming to their tips and avoid being
shadowed (21–23). This mechanism, however, cannot explain the formation of loops,
for which an effective attraction between the growing branches has to be present.

Surprisingly, loops suddenly appear across numerous systems as the longest branch
reaches the outlet of the system. Here, we report that near the breakthrough, the shorter
branch grows toward the longest one and reconnects to it (Fig. 1A). This results in
a characteristic hierarchical pattern found in a large variety of systems (Fig. 1 B–E):
dissolving fractures (24, 25), viscous fingering (26), discharge patterns (27), and even
the growth of a gastrovascular canal network of the jellyfish Aurelia (3); see Materials
and Methods, section 3.1 for a detailed description of the examples and experiments. The
ubiquity of this process suggests the existence of a shared underlying mechanism, which
we elucidate here.

Significance

Loops are ubiquitous in animate
and inanimate transport
networks, from leaf venation to
river deltas. Yet, current physical
models fail to reproduce them
accurately. We report a way of
loop formation that manifests
in remarkably diverse
processes—from unstable fluid
flows to the canal system of
jellyfish. Near the breakthrough,
when one of the branches
reaches the outlet of the system,
shorter branches revive and
accelerate toward the longest
one, ultimately leading to a
reconnection event. This results
in a hierarchical structure of
interconnected fingers. Our
explanation of the shared
underlying mechanism behind
the phenomenon significantly
advances the understanding of
how looping transport networks
dynamically emerge.
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Fig. 1. Systems near breakthrough in nature. (A) Each system consists of two phases: an invading phase (F ) with mobility �1, and a displaced phase (O) withmobility �2, separated by an interface. The growth direction is from left to right. Red arrows mark places where the fingers are near breakthrough or havealready broken through, and blue arrows mark reconnections. (B–E) Examples of reconnection near breakthrough in various systems: (B) a fracture dissolutionexperiment in a Hele-Shaw cell, (C) viscous fingers in the Saffman–Taylor experiment, (D) streamer channels in air (photo: Sander Nijdam, Eindhoven Universityof Technology, by permission), (E) an octant of the jellyfish Aurelia, showing the gastrovascular canal network in dark gray (3).

Laplacian Growth. In many unstable growth processes, the
boundary—the interface between two phases—moves due to
the external forcing, such as pressure gradient between the
inlet and outlet of the system (Fig. 1A). Important parameters
in such models are the mobilities of the two phases, e.g.,
hydraulic permeabilities for pressure-driven growth. Whenever
the mobility of the invading phase (�1) is larger than the
mobility of the displaced phase (�2) the flux concentrates on
small protrusions of the interface and the front can break into
fingers (22, 28, 29). Because of the flux concentration, the
fingers tend to grow more in length than in diameter. The
width of the fingers is then set by surface tension, or other short-
scale regularization mechanisms. Additional effects, such as tip
splitting, can give rise to a highly ramified, hierarchical tree-like
structure.

A paradigm for such growth processes is Laplacian growth,
where the fingers extend with velocity proportional to the flux
of a diffusive field (�i) given by: EJi = −�i∇�i, for i = 1, 2
depending on the phase. The conservation of the flux results in
the Laplace equation for the field in both the invading (F ) and
the displaced phase (O):

Δ�1(Ex) = 0, Ex ∈ F and Δ�2(Ex) = 0, Ex ∈ O . [1]

These equations are supplemented with the continuity condi-
tion for the field and its flux at the interface (T ):

�1(Ex) = �2(Ex) Ex ∈ T ,
�1(∇�1(Ex))n = �2(∇�2(Ex))n Ex ∈ T , [2]

where n denotes the normal to the interface. Additionally, the
Dirichlet boundary condition is imposed on the inlet (x = 0)
and outlet (x = 1) of the system:

�1(x = 0) = 1 and �2(x = 1) = 0 . [3]

Note that the coordinates here are rescaled by the system length,
and the field is rescaled by the value at the inlet.

Effect of Mobility Ratio. However, reticulated networks are
usually not obtained in such models (21–23). This is due to the
simplifying assumption that neglects the mobility of the invading
phase, which is equivalent to taking the limit of mobility ratio
going to infinity, M = �1/�2 →∞. This leads to the omission
of the field drop within the fingers. The Laplace equation is then
solved only in the displaced domain with a constant value of the
field directly on the moving boundary. The Dirichlet boundary
condition on the fingers results in i) long fingers screening the
shorter ones and hindering their growth and ii) two parallel
fingers growing away from each other as they get more flux from
the sides.

If one takes into account a finite mobility ratio the effective
repulsion and screening diminishes. The field inside the invading
phase is then no longer constant and the resulting field gradients
can make the fingers attract each other and create loops (30, 31).
As shown by Budek et al. (31), this can occur only for a specific
range of mobility and finger length ratios.

However, as presented in Fig. 1, the breakthrough recon-
nections are not limited to these specific scenarios. Notably,
they can occur even in the general case of high mobility ratio,
which was previously thought to be impossible due to screening
effects. Nonetheless, near the breakthrough, screening dimin-
ishes, enabling the revival and growth of shorter branches toward
the longest one, ultimately leading to a reconnection event. We
demonstrate that contrary to previous studies reconnection is a
prevalent phenomenon in Laplacian growth, occurring both in
low mobility ratio cases and near the breakthrough.

1. Results and Discussion

1.1. Drop of Potential Along a Single Finger. To understand the
generality of the breakthrough reconnections, we begin with a 1D
case. Here, F = {x ∈ [0, xt]}, O = {x ∈ [xt, 1]} and T = {xt}
is just the fingertip. The solution of the Eqs. 1–3 are then two
piecewise linear functions stitched at the fingertip (Fig. 2A):
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A B

Fig. 2. Solutions of Eqs. 1–3 for a 1D system. (A) Potential in the system withmobility ratio M = 100 for a short finger of length ls and a longer finger oflength ll > ls. The dark line marks the field inside the finger (�i), the lighterline marks the field outside (�o), and the black dot marks the position of thefingertip. (B) A profile of the potential at the fingertip (�t) as a function of thetip position (xt) for different mobility ratios. Such a profile for M = 100 is alsoplotted in (A) with a thin gray line.

�(x) =

{
1− x

M−xt(M−1) , if x ∈ [0, xt]
1−x

1−xt(1−1/M)
, if x ∈ [xt, 1].

[4]

A few remarks can be made based on this simple example.
First, for a finite mobility ratio (M = 100, Fig. 2A) when the

fingertip is far from the outlet (xt = ls � 1), approximation of a
constant field on the moving boundary works well, and the field
inside the short finger can be treated as constant. However, if we
take a longer finger (xt = ll ≈ 1), there is a significant potential
drop inside it. By comparing the field values at x = ls we see that
there is a difference of potential between the two fingers:

�� ≈ 1− �(x = ls, xt = ll) =
ls

1 + d(M − 1)
, [5]

where d = 1 − ll. If such fingers were placed at a distance �y
next to each other, there would be a gradient of potential ��/�y,
between the shorter finger tip and the longer finger, provided that
the fingers do not influence each other. As a result, the shorter
finger would be attracted toward the longer one.

Second, let us focus on the potential at the fingertip as a
function of the tip position �t(xt) = �(x = xt) (Fig. 2A, light
gray line and Fig. 2B), and analyze how it changes with the
mobility ratio. The higher the M , the steeper the profile of the
potential at the fingertip, and the longest finger must be closer
to the outlet to feel its impact. As can be seen in Eq. 5, �� is
inversely proportional to the product Md . This suggests that the
critical distance, dc, at which the pressure inside the longer finger
begins to drop and the attraction between two fingers would
appear, scales as dc ∼ M−1.

In the limiting caseM →∞ the functional dependence�t(xt)
becomes a step function (Fig. 2B). The fingers have a constant
potential along their length, no matter how close they are to
the outlet, and there is no difference in potential between them.
However, when one of the fingers breaks through, the potential
inside it takes the form�(x) = 1−x. This instantaneous pressure
drop inside the longer finger induces a pressure difference with
respect to the shorter finger, �� = ls. Consequently, at the
moment of breakthrough, we observe a sudden transition from
no interaction between the fingers to attraction of the shorter
finger to the longer one.

1.2. Finger Interactions in Two Dimensions: Screening andRevival. Although insightful, the 1D model treats two fingers
independently of each other and does not take into account

effects of finger interactions such as screening. To investigate
these effects we conduct numerical simulations in a 2D geometry.
Two fingers are placed in a cell of length L = 1 and width
W = L/3 with periodic boundary conditions on the bottom
(y = 0) and top (y = W ) wall. The long finger of length ll
is positioned at y = 0, and the short finger of length ls is at
y = W /3, as shown in Fig. 3 A and B. The fingers have a shape
of thin rectangles of width W /15 with semicircular caps. We
solve the equations for the field with the finite element method
implemented in the FreeFEM++ software (32) (Materials and
Methods, section 3.2).

Fig. 3 A and B represent isolines of the field (the same set of
values) in two cases: M = 106 and M = 102. We observe that
for high mobility ratio there is a negligible potential drop inside
the fingers, and the longer finger attracts almost all of the flux. As
a result, it screens the shorter one and would suppress its growth.
For lower mobility ratio, due to the potential drop inside the
longer finger, some flux can reach the shorter one, so it can still
grow.

We consider the field values along the center line of the long
and short fingers for the two mobility ratios (Fig. 3 C and D).
The profiles along the longer finger are piecewise linear, similar
to the 1D solutions presented in Fig. 2A. However, the field

A

B

C D

Fig. 3. Numerical solutions of Eqs. 1–3 for a 2D system. (A andB) A schematicof the 2D setup with two fingers (of lengths ls = 0.3 and ll = 0.9) in a periodiccell of length L = 1 and width W = L/3 with the isolines of the field for:(A) M = 102 and (B) M = 106. In the Inset, we mark the attractive (Qa) andrepulsive (Qr) fluxes intercepted by the right and the left side of the fingertip,respectively. (C and D) Field values along the longer and shorter finger [cross-sections marked with dashed lines in (A) and (B)] for the two mobility ratios.Insets in (C) and (D): the difference between the field inside the longer finger
and outside the shorter one: �li − �so. The black dashed line is a fit to the
linear part of the plot in Inset (C), highlighting the exponential decay of�li − �so(from the longer finger tip perspective).

PNAS 2024 Vol. 121 No. 29 e2401200121 https://doi.org/10.1073/pnas.2401200121 3 of 7



values outside the shorter fingers (�s
o) are strongly influenced by

the longer ones. In fact, the difference between the field inside
the longer finger and the field outside the shorter one, �l

i − �s
o,

decays exponentially from the perspective of the longer finger tip,
as shown by the black dashed lines in Insets in Fig. 3 C and D.
As a result, the shorter finger is strongly screened and almost no
flux reaches its tip.

The situation changes drastically as the longer finger ap-
proaches the outlet. In Fig. 4A, we analyze the total flux Q
through the tip of the shorter finger as a function of gap d—the
distance from the longer finger tip to the outlet of the system. The
length ratio is kept constant ls/ll = 1/3 and Q is calculated by
integrating the flux at the shorter finger tip for � ∈ [−�/2,�/2];
see the Inset in Fig. 3A.

For relatively low mobility ratio, the shorter finger is weakly
screened and receives some flux, even when the longer finger is
far from the outlet (large d ). The higher the M , the stronger the
screening effect, hence for large d the total flux in the shorter
finger is close to zero, and it only starts to increase as the gap gets
smaller. Note that the critical distance from the outlet, at which
the screening starts to diminish, decreases as M gets larger. This
is a further manifestation of the fact that the critical gap at which
screening vanishes scales as M−1, as already described with the
1D model. The above confirms that for sufficiently small d , or
after the breakthrough, short fingers that were strongly screened
would revive and start growing again, as also noted in refs. 25
and 26.

Interestingly, for large M the Q(d) dependence approaches a
universal function that simply shifts in d as M increases. This
suggests that the flow profiles should collapse onto a master
curve when plotted as a function of Md , which is indeed the case
(Fig. 4B). Moreover, if we define rescaled d : d ′ = Md , plug it
into Eq. 5, and take the limit of M →∞ we see that the master
curve will be of the form 1/(1 + d ′). This can be adapted for a
2D system and written as

Q(d ′) = q0 + (q1 − q0)/(1 + d ′/d ′c). [6]

The three parameters q0, q1, d ′c can be easily extracted from the
simulation results and have a clear physical interpretation: q0 and
q1 are the flux reaching the shorter finger tip during screening
phase and after revival, respectively; d ′c, the inflection point of
the sigmoid, is the rescaled critical gap at which the shorter
finger in the two-dimensional system revives. As can be seen
in Fig. 4B, dashed line, Eq. 6 perfectly captures revival in our
system.

1.3. Finger Interactions in Two Dimensions: Repulsion andAttraction. Having described the revival of the shorter finger,
let us discuss the change in their growth direction near the
breakthrough. To quantify this, we calculate the attractive, Qa,
and repulsive flux, Qr, by integrating the flux on the shorter
finger tip for � ∈ [0,�/2] and � ∈ [−�/2, 0], respectively
(see Inset in Fig. 3A). We then take the difference of the two
fluxes, Qa − Qr. The positive value of this quantity will be
interpreted as an effective attraction and should result in the
shorter finger growing toward the longer one. Conversely, if the
value is negative the fingers repel. Fig. 4C represents repulsion-
attraction maps as a function of two parameters: mobility ratio
(M ) and finger length ratio (ls/ll). The maps are shown for four
gaps: d = 1/2, 10−2, 10−4, 0; the latter corresponds to the
breakthrough.

For large gap (Fig. 4C, d = 1/2), we observe an island of
attraction in the region of lower mobility ratio, M ∈ (100

−

102), and the length ratio, ls/ll ∈ (0, 0.6). This quantitatively
agrees with the results of the resistor model presented by Budek
et al. (31), where the interactions between the fingers distant
from the outlet were analyzed. As described there and as can be
seen in Fig. 4C, d = 1/2, for the systems of low mobility ratio
the screening is weak and the fingers can attract each other to
form loops. Note that in the other maps in Fig. 4C, regardless
of the gap size d , the value of Qa − Qr remains almost the same
in the region of low mobility and length ratio. This suggests that
in such systems the breakthrough will not drastically affect the
dynamics and interactions between the fingers.

The impact of the gap size on the interactions is more apparent
in the region of higher mobility ratio, M ∈ (103

− 106), and
length ratio, ls/ll ∈ (0.6, 0.9). Here, the interactions change from
slight to strong repulsion when the leading finger is distant from
the outlet, d = 1/2, 10−2, and finally, after the breakthrough,
d = 0, we observe a transition from strong repulsion to strong
attraction. Hence, for systems of higher mobility ratio, the impact
of the breakthrough should be more striking in the dynamics
of the fingers. In particular, even for very high mobility ratio,
the longer finger will always attract the shorter ones after the
breakthrough.

1.4. Temporal Evolution of the Fingers. Finally, we perform
dynamic simulations of finger growth. During growth, we do
not change the finger shape (constant width and semicircular
tips) and extend it only in the direction from which the highest
flux is coming (Materials and Methods, section 3.2). Here, we

A B C

Fig. 4. Revival and interactions between the fingers when the gap changes. (A) Total flux intercepted by the shorter finger tip, Q = Qa + Qr (as defined inInset in Fig. 3A), as a function of d. The length ratio is kept constant, ls/ll = 1/3. (B) Total flux plotted as a function of Md. The master curve, red dashed line,corresponds to Eq. 6 plotted with q0 = 0.05, q1 = 9.76, d′c = 0.23. (C) Maps of interactions between the fingers, Qa − Qr, as a function of two parameters:
mobility ratio (M) and finger length ratio (ls/ll). Maps are plotted for four gaps: d = 1/2, 10−2 , 10−4 , 0. Red colors indicate attraction, gray repulsion, and theblack dashed line separates the two.
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Fig. 5. Velocity of the shorter finger in the dynamical simulation of growthwith mobility ratio M = 1,000. The black dashed line marks the total velocityof the finger, gray its x-component (pointing toward the outlet), red the y-component (repulsion from the longer finger), and green the absolute valueof vy (attraction to the longer finger). Gray vertical lines mark: initial time(t0); start of screening (t1), when the acceleration of the finger becomesnegative; start of revival (t2), when the acceleration changes its sign again;breakthrough (BT, t3) and reconnection (t4). Snapshots from the simulationwere taken at the corresponding moments of the evolution (lighter color onthe fingers marks the parts that grew between successive moments).

analyze the evolution of two fingers with slightly different
initial lengths, ls = 0.04 vs. ll = 0.05, and mobility ratio in
the system M = 1,000. With such initial conditions, we can
observe all previously described interactions between the fingers:
competition and repulsion, screening, revival, and attraction. The
dynamics of the fingers are presented in Movie S1.

In Fig. 5, we show how the velocity of the shorter finger
changes over time, along with the snapshots from the simulation.
First, as the fingers start with similar lengths, we observe
competition and repulsion between them—the fingers accelerate
and grow with similar rate, until the longer finger wins and
starts to screen the shorter one. At this moment (t = t1), the
shorter finger starts to slow down. As the longer finger approaches
the outlet, the field inside it begins to decrease (as visible in
Movie S1). Consequently, screening disappears and the overall
flux within the shorter finger increases. The shorter finger revives
and accelerates again (t = t2).

Shortly after t2 the attraction toward the longer finger appears:
the positive vy, away from the longer finger (depicted by the red
line in Fig. 5) transitions to negative, toward the longer finger
(|vy|, marked with the green line in Fig. 5). This stage corresponds
to the expansion of the attraction region on the interaction
maps prior to the breakthrough (Fig. 4A). Then, just before
the breakthrough (t = t3), there is a sudden jump in velocity.
This last boost significantly expedites the loop formation process.
As the distance between the two fingers diminishes, the attraction
intensifies. This cumulative, snowball-like effect, triggered by the
breakthrough, culminates in the eventual reconnection at t = t4.

1.5. Comparison of the Simulations to Experiments. We ad-
ditionally present two simulations that qualitatively reproduce
the behavior of the fingers in the fracture dissolution and
Saffman–Taylor experiments seen in Fig. 1 B and C, with ap-
proximate mobility ratios of M = 14 and M = 100, respectively
(see Materials and Methods, sections 3.1.1 and 3.1.2 for details
on how the mobility ratio in the experiments is calculated).
In these simulations, the fingers were initiated with lengths of
ls = 0.002 and ll = 0.18. In SI Appendix, we include videos
from the simulations (Movies S2 and S3) and videos from the
experiments (Movies S4 and S5). In Fig. 6, we show the plots
of the velocity of the shorter finger, both in the simulations and
in the experiments, in the case of fracture dissolution (M = 14)
and viscous fingering (M = 100).

As predicted in the previous section, in the case of the lower
mobility ratio, the shorter finger is attracted toward the longer
one almost from the very beginning of the evolution, both in
the simulation (Fig. 6A and Movie S2) and the experiment
(Fig. 6B and Movie S4). There is also no effect of screening,
and flux is nonnegligible even when the longer finger is far away
from the outlet. As a result, the finger grows with an almost
constant total velocity, which remains unchanged even during
the breakthrough.

In contrast, for higher mobility ratio, the shorter finger in
the simulation (Fig. 6C and Movie S3) and in the experiment
(Fig. 6D and Movie S5) is initially screened by the longer one
and grows relatively slowly. Only after the breakthrough does it
revive and eventually reconnect forming a loop.

2. Conclusions

As previously described in the literature, attractive interactions
between the fingers can appear in the systems of low mobil-
ity ratio, leading to reconnections. For high mobility ratio,
only screening and repulsion have been observed, resulting in
branched loopless structures. However, when studying systems
such as viscous fingering or fracture dissolution, experiments are
often terminated when the invading phase reaches the border of
the system. An unexpected behavior arises in a broad class of
unstable growth processes when the proximity of the outlet is
considered and the evolving structure breaks through.

We have shown that a striking transition in the system
dynamics occurs when the breakthrough is reached, especially
in the case of infinite mobility ratio, where a singular limit
emerges. Prior to the breakthrough, the field along the longest
finger remains constant regardless of its proximity to the outlet,
and the finger screens the rest of the system. At the moment
of breakthrough, however, the field in the longer finger drops
dramatically, allowing the flux to reach the shorter neighboring
fingers. This affects the dynamics of the shorter fingers, causing
their revival and a strong attraction to the longer finger. The
interplay of these two factors leads to reconnection and loop
formation.

To explain breakthrough reconnections, we used a simplified
model of growing Laplacian fingers: i) we neglected the jump
in the field across the interface associated with the regularization
mechanism; ii) we assumed that the change of mobility across
the interface is discontinuous, rather than smooth as in, for
instance, fracture dissolution; iii) we kept the shape of the fingers
unchanged during their evolution, whereas in some systems, such
as viscous fingering, when the fingers receive more flux, their tips
begin to grow in width, which impacts their velocity (33, 34).
Regardless, for high mobility ratio, boundary condition on the
fingers transitions from a constant field in the initial state
to a linear gradient near the breakthrough. This field change
near the breakthrough is much larger than any jump in the
field resulting from regularization mechanisms (Materials and
Methods, section 3.1.2). The transition between the two boundary
conditions might be more gradual due to ii) and iii), but it
still significantly impacts the finger dynamics. This is evidenced
by sudden loop formation observed in physical systems such
as viscous fingering or discharge patterns, and also in living
organisms such as the jellyfish Aurelia (Fig. 1 B–E).

The breakthrough reconnections are expected to occur in
virtually any system driven by diffusive fluxes. Observing it
in a system of a yet unknown growth mechanism, such as the
gastrovascular canal network of the jellyfish (Fig. 1E), is a strong
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Fig. 6. Comparison of simulations to experiments. (A and B) Velocities of the shorter finger in the fracture dissolution simulation and experiment, respectively.The mobilities here are related to the aperture values in the dissolved and undissolved regions (Materials and Methods, section 3.1.1). The mobility ratio isM = 14. (C and D) Velocity of the shorter finger in the viscous fingering simulation and experiment. Here, the mobility ratio is the inverse of the viscosity ratioand is M = 100. The line colors and time points in the plots indicate the same as in Fig. 5. Snapshots were taken at the corresponding moments of the evolution.The lighter color on the fingers from the simulations marks the parts that grew between successive moments. The black arrow in (D) marks the shorter finger.

indication that the system dynamics are controlled by the effective
diffusion of a morphogenic parameter. This sheds light on the
possibility of dynamical loop formation in many systems.

3. Materials and Methods

3.1. Experiments.
3.1.1. Fracture dissolution. The fracture dissolution experiment presented in
Fig. 1B was performed in a microfluidic setup described in detail in ref. 35.
It consists of two polycarbonate disks. The bottom one contains a rectangular
indentation (3.3 cm× 3.8 cm× 100 μm), which is initially filled with a soluble
material, in our case plaster (Plaster of Paris, Blik Modelarski Alabastrowy). The
top plate contains a hierarchical system of inlet and outlet channels connected
to large inlet/outlet reservoirs (4.5 cm× 5 mm× 2 mm). Such a design helps
to maintain uniform pressure across the width of the plaster. The aperture above
the plaster is created by gluing the plates together with an ultrathin PET-based
double-coated tape 70 μm thick with a rectangular hole the size of the plaster
block. The cast was prepared with a 60% (w/w) ratio of water to plaster. This yields
an average porosity of the block of � = 50% (measured porosity to water) and
a permeability of 45 mD (measured by injection of isopropanol). Pure water is
injected into the system with a syringe pump (Harvard Apparatus PHD2000) at
a rate of q = 0.5 mL/h. We recorded the experiment with a UI 1550LE-C-HQ
CCD camera (IOS, Germany), acquiring photographic images of the system every
100 s. In order to ensure homogeneous light intensity over the system, we used
a circular fluorescent illuminator.

For experiments conducted in a Hele-Shaw cell, the mobility can be expressed
as � = h3/12�, where h is the aperture of the Hele-Shaw cell available to the
fluid and � is the fluid viscosity. Thus, increasing the aperture in the dissolved
part of the system (black area in Fig. 1B) effectively introduces two phases with
different mobilities. The mobility ratio in this experiment was approximately
M = (h1/h2)

3 = (170/70)3
≈ 14.

3.1.2. Saffman–Taylor experiment. The Saffman–Taylor experiment presented
in Fig. 1C was performed in a circular Hele-Shaw cell with a 1 mm separation
between the bottom and top plates. The Hele-Shaw cell was initially filled with
oil (dyed with paprika to increase contrast in the images). Water was injected
into the system through an inlet located in the center of the top plate. The
experiment was recorded with a Nikon D3000 camera. A LED panel was used

below the Hele-Shaw cell to ensure uniform light intensity throughout the
system. the mobility ratio is the inverse of the viscosity ratio and was of the order
of M = �2/�1 ≈ 100.

The pressure jump in a Hele-Shaw is estimated using the Young–Laplace
equation:Δpcap = 
(2/b+1/r), where 
 = 49 mN/m is the surface tension
between oil and water, b = 1 mm is the spacing between the plates, r ∼ 1
cm is a typical radius of curvature for the fingers. This yields Δpcap

∼ 10−3

Pa. When the breakthrough occurs, the pressure inside the longest finger drops
from the inlet value to a linear gradient between the inlet and outlet. The typical
pressure difference between inlet and outlet in our Saffman–Taylor experiment
was of the order of 102 Pa. Thus, the change in � induced by the breakthrough
is 5 orders of magnitude larger than the pressure jump due to surface tension,
and it can be neglected.
3.1.3. Jellyfish. The breakthrough reconnections can also be encountered in
biological systems. The gastrovascular system of the jellyfish Aurelia is composed
of canals in which seawater flows, carrying nutrients and oxygen to the
surrounding tissues. New canals (sprouts) appear on the circulatory canal at
the rim of the jellyfish subumbrella and grow toward four stomachs in the center
of the jellyfish. We observed that the smaller sprouts reconnect to the long canal
that just connected to the gastrocircular groove around the stomach (3) (Fig. 1E).

Jellyfish were reared at room temperature (22 ◦C) in artificial seawater
prepared by diluting 28 g of synthetic sea salt (Instant Ocean; Spectrum
Brands, Madison, WI) per liter of osmosis water (osmolarity 1100 mOsm).
In the laboratory, polyps of the Roscoff strain (36) are used (obtained by courtesy
of Konstantin Khalturin from the Marine Genomics Unit, Okinawa Institute of
Science and Technology Graduate University, Onna, Okinawa, Japan). A more
detailed description of jellyfish rearing can be found in ref. 3.

To observe the jellyfish gastrovascular system, the jellyfish are caught from
the aquarium approximately 3 h after feeding them with artemia. In this way,
the gastrovascular canals are colored orange by the digested artemia. They are
anesthetized with magnesium chloride dissolved in seawater. Then, they are
placed in a Petri dish in shallow seawater with the subumbrella facing up. The
images are taken by transillumination using a Leica macro zoom (MACROFLUO
LEICA Z16 APO S/No: 5763648) and a Photron Fastcam SA3 camera. The images
were stitched using Adobe Photoshop. The canals in the images were highlighted
with gray color.
3.1.4. Streamer discharge. Streamer discharges are fundamental building
blocks of sparks and ligthnings. An experimental photo presented in Fig. 1D
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was obtained by courtesy of Sander Nijdam (37). Here, the mobilities are
the conductivities inside the discharge channel and the air. Breakthrough
reconnections in this context have been observed in many experiments (38–40).
In ref. 27 stereo photography was used to fully reconstruct the three-dimensional
structure of the reconnection events.3.1.5. Velocity of the fingers. To estimate the velocity of the fingers in the
experiments, we binarized the images and prepared a mask that covered the
area of the image in which the finger was growing. Next, we calculated the area
of the shorter finger (within the mask) in successive frames. The approximate
velocity of the finger was defined as the rate of change of this area. Finally,
the velocity was smoothed using the Savitzky–Golay filter (function savgol_filter
from the Scipy package).

3.2. Numerical Simulations. The numerical calculations and simulations were
performed using the codes available on the GitHub repository (https://github.
com/stzukowski/reticuler) (41, 42). In the temporal simulations, the fingers
have a constant width and end with semicircular tips, as in the static numerical
calculations. In each time step of the evolution we solve the equations for the
field (Eqs.1–3) with the finite element method implemented in the FreeFEM++
software (32). To calculate the field in the system, we decompose it into two
domains: the fingers and the outside. The mobility field is declared, M(x, y),
which is equal to �1 inside the fingers and �2 outside. Our script solves the
equation for the field in the form:∇ · (M(x, y)∇�(x, y)) = 0.

To determine the velocity of the finger, we integrate the flux entering its
tip. Following the principle of local symmetry (41, 43), we extend the finger
in the direction from which the highest flux comes (while keeping its width

constant). The dynamical simulation in Fig. 5 was initiated with branches of
length ls = 0.04 and ll = 0.05, while the simulations in Fig. 6 started with
branches of lengths: ls = 0.002 and ll = 0.18. The velocity in y direction in
Figs. 5 and 6 was treated with the Savitzky–Golay filter (savgol_filter function
from the Scipy package) to smooth the numerical noise caused by the small
order of magnitude of this velocity.

Data, Materials, and Software Availability. All study data are included in
the article and/or supporting information. The codes are available on the GitHub
repository (https://github.com/stzukowski/reticuler) (42).
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Patterns in biology can be considered as predetermined or arising from a self-

organizing instability. Variability in the pattern can, thus, be interpreted as a trace

of instability, growing out from noise. Studying this variability can, thus, hint

toward an underlying morphogenetic mechanism. Here, we present the

variability of the gastrovascular system of the jellyfish Aurelia. In this

variability emerges a typical biased reconnection between canals and time-

correlated reconnections. Both phenomena can be interpreted as traces of

mechanistic effects, the swimming contractions on the tissue surrounding the

gastrovascular canals, and the mean fluid pressure inside them. This reveals the

gastrovascular network as a model system to study the morphogenesis of

circulation networks and the morphogenetic mechanisms at play.

KEYWORDS

morphogenesis, gastrovascular, network, jellyfish, instabilities, variability, mechanical
constraints

1 Introduction

Morphogenesis remains an important question in biology. Independently of how the

phenotype can be selected through natural selection, it remains essential to understand

how it can appear, develop from its original fertilized egg, and get its own shape. Since

humans observe nature, they classify similar shapes into species. Within one species, the

shape is robustly perpetuated across generations. So, biological shapes are constrained

enough within one species. Even with the discovery of many genes and produced

molecules and their important role in morphogenesis, how these constraints are

applied to guarantee a given result is not completely clarified. In particular, how a

complex shape can appear while being constrained remains obscure [1]. A complex shape

would need much information to be described, thus many regulations to achieve it.

However, the unfolding in time of instability can lead to a regulated complex shape from a

simple mechanism [2].
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In his pioneering work, Alan Turing proposed that even if

some morphogenesis can be implemented through the various

concentrations of some chemical products, the pattern they

present is created by a spatial instability [3]. This means that

even if the original distribution of chemicals is homogeneous,

this state will be unstable and spontaneously goes into patches of

different concentrations. Also, the pattern is spontaneously

created, not controlled: only its global characteristics, such as

wavelength, which depends on the reactions and diffusion

characteristics of the chemicals are set, not its particular position.

This view may seem contradictory with the constrained

production of a stereotyped shape. However, many examples

of fluctuating shapes can give the intuition of an underlying

instability. In this study, this is the case we present for the

formation of the gastrovascular network of the jellyfish

Aurelia. Jellyfishes are very old life-forms that appeared before

the “vertebrate” revolution but already present a complex

vascular structure. This vascular structure is an open circuit,

perfusing the whole body from the open mouth to the stomach

pouches and back [4, 5]. The flow in this circuit is due both to the

effect of the whole contraction of the body and to the action of

many cilia on the internal epithelium. These canals, in a body

plan which is basal in the animal tree, can be seen as an early

simple model of a network of tubes with a transport function as

the later evolved closed vascular networks such as the blood

vascular network.

This gastrovascular canal network develops while the jellyfish

grows from its first ephyra stage. This ephyra stage emerges from

a sessile polyp [5, 6]. During the transformation of the polyp into

jellyfish (a process called strobilation), this polyp is subjected to

instability that creates many disks along its axial body, each disk

being unstable in the radial direction and forming arms (lobes

with two marginal lappets), of typical 8-fold symmetry. One after

the other, the top disk further transforms and detaches, resulting

in a free swimming jellyfish larva, the ephyra. This way of

generation ensures that a series of jellyfish appears from a

very same polyp, so they are clones. The development of the

gastrovascular canal can be followed while the jellyfish goes from

a star-like shape ephyra of a few mm diameters to a juvenile

jellyfish of approximately 10 mm, which has just reached the

circular shape of adult medusa to a mature jellyfish of about

100 mm.

We will focus on the growth of the pattern from juvenile,

with few rather stereotyped canals, to adult, with many canals.

The formation of the network before the juvenile stage has

complex but more regular steps [5] and is not considered in

this study. Subsequent growth happens with the sprouting of new

canals and their reconnection with the rest of the system. There is

a strong tendency for a sprouting canal to reconnect to the

younger neighbor, leading in an ideal case to a particular fractal

pattern. However, this bias is not absolute, and there are many

variations. With the observation of these dynamics and their

results of complex and varying shapes, we can get closer to the

origin of the morphogenetic process. More precisely, the

question of which phenomena can be responsible for the

development of these shapes can be studied. In the following,

we will present two possible phenomena with both some interests

and limitations.

2 Canal network morphogenesis

2.1 Stereotypical morphology

The gastrovascular canal network in juvenile jellyfish can

be presented with a stereotypical structure (see Figure 1A). In

1/8th of the jellyfish (an octant), there is radially one gastric

pouch of the stomach (or the junction between two pouches)

near the center, and a marginal ring canal, circling around the

whole rim of the jellyfish. Radially, there are two canals, rather

straight and unbranched, joining the side of the pouches to the

marginal ring canal, the adradial canals. Between such two

straight canals, there is a canal joining the gastric pouch

(interradial canal) or directly in the mouth opening at the

pouch junction (perradial canal) to the marginal ring canal

and a rhopalium (a sensory organ that can be caricatured as an

“eye”). These canals present, in the juvenile stage, two

secondary side branches connecting the main inter or

perradial canal with the ring canal, forming a trifurcation.

There is no apparent difference between interradial and

perradial morphologies. We will, thus, simply call them

“trifurcate” canals (in contrast we can call the adradial

canals the “straight” canals). In juveniles, new canals

mainly sprout from the marginal ring canal and connect to

one of the surrounding already existing radial canals.

After growth, for adult jellyfishes, it is tempting to present

its shape as a regular, fractal one. Although a perfect one is

rare, it can be sometimes observed in small jellyfish (we found

occurrences in nature or in the Cherbourg Aquarium

culture). The best way to understand it is, as for fractals,

to describe its construction, step by step, with canals

connecting to each other in a well-defined and precise

order (Figure 1B). In the juvenile stage (Figure 1A) at the

ring canal, the trifurcation cut the interval between the two

straight canals in four. Roughly four new canals sprout from

the ring canal, grow in these intervals, and connect either left

or right to the two younger side canals of the fork. The next

generation of eight canals would also connect to the last

previous generation, leading to a distinctive tree shape

(Figure 1B).

There is a strong tendency, around 80% of the cases

(Figure 1C and Supplementary Material), for the new

sprouting canals to connect to the younger radial canal at

proximity. If we look at the distribution of “false”

connections, that is, canals not connecting to the younger

canal at proximity, per octant, we find the very asymmetric
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distribution of Figure 1C. This indicates that it is a real bias and

that the false connections accumulate independently, making it

more probable to have only few false connections (but rare to

have none) and rarer to have more false connections. The

essential question arising from this structure and its

development is to understand why new canals would connect

to the younger previous ones.

2.2 Differential contraction

To understand this differential connection of the sprouting

canal to the youngest close one, a first observation on the

morphology and appearance of the canal itself is helpful. The

canals, consisting of a canal wall with a monolayer of dense

canal cells around a lumen, are situated inside a monolayer cell

FIGURE 1
Structure andmorphogenesis of the canal network of the gastrovascular system of the jellyfish Aurelia. (A) Picture of a juvenile jellyfish showing
the structure of the gastrovascular system. There are typically four stomach pouches (sp), eight sensory organs, or rhopalium (r). At the periphery of
the jellyfish there is a ring canal (RC in blue). Connecting this ring canal, from the sides of the stomach pouches, there are typically eight straight
adradial canals (AC in red). Between these adradial canals, other canals connect either the stomach pouch, the perradial canal (PC in green), or
the junction between two stomach pouches, the interradial canal (IC in orange), to the rhopalia. New canal sprouts (CS) sprout from the ring canal
(arrows). (B) Picture of two octants of a later developmental stage (original in Supplementary Figure S2). The sprouting canals have reconnected to
older ones, forming branched perradial and interradial canal systems (rhopalia, yellow dashed circles; adradial canals, and red; original trifurcate
canals, blue). The sprouting canals have the tendency to reconnect to the youngest side canal (white circles), leading in theory to a specific fractal
tree shape. The four (green) canals sprouting in the two intervals between the fork and the two intervals near the side straight canals (red) would
connect to side branches of the original (blue) fork. The next eight canals (yellow) would connect to the previous one (green). Also, the next
generation (orange) would connect to the previous one (yellow). Some connections do not follow this pattern and either reconnect to older ones
(dashed red circles) or even directly to the stomach pouch (red disk). Some irregular growth is also visible on the left (perradial canals), leading to
mixing of generations, as some fourth (orange) canals have already appeared, and even connected, while some third order (yellow) generations have
not appeared yet or reconnected. (C) Histogram of the percentage of “false” connections (i.e., canal connections not made to the closest younger
canal) inmidsize jellyfish as in B, per octant (seven jellyfishwith eight octants and onewith nine octants n= 65 octants). There are, for instance, 10% of
octants present between 32% and 40% of false connections. The median value (dashed line) is 20%.

FIGURE 2
Anatomical position of the canals in the jellyfish Aurelia. The canals are surrounded by an endodermal layer positioned just above the lower
epidermis with muscles. (A) Schematic representation. (B) Optical view of a histological 4 μm thick microtome slice of a fixed jellyfish.
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sheet with largely spread endodermal cells (see Figure 2). We have

observed that the canal sprouts are growing in the endodermal sheet

with cell proliferation around the tip of the canal [7].

The second important point for a possible morphogenetic

mechanism is that these canals are growing while the jellyfish is

growing, and it is growing while being, since the beginning, actively

contracting, to swim and gather food. These contractions from a

nearly flat state to a bell shape are done by amuscle sheet contracting

and reducing the periphery perimeter. Thesemovements then induce

a considerable mechanical deformation to the endodermal layer,

containing the canals, which is just above thismuscle layer (Figure 2).

A proposed mechanism for the bias in connections is that

the mechanical response to the contraction during swimming

is different for different parts of the tissues. We propose that

the endodermal cells which are not part of canals are

submitted to a high mechanical stress as they are nearly

incompressible, being held by the incompressible, but soft,

upper and lower mesoglea [8]. On the contrary, canals are not

flat; they enclose a lumen which protrudes out from the

endodermal sheet (Figure 2B). Measurements during

contractions show that the older the canal, the more

deformable it is (Figures 3A,B). We propose this property

as the cause of the bias leading growing canals to connect more

frequently to younger canals than to older ones.

2.3 Simulating contraction

To see the effect of the differential contractibility of the

canals, we analyzed the distribution of the stress in the

jellyfish during muscle contractions. To do so, we build a

mechanical model of the endoderm and of the canals of the

jellyfish. The effects of the mesoglea elasticity and muscle

contractions are injected through the boundary conditions.

The model geometry is limited to a slice of the endoderm

near the ring canal. The endoderm slice is represented by a ring at

the edge of a circular disk (Figure 4A), extending 1/5 of the

jellyfish radius. We neglect the local convexity of the endoderm,

approximating it with a plane surface. During swimming, the

umbrella reduces its radius, increasing the convexity, but we

assume it remains flat. The geometry of the canals and sprout

were chosen to be coherent with our observations in a juvenile

jellyfish of 1 cm diameter (see Supplementary Figure S7A).

The model follows the law of mechanics: ρ z2u
zt2 − div(σ(ϵ)) � 0,

where ρ is the density of the endoderm (assumed to be similar to that

of water), u is the displacement of the material, ε =  u is the relative

displacements of the material (strain), and σ(ε) is its stress–strain

relationship. To close the model, we further use the Hooke’s law of

elasticity to express the stress as a function of the strain. Since we are

not interested in the global bell shape of the jellyfish and its change

during the muscle contractions and spring back mediated by the

mesoglea elasticity [8], we neglect the stress components in the

direction normal to the (flat) endoderm surface, that is,

σz � 0, σxz � 0, and σyz � 0. As a consequence, our model is a

2D model and Hooke’s law reduces to

σx � E

1 − ]2
ϵxx + ]ϵyy( ),

σy � E

1 − ]2
ϵyy + ]ϵxx( ),

FIGURE 3
Relative contraction of canals during jellyfish swimming contraction. (A) A sequence of pictures showing a young and an older canal pictured
during a contraction (with also a canal sprout in between). Canal width measurement during the resting phase and the maximum contraction allows
measuring the relative contraction of the canals. (B) The pairwise measurement shows that the contraction of a young canal is significantly smaller
than the one for older canals (p < 0.01, one-way repeated measures Anova, followed by a Student–Newman–Keuls test for a pairwise multiple
comparison).
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σz � 0,

σxy � E

1 + ]
ϵxy,

σxz � 0,

σxz � 0,

with E being Young’s modulus and ν Poisson’s ratio. The

observed difference of deformability (Figure 3) was translated

into plausible elastic Young’s moduli and Poisson ratio. We

assume the endoderm as a flat rigid nearly incompressible

elastic sheet. The near incompressibility in the plane is given

by Poisson’s ratio ]en = 0.49 and the rigidity by Young’s modulus

Een = 100 Pa. We modeled the canals in 2D by a compressible

elastic membrane, with a lower Young’s moduli than the

endoderm. The chosen Poisson’s ratio of the canals of 0.3 (]yc
= ]oc = 0.3; νyc being the Poisson’s ratio for the young canal and

νoc the Poisson’s ratio for the old canal), allows for compression

in the plane, translating the vertical expansion of the canals. The

Young’s modulus of the young canal is assumed to be stiffer with

Eyc = 30 Pa than the old canal, for which Eoc = 10 Pa.

The muscular orthoradial contraction is mimicked via the

boundary conditions as shown in the Supplementary Figure S7B.

To simplify, instead of compressing the whole two radial borders

of the slice, we only reduce the radial position of the outer circular

boundary. Following our observations, we typically reduce it by

200 μm in one second. The sides of the ring slice can only slip

along the radial axis, and the inner circular boundary is free to

move (σ(ϵ).n � 0, with n the outer normal of the boundary). As a

result, the whole slice compresses after one second. At the end of

the contraction, the circular deformation is 4% at the outer edge

(top of ring canal) and 5% at the inner edge. With these

characteristics, the simulation can be performed quasi-

statically. The model of contraction was studied with a

numerical simulation based on finite elements.

The results show an accumulation of stress at the tip of a new

canal (the stress is partly released at the sprouting canal, and all

the residual stress around focuses on the tip), and the stress is

slightly different in the two surrounding canals of different age/

stiffness (Figure 4A). At the tip, the stress shows two lobes,

toward both side canals, the one toward the younger canal being

larger and more intense (Figure 4B). The quantitative result is

that the maximum of stress is shifting toward the younger stiffer

canal (Figure 4C). Based on these observations, we propose that

high stress will guide the canal sprout to grow toward the younger

stiffer radial side canal.

3 Variability

Since the connection of the sprouting canal to a younger close

one is only a strong bias, there are many variations of patterns

and only rarely a perfect one. Looking more generally at Aurelia

jellyfish from different origins and growth conditions (see

Section 6) also reveals variable patterns. The observed patterns

display more variability than what we would expect from the

previously described process based on successive sprouting of

new canals from the rim and connection to the youngest

neighboring canal.

FIGURE 4
Stress distribution predicted by numerical simulations (A): Finite element simulationwith stiffer young canal (left) and softer old canal (right). The
contraction is reproduced by reducing the radial distance with a constant angle, thus reducing the orthoradial one. The log of the mechanical stress
(colored scale) is smaller (blue-green) in the soft right canal, and reduced around the sprouting canal (light blue), but concentrated at its tip (red spot).
(B): A zoom of the stress around the tip. Level lines, circling away the red spot reveal two lobes, one forward left to the young canal, one right to
the old canal. Lines drawn at fixed distances are drawn with each its color code, to measure the stress along them. The two stress maximums and
minimum along these successive lines are indicated by black full and dotted lines, respectively. (C): The stress measured along these lines, centered
on the axial position of the tip and rescaled from beginning to end, with their colors, and the distance to the finger indicated. Horizontal dotted lines
show that the left maximum toward the young canal is always higher. This will turn the propagation of the new canal sprout toward the younger,
stiffer one.
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Figure 5 shows four cases giving an indication of the large

variety of patterns. As a source of variability, one can observe

that, even after reconnecting, the side canals would keep

growing toward the stomach (pink ovals in Figure 5A).

Another variation is the presence of meandering canals that

are potential sites for the growth of new canals. Both modes of

growth induce the formation of loops on large (old) jellyfish,

transforming the gastrovascular network into a foam-like

pattern (Figure 5D). This creates patterns much more

difficult to analyze.

An interesting point is that since there is a variability in these

patterns, one can study where these variations originate from. In

the case of ephyrae coming from a single polyp, which means

they are clones and grown together, thus in identical conditions,

one can look at resulting patterns. Here, we present three such

clones grown together (Figure 6). One can observe a similar type

of pattern but still differences. This shows that, even for

genetically identical jellyfish and an identical environment,

there is no strict control of the pattern. This suggests a self-

organized pattern formation, relying on instability, amplifying

the noise.

4 Canal breakthrough

A particular type of deviation from the stereotypical

development is interesting to see dynamically. During

development, one can observe that some canal sprouts do not

FIGURE 5
Four Aurelia specimens of around the same size, from Cherbourg. The rhopalia are surrounded by yellow-dashed circles, and the adradial
canals are drawn in red. In A, the continuation of canals after connecting to the central one is indicated by pink ellipses. In (A–C), some
interconnection between canals, forming loops, is indicated (orange ellipses). In B, some side canals never reconnect to the central one and connect
directly to the stomach pouch (light blue ellipses). In (C,D), some rhopalia are not connected to canals (green ellipses). In D, there are many
meandering canals and reconnections making many loops, in particular reconnections with straight adradial canals (violet ellipses). Scale bar 5 mm.

FIGURE 6
Three clones from the same polyp. (A–C) The pattern has been interpreted for easier comparison. As in Figure 1B, the adradial canals are drawn
in red; the central canal, and the first side canals forming the trifurcation are drawn in blue; the second generation in green; the third in yellow. One
can observe many irregularities as in Figure 5: side canals not reconnecting to the central one, reaching (or going to reach) the stomach pouch,
interconnections to straight canals [violet, in (B)] and to other radial canals (black) making loops. All these irregularities, although similar in the
three clones, are in detail different.
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reconnect with the more central canals. Instead, they grow

straight toward the stomach, independently from the other

canals. It happens for the first-generation canals that sprout

between the fork and the side adradial canals (see Figure 1B,

Figure 5B), around 17% of the time (see Supplementary

Material). Interestingly, in such a case, the next generation of

side canals keeps growing independently too as long as the

longest canal sprout did not reach the stomach pouch (see

Figure 7A). However, as soon as the longest canal sprout

reaches the stomach, it is observed that the smaller sprouts

connect to the long canal that just got connected to the

stomach (Figure 7B).

5 Discussion

When a pattern is constant, it is difficult to describe its origin

and what controls it. On the contrary, variability helps get closer

to the mechanisms producing these patterns. Here, we see that

the pattern can be very variable, even in clonal jellyfish. That

points to instabilities being at the origin of the pattern. Since

Turing, we understand that instabilities mean that a

homogeneous state is unstable, so that tiny inhomogeneities

will grow to create a pattern. In this sense, instability starts

with the amplification of noise. This first step results in a noisy

pattern, which is a source of variability.

The further growth of the instability is often regulated by

long-range interactions and global constraints (such as gradient

of pressure). This leads to the growth of a regular pattern with a

fixed wavelength for instance. This is how regular and

reproducible patterns can appear, even if originating from an

initial noise. In practice, this noise origin is often overlooked, and

only regular patterns are studied theoretically. The most unstable

regular pattern will be searched for, as it is the one most growing.

Then, after a further restabilization, it will be the one finally

observed. However, in some cases, the system keeps growing and

being unstable, with no means of reorganization. This happens in

physical systems, as in the Saffman–Taylor instability in circular

geometry [9] or in biological growth, as in the lungs [10]. In such

cases, the noise keeps being amplified, and variability can persist.

This seems to be the case with the gastrovascular network of

jellyfish.

There is still some regularity: the gastrovascular network can,

under some growth conditions, follow a typical asymmetry (bias)

and sometimes converge toward a stereotypical pattern. This

comes from the interactions between canals, allowing

regularization. However, we could guess that not following the

bias comes from the presence of more noise, for instance, on the

distance between canals, canal growth, and canal stiffness or

resistivity. Such noise is well visible on Figure 1B, left, where

successive generations of canals appear irregularly. This noise

could blur the asymmetry and sometimes allows the sprouting

canal to follow the second stress lobe (Figure 4), leading to a non-

stereotypical connection. The fact that noise is the origin of these

connections escaping the bias can be seen in the asymmetry of

the distribution of Figure 1C. Noise leads to independent

FIGURE 7
Two successive images of a jellyfish octant. (A)At day 9 of observation, secondary (green) side canals did not connect to the central ones and are
reaching toward the stomach pouches. Similarly, there are two younger (yellow) canals growing aside of them without connecting either. (B) 3 days
after, the side canals have reached the stomach pouch and connected (orange disks), and in the same period, the younger canals have also
connected to these side canals (dashed white circles).
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misconnections, resulting into stereotypical octants with few

mistakes but rarer octants with more numerous ones.

The sprouting of new canals from the circular ring canal also

reveals instability of this ring that would be similar to the curving

in the meandering canals, leading to local sprouting and later to

other reconnections, forming small loops shunting the canals.

The fact that canals reconnect to each other is a particularly

interesting phenomenon. The gastrovascular network is a tree

structure connected to a ring canal. One would first imagine that

it forms as a tree expanding with successive dichotomies of tips or

side branching, and finally connecting to the ring canal. Here, we

see a reverse growth: the branches appear from the ring canal,

separated from each other, and reconnect only later. The

reconnection between the canals leads to the formation of

loops. The sprouting from other canals than the ring canal

that further connect forms even more loops. This is

interesting since the usual branching formation of trees, as in

Laplacian growth [2], often forbids reconnection, hence the

formation of loops [11]. Such reconnection is thus a

particular phenomenon that deserves exploration.

This formation of loops by the reconnection of branches has

to be differentiated from the case of stabilization and coarsening

of loops. As for vascular remodeling from a capillary plexus [12],

these systems start from homogeneously connected foam and

particular dynamical evolution leads to the stabilization of large

hierarchical loops [13–15]. Here, for the formation of loops by

reconnection, the first mechanism proposed relates to cracks,

which are known to reconnect [16], being related to two-

dimensional stress [17], and leading to 2D-reticulated patterns

[18, 19]. In this way, canals can be seen as the propagation of

cracks in the endoderm. Stress accumulates at the tip of a new

crack, and it is guided by the stress around it [16]. Here, too high

stress at the tip of a sprout could induce the proliferation of cells

[20, 21] and/or their transformation in canals cells, open the

canals, and release the stress. The global stress field guides the

movement of the tip of a new canal/crack. This relation to stress

also explains the observed bias, that the crack is attracted to the

larger stress, thus to the still stiff younger canal.

The second mechanism, even if related to Saffman–Taylor

and Laplacian growth, would happen in the special case of

resistive fingers [22]. This resistance creates gradients of

pressure within the fingers. It allows connection of side

fingers to a longer one when its pressure is locally lower. This

particularly happens when the pressure in the longer one globally

drops because of a connection to an outlet (breakthrough). This

could explain the coincidence of a canal breaking through the

stomach pouch and the reconnection of a side canal to it.

For the jellyfish canals, this would happen with the liquid

pressure inside the growing canal sprouts during the muscle

contractions in the orthoradial direction. However, when one

canal sprout, in analogy with the Saffman–Taylor finger,

reconnects directly to the stomach, then this transient high

pressure at its tip drops to reach the pressure at the outlet,

the stomach pouch. This dropping of pressure happens all along

the canal, so that the lateral canal sprout can now perceive a place

on the side with low pressure and be attracted to it.

These two mechanisms could be happening in the jellyfish or

just be mechanical analogies of other phenomena. However, even

from amechanical point of view, they are not incompatible, being

driven by the stress in the endodermal layer and the pressure in

the canals, which are complementary parts of the mechanics of

the network.

The source of large variability of the patterns, as shown in

Figure 5, should also be investigated. Is it due to different growth

conditions, growth histories, or also to different strains, revealing

a different sensibility to mechanical constraints for instance?

Globally, these first observations show that the gastrovascular

network results from a spontaneous organization, or, in other

words, that it appears from instabilities, enhancing noise, so that

two growths never produce the same result even with settings as

close as possible (clones from a single polyp grown together in the

same conditions). We consider that blood vascular networks in

vertebrates [23–25] and venation in plant leaves [17] could result

from similar spontaneous organization, however, with different

detailed processes. Here, we show that there are clues that the

morphogenesis of the gastrovascular pattern in the jellyfish could

be related to mechanical processes, since it grows while the

jellyfish is swimming with repetitive contractions. These

contractions have clearly a mechanical effect on the tissue

either by direct contraction or by a secondary effect on the

flow inside the already existing canals.

6 Materials and methods

6.1 Jellyfish culture

Jellyfish Aurelia aurita were reared in the laboratory, at room

temperature, in artificial seawater, produced by diluting 35 g or

28 g of synthetic sea salt (Instant Ocean; Spectrum Brands,

Madison, WI) per liter of osmosis water (osmolarity

1,100 mOsm). Polyps of the Roscoff strain [26] were obtained

by courtesy of Konstantin Khalturin from the Marine Genomics

Unit, Okinawa Institute of Science and Technology Graduate

University, Onna, Okinawa, Japan. Strobilation in polyps was

induced by a lowering the temperature down to 10°C [27]. The

newborn ephyrae were bred to adult stage. The measurements

were performed on jellyfish at different sizes of juvenile jellyfish.

Juvenile jellyfish had just reached the circular shape of adult

medusas with a diameter of ~1 cm. Juveniles grow out into adult

jellyfishes with fully developed stomach pouches.

Juvenile jellyfish (~1 cm in diameter) were obtained from the

“Jellyfish Concept” in Cherbourg from their culture. The original

polyps are extracted from the North Sea around Cherbourg.

Juvenile jellyfish were bred to adults while growing. In the

manuscript, we refer to these jellyfish as ‘Cherbourg jellyfish’
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when they originate from the Roscoff strain, we do not specify it

in the manuscript.

6.2 Imaging of the gastrovascular canal
network

The gastrovascular network of the jellyfish was observed

using a Leica macro zoom (MACROFLUO LEICA Z16 APO

S/No: 5763648) and a Photron Fastcam SA3 camera or directly

using a Nikon D3300 camera with macro lens AF-S DX Micro

NIKKOR 40 mm f/2.8G. Jellyfish were caught from the aquarium

approximately 3 h after feeding with artemia when the

gastrovascular canals were colored orange from the digested

artemia. When they reach about 2.5 cm in diameter, jellyfish

were anesthetized with magnesium chloride dissolved in water

having the same salinity as the artificial seawater in which they

are swimming. To anesthetize the jellyfish, the volume of the

jellyfish with seawater was doubled with the magnesium chloride

solution. Then, they are placed in a Petri dish in shallow seawater

with the sub umbrella facing up. The images are taken by

transillumination.

6.3 Histology

The histological section shown in Figure 2B was made for

a preparation of observations with transmission electron

microscopy. In short, whole juvenile jellyfish are fixed with

a 5% glutaraldehyde solution in a 0.1 mol/L cacodylate

solution overnight at 4°C [28]. After rinsing with 0.5 mol/L

cacodylate solution (overnight at 4°C), the solution is

replaced gradually by ethanol 95% after which it is

transferred to 95% ethanol containing eosin, in order to

stain the jellyfish. Then, the samples are placed in 100%

ethanol which is subsequently gradually replaced by a pure

molten wax solution. These samples are then cut by a

microtome into thin lamellae of about 4 μm thickness.

Longitudinal sections of juvenile jellyfish were sliced,

starting the sections from the edge of the umbrella, and

advancing towards the center of the jellyfish. Figure 2B

shows a longitudinal section through a canal and the

endoderm of a juvenile jellyfish of approximately 1 cm

diameter. The section was visualized under a light

microscope (Leica DMI-3000 B), a ×20 magnification

objective, and a CCD camera (Andor, iXon3 885).

6.4 Canal diameter deformation
measurements

Juvenile jellyfish (n = 7) of about 1 cm in diameter were

filmed (30 frames per second) using a Leica inverse microscope

(LEICA DMI-3000 B) with a ×20 objective (HCX PL Fluotar

L ×20/0.40). The jellyfish were lying flat with the subumbrella

facing down. In this position, jellyfish slightly contract

occasionally. Two canals were filmed simultaneously. The

older and younger canals were identified by looking at the

canal network pattern. Off line, diameters were measured

before and during contraction at three different positions

along the canal and were averaged. Deformation of the canal

was calculated by the ratio of the difference in diameter before

and during contraction and the diameter before contraction,

multiplied by 100. We used one-way repeated measures Anova,

followed by a Student–Newman–Keuls test for pairwise multiple

comparison to show the statistical difference between the

deformation of the older canals versus the younger canals

(SigmaPlot 12.5).

6.5 Numerical simulation

Numerical simulations were performed with finite elements

toolbox COMSOL Multiphysics 3.5a [29]. We approximated the

endoderm and the canals as 2D surface elements with different

stiffness.

The simulations were performed on a small piece of a ring

at the edge of a circular disk with a radius of 5 mm, with a

radial length of 1 mm and with a 12° angle. The geometry of

the canals and sprout were chosen to be coherent with our

observations in a juvenile jellyfish of 1 cm diameter. The

geometry with the simulation mesh is shown in the

Supplementary Figure S7A.

We assume the endoderm as a flat rigid incompressible

elastic sheet with Young’s modulus Een = 100 Pa. The

incompressibility of a material corresponds to a Poisson’s

ratio of 0.5. However, Hooke’s law is only valid for Poisson’s

ratio <0.5. Hence, in our model, we approximate the

incompressibility of the endoderm by setting its Poisson’s

ratio ]en = 0.49. The simulations in 2D imply the absence of

out of plane buckling. This assumption is justified for small

juveniles at the onset of contraction since the endoderm is held in

plane by the mesoglea located above and below.

We modeled the canals in 2D by a slightly compressible

elastic membrane, with lower Young’s moduli than the

endoderm. The young’s modulus of the young canal is

assumed to be stiffer with Eyc = 30 Pa than the old canal, Eoc
= 10 Pa. The Poisson’s ratio of the canals equals 0.3 (]yc = ]oc =
0.3), which allows for compression. It should be noted that the

distribution of these stresses does not depend on the values of the

Young modulus of the endoderm and the canals but only on the

ratio of these values.

We observed that by choosing the elastic modulus of the

canals 10 times lower than the endoderm, we obtained rates of

reduction of the diameter of the ducts close to those observed in

vivo (Figure 2B).
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To simulate the muscular orthoradial contraction, we

impose a reduction of the radial position of the outer

circular boundary (at the ring canal). The sides of the ring

slice can slip along the radial axis only, and the inner circular

boundary is free to move (σ(ϵ).n � 0, with n being the outer

normal of the boundary).

The simulation was performed quasi-statically, meaning

that each simulation step is in a dynamic equilibrium. The

relative influence of inertia and elasticity on the system can

be determined by computing the Cauchy dimensionless

number C � ρV2

E , with ρ the density of the tissues and V

local flow velocity. In our model, V ≈ 200 μm/s, ρ =

1,000 kg/m3 and E ranges from 10 to 100 Pa. Thus, C<<1
and the acceleration term ρ z2u

zt2 is always negligible relatively

to the elasticity term div(σ(ϵ)). As a consequence, we can

perform a quasi-static analysis: we solve the static equation

div(σ(ϵ)) � 0 with a maximal displacement of 200 μm of the

outer circular boundary. Then, we reconstruct the time

dynamics, thanks to the linearity of the equation relatively

to the condition at this boundary.

We selected the mesh size so that a refinement of the mesh

did not improve significantly the quality of the results. The mesh

consisted in 7,563 triangular elements. The computation time

was less than 1 s on an 3.7 GHz 2 Ghz Intel Xeon Gold 6,138.

The different values of the Young’s and Poisson’s moduli

of the different elements under compression results in a

distribution of stresses (σx, σy, σxy) which are accumulated

at the tip of the sprout. The von Mises stresses (σvm), obtained

by combining these different stresses [29], give a satisfactory

scalar representation of the stress distribution in the

endoderm:

σvm �
���������������������
σx2 − σxσy + σy2 + 3σxy2.
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Morphogenesis of Gastrovascular Canal Network in Aurelia Jellyfish: 
Variability and Possible Mechanisms 

Supplementary Materials 

1 Canals Connections statistics  

We analyzed the connections between canals for 6 Jellyfish from the Roscoff strain, grown in the 
same conditions (28% salinity, 22°C), and roughly the same size (for the same number of 
canals/connections). It presents a reasonable dispersion of more or less regular jellyfishes, with more 
or less regular octants, and fluctuating number of direct stomach connections, with no clear 
correlations. 

The labelling number correspond to the number of pictured jellyfish from the same batch. 

The first column counts the number of “True” connections following the bias to the younger canal at 
proximity, per “octant”, “Nb conn T”. 

The second column counts the number of “False” connections not following the bias to the younger 
canal at proximity (being older canal or stomach pouch), per “octant”, “Nb conn F”. 

The third column shows the percentage of “False” connections (over all connections) not following 
the bias to the younger canal at proximity, “F%”. 

The fourth column count the number of “octant” per jellyfish (the first one has nine). There are two 
possible first generation canals after the fork, near the straight adradial canals, that can escape the 
fork and connect directly to the stomach pouch, so the number of possible connection is twice the 
number of octants.  

The fifth column count the number of first generation canals outside the fork connecting directly to 
the stomach pouch, per “octant”, “Nb stom conn”. 

The sixth column shows the percentage of direct stomach connection (over the number of all possible 
connections the number of first generation canals outside the fork connecting directly to the stomach 
pouch, per jellyfish, “stom conn %” 

The numbers are summed per jellyfish, to see the variations of more or less regular jellyfish, and for 
the sixth jellyfish at the bottom, giving the overall percentages. 
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n°70 
Nb 
con T 

Nb 
con F  F %  

Nb 
"octant" 

Nb 
stom 
con 

stom 
con % 

  9 3 25    
  11 0 0     
  8 2 20     
  11 1 8     
  7 1 13     
  6 3 33     
  8 1 11     
  8 2 20     
  7 3 30   1   
total 75 16 18 9 1 6 
          
n°83             
  9 4 25    
  8 3 27     
  11 2 15     
  14 1 7  1   
  10 3 23     
  11 4 21     
  11 1 8  1   
  12 1 8       
total 86 19 17 8 2 13 
          
n°85             
  11 3 21  1  
  8 6 43     
  11 2 15     
  7 3 30  1   
  7 6 46     
  8 4 33     
  8 4 33     
  9 3 25       
total 69 31 31 8 2 13 
          
n°86         
  10 2 17    
  10 1 9     
  10 3 23     
  11 1 8  1   
  9 2 18     
  8 1 11     
  10 1 9     
  9 1 10       
total 77 12 13 8 1 6 
          
n°87             
  11 3 21  1  
  9 3 25     
  13 2 13  2   
  8 4 33     
  10 4 29  1   
  10 2 17     
  10 3 23  1   
  8 6 43       
total 79 27 25 8 5 31 
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n°101             
  14 1 7    
  11 4 27     
  10 3 23  1   
  10 3 23  2   
  12 2 14  1   
  13 2 13     
  10 5 33  2   
  12 0 0      
total 92 20 18 8 6 38 
              
Total 478 125 21 49 17 17 

 

2 Canal connection statistics pictures 

Pictures of the sixth jellyfish with true connection indicated with white circle, false connections in 
red circles and in particular connection to the stomach pouch with circle filled with red. 

The lower part of n°83 (Fig. S2) corresponds to the part drawn in Figure 1B.  

  Fig. S1, n°70 
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  Fig. S2, n°83 

  Fig. S3, n°85 
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  Fig. S4, n°86 

  Fig S5, n°87 



Gastrovascular Network Morphogenesis Supplementary 

 
6 

  Fig S6, n°101 

 

3 Numerical simulations frames 

 

Fig. S7, A) detail of the mesh used, and the different zones with their names. B) detail and scales of 
the deformation imposed on the outer boundaries: angular contraction resulting in a smaller octant 
but with the same angular opening (black is original frame, pink is compressed frame).    



Chapter 6

Morphogenesis of the gastrovascular
canal network in Aurelia jellyfish:
growth dynamics

In Chapter 5, we described the structure and variability of the jellyfish canal network. We
suggested that the elongation of canals can be treated as a moving boundary problem,
where the invading phase are the canal cells, and the receding phase are the endodermal
cells. We proposed two hypothesis relating the canal growth to physical fields in the
jellyfish. First, we analyzed the stress induced by swimming contractions of the jellyfish
and how it concentrates at the tips of the growing sprouts. We proposed that this repeated
mechanical effect can increase the tip cell proliferation and guide the sprouts to elongate in
the highest stress direction preferably to the youngest canal in the neighborhood. Second,
we noted a particular loop formation event in the morphogenesis of the canal network – a
breakthrough-induced reconnection. As described in Chapter 4, this is an indication that
the system dynamics may be controlled by diffusive fluxes.

In the following chapter, we examine the growth dynamics of the gastrovascular canal
network in Aurelia jellyfish in order to validate the two hypotheses. We first approach the
problem experimentally. Our goal is to induce phenotypic changes to the stereotypical
network architecture of jellyfish by controlling their growth rate. This is achieved by
modifying the environmental conditions in which they grow. In each experiment, we
collect images of the jellyfish over a period of several dozen days and acquire time-lapses
of in vivo canal network growth. We analyze the data to extract key information to
reproduce the growth dynamics in silico. We then proceed with numerical modeling of
the sprouts. We simulate the elongation of canals in response to the stress or pressure
field.
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6.1 Experiments

6.1.1 Methods
Specimen culture and image acquisition

The experiments were conducted at the Laboratoire Matière et Systèmes Complexes,
Paris, France in the group of Dr Annemiek Cornelissen. Analogously to previous meth-
ods [151,152,155], the specimens were cultured in artificial seawater produced by diluting
28 g of synthetic sea salt (Instant Ocean; Spectrum Brands, Madison, WI) per liter of
osmosis water (osmolarity 1100 mOsm). Polyps of the Roscoff strain were used, obtained
by courtesy of Konstantin Khalturin from the Marine Genomics Unit, Okinawa Institute
of Science and Technology Graduate University, Onna, Okinawa, Japan. The strobilation
of polyps was induced by lowering the temperature to 10°C.

To ensure that the experiments are performed on ephyrae from a single polyp, the
polyps were isolated and placed in separate Petri dishes. A strobilating polyp releases
approximately ten ephyrae over the course of one or two days. Immediately after being
released, the ephyrae were placed in an aquarium. From this point forward, the develop-
mental age was defined as days post strobilation (dps).

The newborn ephyrae are reared in a standalone aquarium. To prevent them from
settling, a continuous flow is created by aerating the water. Interestingly, after around two
weeks of cultivation in this type of aquarium, the canals of the small jellyfish can dilate
(Fig. 6.1). To avoid this, the jellyfish are transferred to larger aquariums after a week. In
these aquariums, the flow is induced by a constant inflow of water from a water tower.
Mature specimens demonstrate higher tolerance to the hydrodynamic conditions in the
standalone aquarium, as verified by transferring them back to the standalone aquarium
after several days of cultivation in a larger one.

Figure 6.1 A jellyfish from Polyp 3 in Table 6.1 reared in a standalone aquarium.
(a) At 15 days post strobilation (dps) the canal network has a healthy shape. (b) At 17 dps
multiple canals are dilated.
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In a typical experiment, the jellyfish are fed twice a day, except on weekends, when
they are fed once a day. Due to variations in food intake, the number of jellyfish and
offset of growth, we select feeding rations for each batch of jellyfish individually. We dose
food between the maintenance threshold necessary for healthy development and the limit
of maximum nutrient assimilation to prevent the accumulation of organic waste in the
aquarium. The water in larger aquariums is kept at a constant room temperature of 22°C
using a temperature control system.

After about a week, the ephyrae reach a circular shape with a radius of approximately
5 mm. We then divide a set of jellyfish clones from a polyp into subgroups. We cul-
ture the jellyfish under different conditions to control their growth rate. We manipulate
the following factors: feeding frequency and ration, aquarium size, flow rate, and water
temperature. In the Results section, we describe the different growth conditions and the
resulting growth rates.

To image the jellyfish, they are caught from the aquarium approximately 3 hours after
being fed artemia. This increases the contrast of the canals, turning them orange from
the digested food. The jellyfish are placed in a Petri dish with shallow seawater facing
up with their subumbrella. Images are taken using transillumination with a Nikon D3300
camera and an AF-S DX Micro NIKKOR 40 mm f/2.8G macro lens. After collecting the
data, the jellyfish are returned to the aquarium.

Image analysis

To facilitate quantitative analysis, the experimental images had to be first segmented.
The image analysis was conducted in two stages. First, the entire jellyfish was binarized,
which allowed us to estimate jellyfish size. Second, the canals in the network were detected
to analyze network architecture.

In the first part, the image segmentation was performed using the Segment Any-
thing Model (SAM) [156] (sam2.1_hiera_tiny variant). This is a general-purpose object
segmentation neural network model, pretrained on a dataset that includes 35 million seg-
mentation masks. This vast scale provides flexibility for the model to accurately segment
novel objects not represented in the pretraining dataset. We used bounding boxes (green
in Fig. 6.2a) as inputs to isolate the jellyfish body from the background. We addition-
ally fill potential holes and smooth the output of the model to obtain the final binary
mask. It has 1 assigned to pixels corresponding to the jellyfish and 0 to the background
(Fig. 6.2b). The jellyfish size, A, is then simply the sum of the pixels composing its binary
mask (multiplied by the pixel size estimated in a calibration process). The jellyfish radius
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(a) (b)

Figure 6.2 Segmenting the entire jellyfish body with with the Segment Anything
Model. (a) The experimental image with the green bounding box used to prompt the model.
The mask determined by the model is highlighted in blue. (b) The final binary mask resulting
from filling potential holes in the SAM mask and smoothing it.

is determined by assuming a circular shape of the jellyfish body plan: Rjellyfish =
√

A/π.

The second part of the image analysis process, canal detection, was more technically
challenging. The contrast between the canals and their surroundings depends on how
much food the canals transport and digest. Canals that have just sprouted from the
marginal canal and have not yet reconnected appear dim in the experimental images.
Their luminosity increases as they mature and form a lumen, and reaches its maximum
when the canal reconnects to the stomach or other canals and begins fully transporting
nutrients. Due to the non-uniform luminosity and noise in the images, basic image analysis
methods, such as thresholding, are insufficient.

Figure 6.3 Image analysis to detect canals. (a) The grayscaled experimental image.(b)
The image after top-hat noise removal. The red dot indicates the center of the jellyfish and the
origin of the cylindrical coordinate system. The angle is measured from the red solid line. The
green line shows the azimuthal cut, from which signal in Fig. 6.4 is plotted.

In our image analysis pipeline we exploit the predominantly radial orientation of the
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5 /8 /2 3 /8
Angle

(a) Initial data

(b) After top-hat

(c) Radial average

(d) Smoothed

(e) Derivative

Figure 6.4 Signal from the azimuthal cut indicated in Fig. 6.3b. (a) The signal from
the original image. (b) The signal from the image after the top-hat transform. (c) The radially
averaged signal between the two green dashed lines in Fig. 6.3b. (d) The smoothed signal with a
Gaussian filter. For some canals, the intensity inside is lower than on the edges. Therefore, the
detected peaks (marked with dots) are not useful for determining the positions of the canals. (e)
The maxima and minima in the intensity derivative are used to detect the edges of the canals.

canals. First, we remove the small-scale structures from the image by applying the top-
hat transform (Fig. 6.3). This suppresses background noise, leaving the canal structures.
Next, we establish a polar coordinate system centered at the jellyfish center (red dot in
Fig. 6.3b). We select an azimuthal cut (the green solid line in Fig. 6.3b) and plot the
image intensity as a function of angle. Fig. 6.4a shows the intensity signal directly from
the experimental image, while Fig. 6.4b shows the signal from the image after top-hat
transform. We further refine the signal by performing a radial average within an annulus
bounded by the green dashed lines in Fig. 6.3b, and applying a Gaussian filter. The
corresponding plots are presented in Fig. 6.4c-d.

Finally, we note that the intensity of the canal cross-sections is sometimes higher on
the sides and lower in the center. This results in a bimodal intensity profile with peaks at
the canal sides. Consequently, the peaks detected in the intensity plot (dots in Fig. 6.4d)
do not correctly indicate the position of the canals. Instead, we compute the derivative
of the intensity profile and detect its maxima and minima (triangles in Fig. 6.4e). Then,
we can localize the canal sides by identifying pairs of successive extrema with similar
magnitudes (vertical dashed lines in Fig. 6.4). This also allows us to estimate the canal
width.

The above procedure can be applied to azimuthal cuts of different radii to detect
canals in the entire jellyfish (Fig. 6.5). The algorithm has several limitations. Small, non-
connected canals often have insufficient contrast and are overlooked. Reliance on a radial
orientation of the canals limits the detection of orthoradial segments near junctions. Ad-
ditionally, the jellyfish morphology deviates from perfect radial symmetry. Consequently,
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Figure 6.5 Detected canals in the entire jellyfish from Polyp 7 in Table 6.1. (a) A
young (18 dpf) and (b) an older (26 dpf) jellyfish. The red circles of radi Rrim and Rstomachs
border the area of detection, blue dots correspond to detected canals. The algorithm works
better for older jellyfish, as the contrast of the canals increases with their age.

we cannot detect canals directly at the marginal canal, and the measured number of canals
at R = Rrim underestimates the number directly at the rim. Nevertheless, most canals are
detected correctly, particularly for older jellyfish with a well established network, allowing
us to analyze the radial distribution of canal number and typical canal spacing.

6.1.2 Results

Jellyfish size

Figure 6.6 Timelapse of growth of jellyfish from Polyp 7. The numbers at the bottom
indicate dps.

First, we analyze how the radius of the jellyfish changes over time (Figs. 6.7 and 6.8).
We observe a linear growth of the jellyfish and study the impact of environmental con-
ditions on the growth rate. In each experiment, we divide jellyfish from a single polyp
into two groups and place them in separate aquariums. We conduct experiments in which
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Figure 6.7 Canal network development in detail. Rescaled images of the jellyfish from
Fig. 6.7 (Polyp 7). The numbers at the bottom indicate dps. The scalebar (white line) is always
1 cm.

we vary the growth conditions in the two aquariums. We observe that the jellyfish grow
faster when the flow rate in the aquarium is higher (Polyps 1, 2). Higher feeding rations
increase the growth rate (Polyp 2). Additionally, we observe that feeding the jellyfish
more frequently also increases their growth rate (Polyp 7).

In the experiment from Polyp 3, we demonstrate that small jellyfish develop dilated
canals when kept in a standalone aquarium for too long (Fig 6.1). Interestingly, transfer-
ring the jellyfish to a larger aquarium without aeration-induced flow for several days and
then back to the aerated standalone aquarium does not induce canal dilation, as demon-
strated in the experiments from Polyps 5 and 6. However, the volume of the aquarium
influences their growth rate; larger tanks allow the jellyfish to grow faster. In the experi-
ment from Polyp 4 we see that two groups kept in the separate aquariums follow the same
growth trajectory if the other conditions are the same. In the experiment from Polyp 8,
we observe spontaneous divergence in growth rate among the jellyfish in the same aquar-
ium – one jellyfish started to outgrow the others. Finally, we find that jellyfish grow more
slowly at higher temperatures (24.5◦C).

In Fig. 6.8, growth rates were calculated for individual jellyfish via linear regression
of radius over time, and then averaged within subgroups. Errors represent the Standard
Error of the Mean (SEM). The growth rates in our experiments range from 0.65 to 2.04
mm/day and its mean is 1.41 ± 0.05 mm/day. The above information is summarized in
Table 6.1 and in Fig 6.9. The latter also presents the statistical comparisons between
groups. We note here that growth rates should be compared within pairs from a single
polyp to control for potential confounding factors. These include technical challenges
in standardizing flow velocity in all aquariums or the necessity of individually adjusting
feeding regimes based on the jellyfish’s condition.
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Figure 6.8 Jellyfish radius in time. Each red or green dot represents a jellyfish. The dashed
lines represent the mean linear growth trajectory for each group, calculated by averaging the
individual slopes of all polyps within that condition. Legend values indicate the Mean Growth
Rate ± Standard Error of the Mean (SEM) and experimental conditions. The last panel presents
all experiments on one plot (different colors), with the black dashed line representing the mean
growth rate which is 1.41 ± 0.05 mm/day.
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Table 6.1 Experiments summary: experimental conditions, growth rates (G), and number
of specimens (n).

Experiment Description G [mm/day] n
Polyp 1 High flow rate 1.41 ± 0.03 3

Low flow rate 1.21 ± 0.01 3
Polyp 2 High flow rate, full feeding ration 1.46 ± 0.04 4

Low flow rate, reduced feeding ration 1.11 ± 0.05 4
Polyp 3 Large aquarium 1.50 ± 0.04 4

Small aquarium 1.25 ± 0.02 4
Polyp 4 Two aquariums, similar conditions 2.04 ± 0.03 4

2.00 ± 0.05 4
Polyp 5 Large aquarium 1.37 ± 0.06 2

Small aquarium (after 22 dps) 1.12 ± 0.05 2
Polyp 6 Large aquarium 1.14 ± 0.07 2

Small aquarium (after 13 dps) 0.65 ± 0.01 2
Polyp 7 Feeding each 2h 1.88 ± 0.03 3

Feeding each 24h 1.41 ± 0.05 3
Polyp 8 Spontaneous divergence 1.72 1

(same aqaurium) 1.14 ± 0.02 4
Polyp 9 Small aquarium, high temp. (24.5◦C) 0.92 ± 0.02 2
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Figure 6.9 Variation in jellyfish growth rates across environmental conditions.
Growth rates were calculated for individual jellyfish via linear regression of radius over time.
Bar heights represent the mean growth rate of the population for each condition, and error bars
represent the Standard Error of the Mean (SEM). Statistical significance between groups was
assessed using Welch’s t-test, which accounts for unequal variances (∗p < 0.05, ∗ ∗ p < 0.01, ns:
not significant). Experimental conditions for jellyfish from Polyps 1–9 are presented in Table 6.1.
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Radial distribution of canals

Next, we focus on the canal network. We begin by analyzing a single jelllyfish over time.
We plot the number of canals, N , as a function of the distance from the rim, Rrim − R

(Fig. 6.10a). As the sprouts always initiate at the rim, the number of canals is the highest
there. It then decreases monotonically as we approach the gastric pouches and we stop
counting the sprouts that are still growing and terminate with a free-ending tip or have
reconnected. In fact, the derivative of the number of canals, dN/dR, represents the
number of free-ending tips and reconnections per unit length.

We plot the radial distribution of canals for a growing jellyfish (the lines from blue to
yellow in Fig. 6.10a indicate its size). For larger jellyfish, we observe an increase in the
number of canals at the rim, and the sprouts extending farther from the rim. Otherwise,
the distributions have a similar shape, as if they were rescaled. To further investigate
the self-similarity of the radial distribution of canals, we normalize the number of canals
by the perimeter at a given radial position, N/2πR. We plot this quantity as a function
of the relative radial position from the rim, 1 − R/Rrim. The canal spatial frequency
plots come closer to each other. For larger jellyfish, the canals appear to be less frequent
(Fig. 6.10b). In other words, the typical spacing between centerlines of the canals, 2πR/N ,
increases when we move from rim to stomachs and is in general greater for larger jellyfish
(Fig. 6.10c). Analogously, the width of the canals, w, changes with radial position and
the jellyfish size. We define canal separation as d = (2πR− ∑N

i=0 wi)/N , where i indicates
individual canals. This corresponds to the distance between the sidewalls of the canals.
Canal density is then 1/d.
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Figure 6.10 Radial distribution of canals in a single jellyfish over time. (a) The
number of canals as a function of radial distance from the rim. (b) Canal spatial frequency –
the number of canals divided by the perimeter at a certain radius – as a function of relative
radial position. (c) Canal spacing – the inverse of canal spatial frequency. Colors are related to
the jellyfish size, Rrim.
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Figure 6.11 The effect of growth rate on radial distribution of canals. The panels
include jellyfish within a specific size ranges. The lines correspond to experiments with different
growth rates, indicated by the color of the line. The lines represent an average over multiple
jellyfish within a group and over several time points.
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We then verify whether the jellyfish growth rate affects the radial distribution of canals.
We analyze groups of jellyfish growing at different rates, and average canal density profiles
over all jellyfish within a group. As previously noted, canal separation increases in larger
individuals. To mitigate this size-dependent effect, we categorize the jellyfish by size and
additionally average canal density over time for periods when individuals fall within a
specific radius range. The results are presented in Fig. 6.11. In each subplot, we analyze
jellyfish within a specific size range. Each line represents an experiment with a different
growth rate, indicated by the color of the line. The canal density profiles are an average
of multiple jellyfish within a group at several time points.

We do not observe any particular impact of the growth rate on canal density profiles.
The averaged canal densities collapse onto a single curve, particularly for larger jellyfish.
For smaller individuals, the dispersion between curves is more pronounced, which may be
attributed to limitations in the canal detection algorithm. At early stages, sprouts are
smaller and exhibit lower contrast, making them less visible in experimental images.

To obtain a clearer representation of the influence of jellyfish size, we average all jelly-
fish within a specific Rrim range. We see a clear increase of canal separation (and a corre-
sponding decrease in canal density) as the jellyfish size increases (Fig. 6.12). Interestingly,
the vertical offset between the curves is most pronounced near the rim, 1 − R/Rrim < 0.3
(see Fig. 6.12b). This corresponds to the radial position of the junction of the canals that
compose the initial tri-fork structure.
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Figure 6.12 The effect of jellyfish size on radial distribution of canals. (a) Canal
separation. (b) Canal density.

Finally, we analyze canal width, spacing and separation at the rim as a function of jel-
lyfish size (Fig. 6.13). These measurements are essential for the numerical model because
the observed canal spacing provides empirical constraints for the sprout initiation rules
at the rim. Interestingly, as the jellyfish grows, the expansion of canal width compensates
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Figure 6.13 Canal width, spacing, and separation at the rim. Each dot represents the
average value for one jellyfish. The black dashed line is a linear fit. The slope and standard
error are indicated in the figure legends.

for the increased canal spacing, resulting in canal separation that depends only weakly
on organism size. This may be related to the characteristic reaction-diffusion length in
the system – the effective range of nutrient delivery from a canal.
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6.2 Simulations

6.2.1 Model

Stress-driven growth

The stress-driven growth model is an extension of the analysis of stress concentration at
the tip of a growing sprout, as described in Chapter 5 and Ref. [151]. In summary, we
consider a plane stress problem for an octant. The area occupied by canals with lumens
is approximated as a compressible elastic membrane with Young’s modulus lower than
that of the endoderm, E1 < E2. The chosen Poisson’s ratio of 0.3 translates the vertical
expansion of the canals into compression in the plane. Note that, unlike in Chapter 4, for
simplicity we do not account for the softening of the canals with age and we assign the
same Young’s modulus value to all canals. We assume that the endoderm is a flat, rigid,
nearly incompressible elastic sheet with Poisson’s ratio ν2 = 0.49 and Young’s modulus
E2. In the simulations, we investigate the effect of Young’s modulus ratio, E = E2/E1,
on the emerging canal network.

The model follows the quasistatic Cauchy momentum equation:

∇ · σ(ϵ) = 0 , (6.1)

where ρ is the density of the endoderm (assumed to be similar to that of water), u

is the displacement of the material, ϵ = ∇u is the strain, and σ(ϵ) is the stress–strain
relationship. We neglect the stress component in the z direction (normal to the endoderm
surface) and the reduced 2D Hooke’s law is expressed as:

σx = Ei

1 − ν2
i

(ϵxx + νiϵyy) ,

σy = Ei

1 − ν2
i

(ϵyy + νiϵxx) ,

σz = 0 ,

σxy = Ei

1 + νi

ϵxy ,

σyz = 0 ,

σxz = 0 .

The orthoradial muscle contraction is mimicked by reducing the radial position of the
rim by 4%. The following radial displacement is imposed on the rim: ur = −0.04Rrim.
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Due to the radial symmetry of the jellyfish, the sides (the adradial canals) can only slip
along the radial axis. The angular deformation vanishes there: uθ = 0. The gastric pouch
is free to move: σ(ϵ) · n = 0.

Local mechanical stresses acting on cells in a growing organism has been shown
to modify gene expression patterns and control processes such as embryonic develop-
ment [157, 158] and tumor progression [159]. Following these ideas, in Chapter 5, we
proposed that the tip cells may also respond to mechanical stresses and increase prolifer-
ation when compressed. Consequently, the stress field effectively determines the growth
velocity and guides the sprouts to elongate in the highest stress direction.

To determine the velocity and direction of growth we first reduce the stress tensor to
a scalar representation – the von Mises stress:

σvm =
√

σ2
x − σxσy + σ2

y + 3σ2
xy . (6.2)

This simplifies the problem and gives a satisfactory scalar representation of the stress
distribution in the endoderm, as discussed in Chapter 5.

The canals grow in the direction of maximum von Misses stress, σvm. As all tip cells
take part in the elongation of the canal the velocity is proportional to the stress integrated
at the tip:

v = β(
∫

tip
σvm) , (6.3)

where β is a phenomenological biological factor representing the responsiveness of canal
cells to mechanical stimuli. The parameter β sets the timescale of canal growth and
is calibrated such that the first generation of canals reaches the gastric pouches within
approximately 10 days, consistent with our experimental observations.

Pressure-driven growth

At short timescales, in the order of minutes, live tissues behave elastically. However,
on timescales exceeding cellular relaxation, in the order of hours, they begin to exhibit
liquid-like properties [160]. The fluidization of tissues can be driven by several effects.
For instance, decreased cortical tension or increased intercellular adhesion enables cells to
move past one another and exchange neighbors [161], which allows the tissue to dissipate
internal mechanical stress. Cell division and apoptosis also contribute to this process [162].
Modeling tissues as highly viscous fluids has proven useful in contexts such as embryonic
development [160,163], wound healing [164,165], and cancerous tumor invasion [166,167].

In the case of the jellyfish, the timescale of canal growth is much longer than the
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typical timescale of cellular relaxation. This justifies treating the canal and endodermal
cells as highly viscous fluids. Thus, canal growth is a moving boundary problem in which
canal cells displace endodermal cells. We begin by treating it as a Laplacian growth
problem, where cells are pushed by the pressure at the margin, exerted by the time-
averaged contractions. Although biologically simplified, this model allows us to draw
on intuitions of Laplacian growth, and it provides a baseline for understanding canal
patterning. We leave extensions of the current framework for future investigation.

To derive the model, we first assume that cell flow velocity is described by Darcy’s
law:

v = −α∇p , (6.4)

where p is pressure and α is the mobility of cells that describes the magnitude of the
effective friction in the system and is inversely proportional to the fluid viscosity, µ. We
assume that a drag force, necessary to reduce Stokes flow to Darcy’s law, originates from
the mesoglea, which encapsulates the endoderm sheet from above and below. We treat
the canal cells as a fluid of lower viscosity µ1 that invades the endodermal cells, a more
viscous fluid of viscosity µ2. In the simulations we vary the viscosity ratio, M = µ2/µ1,
and study its impact on the canal network geometry.

We assume that the cell proliferation is responsible mainly for the global growth of
the jellyfish and not for internal pressure distribution that is dominated by time-averaged
contractions. Consequently, we neglect the proliferation and impose the linear growth
of jellyfish independently, at the growth rate measured in experiments. We additionally
assume that the tissue is incompressible which leads to:

∇ · v = 0 . (6.5)

A more biologically relevant model could incorporate a non vanishing right hand side of
Eq. 6.5 that would account for the jellyfish growth or the intensified proliferation at the
canal tips. The mass conservation equation could be also adapted to account for the
in-plane compressibility of the canals.

The Eq. (6.5) leads us to the Laplace equation for pressure:

∆p = 0 . (6.6)

The boundary conditions for an octant are chosen as follows. Given the radial symmetry of
the problem, Neumann reflecting boundary conditions are applied on the adradial canals
(the left and right boundaries of the octant): ∂p

∂n
= 0, where n is normal to the walls.

The pressure field is defined relative to the gastric pouches, rendering them pressure-free
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surfaces (p = 0). We assume that time-averaged contractions exert high pressure at the
margin. Consequently, Dirichlet boundary condition is imposed on the bottom boundaries
(p = p0).

We take advantage of the fact that the growing canals maintain a well specified width.
As in Chapter 4, we focus primarily on finger interactions, approximating the moving
boundary problem with the evolution of fingers of constant width. In this model, the
canal growth velocity is determined by integrating the pressure gradient at the tip:

v = β(
∫

tip
∇p)η , (6.7)

where β again sets a timescale of canal growth, and η is an exponent characterizing the
scaling of the growth response to pressure.

Stochastic sprouting

As the jellyfish grows, the distance between neighboring canals increases, creating space
for new sprouts. We initiate them with a probability that depends on the separation
between neighboring canals, drim,i. We use a sigmoidal function to calculate the probability
of sprouting (Fig 6.14a):

h(d) = hmax

1 + e−(d−d0)/k
, (6.8)

where hmax is the maximum limit of the function, d0 is the position of the inflection point,
and k is related to the sigmoid width and derivative at d = d0: h′(d0) = hmax

4k
.

This function assigns a small probability of sprouting when neighboring canals are
close together, and a larger probability, that plateaus at hmax, when the distance between
them increases. The width of the transition zone depends on k. In the limit of k → 0 and
hmax → ∞ we recover deterministic sprouting whenever the threshold, d0, is reached. Fi-
nite values of hmax result in an exponential decay of distribution of d at which new sprouts
appeared. Increasing k allows new sprout initiation for d < d0 and results in a wider dis-
tribution of d at which new sprouts appeared. We fine tune the parameters to reproduce
distributions and the typical average spacing observed in experiments (Fig 6.14b). The
following values of the parameters were used in the simulations: k = 0.4, hmax = 200, and
d0 = 2.9 + 0.03Rrim. The increase in d0 accounts for the slow growth of drim.
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Figure 6.14 Stochastic sprouting at the rim. (a) A sigmoid function (Eq. (6.8)) used to
determine the probability of sprouting depending on the distance between neighboring canals.
(b) Comparison of the average canal spacing at the rim in experiments and simulations.

Network growth simulations

We base our simulations of canal network dynamics on the network evolution Python pack-
age developed in Chapter 4, and available on the GitHub repository (https://github.
com/stzukowski/reticuler). We adapt it to the jellyfish case based on our experimental
observations. We employ tetraradial symmetry and consider a single octant – one-eighth
of an annulus between the marginal canal and the gastric pouches. We begin the simu-
lations with a tri-fork structure in the middle and short sprouts on the rim – a typical
setup for juvenile jellyfish. We impose linear growth on the jellyfish radius at the mean
growth rate measured in experiments. In each timestep of the simulation, we use the
finite element method to solve the elastic or diffusive problem. To calculate the field in
the system, we decompose it into two domains: the canals and the endoderm. Each do-
main has different mechanical properties. We investigate the effect on the canal network
structure of the canal-to-endoderm properties ratio – specifically, the Young’s modulus
ratio in the elastic case and the mobility ratio in the diffusive case.

To determine the velocity and growth direction of canals we integrate the correspond-
ing field at the tips. The sprouts are subsequently elongated, and the entire jellyfish is
radially scaled to maintain a constant growth rate. New sprouts are initiated at the rim,
always at the midpoint between two neighboring canals. The moment of initiation is
chosen stochastically, based on a sigmoid function. The sprouts grow until they recon-
nect to stomachs or other canals. Below we describe stochastic sprouting and stress- and
pressure-driven growth in detail.
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6.2.2 Results

We begin by analyzing the stress-driven growth. In Fig. 6.15, we present the dynamics
of canal network formation in silico with the Young’s modulus ratio set to E = 9. The
simulated dynamics reproduce the dynamics observed on real jellyfish fairly well. The
canals start growing at the rim and propagate toward the gastric pouch. They are gen-
erally attracted to each other, leading to reconnections over time. Interestingly, the first
generation of sprouts can either reconnect to the tri-fork structure, like the sprout on
the right in Fig. 6.15, or ‘escape’ and propagate further toward the gastric pouch, like
the sprout on the left. This behavior of the first-generation sprouts is also observed in
experiments, as seen in Fig. 6.7.

tsim = 0 days tsim = 4 days tsim = 8 days tsim = 12 days

Figure 6.15 Time evolution of a canal network grown in response to the stress field
with the Young’s modulus ratio E = 9. The black line indicates a scalebar of length 1 cm.

In Fig. 6.16, we investigate the effect of the Young’s modulus ratio, E, on the canal
network structure. When the canals and the endoderm have the same Young’s modulus
value (corresponding to E = 1), the canals do not interact and grow straight. Increasing
E leads to stronger attraction and consequently faster reconnection closer to the rim.
This affects the canal spatial frequency profiles (Fig. 6.17). For low E, the normalized
number of canals gradually decreases, wheras for higher E, it drastically drops close
to the rim. Moderate values of E best reproduce the experimental data, especially for
1−R/Rrim < 0.35. At this radial position, the simulation results exhibit a sharp decrease
in the normalized number of canals. This corresponds to the fixed position of the tri-fork
junction in the simulations. All canals growing inside the tri-fork structure must reconnect
before reaching this radial position, which explains the sudden jump in the curves. In real
jellyfish, the radial position of this junction is not fixed, resulting in a much smoother
canal spatial frequency profile after averaging.

Next, we analyze pressure-driven growth. In this case, the sprouts velocity is signifi-
cantly affected by longer neighboring canals. Consequently, short sprouts grow much more
slowly than long ones. This is contrary to experimental observations, in which sprout ve-
locity does not vary greatly from canal to canal. To mitigate this effect in the simulations,

115



Chapter 6. Morphogenesis of the gastrovascular canal network in Aurelia jellyfish:
growth dynamics

we set η = 0 in Eq. (6.7); thereby making all sprouts grow at the same velocity.

Apart from the need to dampen competition between the canals, the results are re-
markably similar to those of stress-driven growth. As before, we observe that the canals
do not interact and grow straight for the same viscosity of endodermal and canal cells
(corresponding to M = 1). They are attracted to each other and reconnect faster at a
high viscosity ratio (Fig. 6.18). Moderate values of the viscosity ratio visually reproduce
canal network patterns observed in experiments and most closely reproduce the canal
spatial frequency profile measured in experiments (Fig. 6.19).
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Figure 6.16 The effect of the Young’s modulus ratio on the canal network grown
in response to the stress field.
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Figure 6.17 The canal spatial frequency for different Young’s modulus ratios. As
with the experimental data, the results were averaged over multiple individuals (simulation runs)
and over time points at which the jellyfish size was between 2.5 and 3 cm. The black dashed
line corresponds to the experiment.
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Figure 6.18 The effect of the viscosity ratio on the canal network grown in response
to the pressure field.
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Figure 6.19 The canal spatial frequency for different viscosity ratios. As with the
experimental data, the results were averaged over multiple individuals (simulation runs) and
over time points at which the jellyfish size was between 2.5 and 3 cm. The black dashed line
corresponds to the experiment.
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6.3 Summary

In this chapter, we investigated the dynamics of jellyfish canal network formation through
in vivo and in silico methods. We collected jellyfish images over a period of several dozen
days, as they grew from ~5 mm to ~5 cm. The jellyfish radius grows linearly at a rate
of 0.6 to 2 millimeters per day, depending on the growth conditions, such as food regime,
flow rate, and aquarium size. We analyzed images to detect the canals in the network and
plotted their azimuthally averaged density and spacing profiles as a function of relative
radial position. These profiles do not depend on the growth rate, but slightly shift with
the size of the jellyfish. In particular, we demonstrated that the typical canal spacing at
the rim increases when the jellyfish grows. Interestingly, the spacing between the canals,
adjusted for their changing width, remained nearly constant over time. This may be
related to the characteristic reaction-diffusion length in the system – the effective range
of nutrient delivery from a canal.

Next, we built a numerical model of the growing jellyfish canal network. We initiated
the simulations with the stereotypical geometry of an octant – one-eighth of an annulus
between the marginal canal and the stomachs. We imposed linear growth on the jellyfish
radius at the mean growth rate measured in the experiments. New sprouts were initiated
at the rim with a probability that depended on the separation between neighboring canals,
reproducing the typical spacing observed in the experiments. In each timestep of the
simulation, we solved the elastic or diffusive problem. The sprouts grew with a velocity
proportional to the von Mises stress or pressure gradient value at the tip and in the
maximum stress or gradient direction. We ran the simulations for different ratios of
mechanical properties (Young’s modulus or viscosity) of the endoderm to that of the
canals. For low ratio, the canals do not interact and grow straight. For higher ratio,
the canals attract each other strongly, leading to reconnections almost instantly after
sprouting from the rim. Moderate ratio visually reproduced the patterns observed in
Aurelia and produced canal spatial frequency profiles closest to the the ones measured
from experiments. However, we did not notice preferential reconnections to the youngest
neighboring canal.

In the future, the model could be expanded to account for variability in the position of
the tri-fork junction. This would help to smooth out the canal spatial frequency profiles
in the simulations, making them more consistent with our experimental observations.
Another possible model extension could incorporate canal maturation and changes in its
stifness or viscosity over time. This would account for the tendency to reconnect to the
youngest canal in the neighborhood, as discussed in Chapter 5.
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Podsumowanie pracy po polsku

Kształty naturalne są często postrzegane jako wynik procesu optymalizacji lub jako z
góry określone, na przykład przez program genetyczny. Podejście to pomija jednak kwe-
stię mechanizmu ich powstawania. Aby to zrozumieć, musimy zbadać leżącą u ich podstaw
dynamikę wzrostu. Badamy związek między kształtami końcowymi a procesami wzrostu,
aby rozwiązać problem odwrotny: biorąc pod uwagę kształt, jak możemy określić szcze-
góły jego procesu wzrostu lub, szerzej, zidentyfikować fundamentalny mechanizm jego
powstawania? Odpowiedź na to pytanie jest przydatna w wielu kontekstach, na przy-
kład do rekonstrukcji warunków środowiskowych na podstawie form geologicznych lub do
zrozumienia, jak powstrzymać procesy patologiczne w systemach biologicznych.

Koncentrujemy się na formach, które powstają jako niestabilność na ruchomym fron-
cie. Małe wypustki rozwijają się później w palczaste kształty, które oddziałują ze sobą i
mogą tworzyć strukturę sieciową. Przykłady obejmują kanały rozpuszczania (ang. solution
pipes), sieci rzeczne, a nawet układ kanałów meduz Aurelia.

Najpierw analizujemy systemy, w których mechanizm wzrostu został wcześniej ziden-
tyfikowany lub można go wyprowadzić teoretycznie. Pokazujemy, jak wyodrębnić prawa
rządzące wzrostem lub warunkami podczas powstawania struktury, badając jedynie jej
ostateczną geometrię. Jest to szczególnie ważne w przypadku form geologicznych, które
ewoluują w skalach czasowych wykraczających poza ludzkie możliwości pomiarowe. Poka-
zujemy, że pojedynczy obraz geometrii wystarcza do rekonstrukcji historycznych wartości
natężenia przepływu w powstającym rurociągu lub do zidentyfikowania praw wzrostu sieci
rzecznej.

W długim okresie czasu niektóre formy naturalne osiągają kształt niezmienniczy (ide-
alny), niezależny od warunków początkowych i charakteryzowany przez niewielką liczbę
parametrów. Daje to unikatowy wgląd w warunki fizyczne, w których powstała struk-
tura. W Rozdziale 2 badamy idealne formy palców powstałych w procesie rozpuszczania.
Struktury te tworzą się w wyniku niestabilności reaktywno-infiltracyjnej – dodatniego
sprzężenia zwrotnego między przepływem płynu a transportem reagentów, które wystę-
puje podczas rozpuszczania ośrodków spękanych lub porowatych. Badamy powstawanie
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tych kanałów przypominających palce, wykorzystując komórkę Hele-Shawa z rozpuszczal-
nym dnem.

Obserwujemy silną rywalizację między palcami w tym systemie. Najdłuższy palec,
który stanowi ścieżkę najmniejszego oporu, przechwytuje coraz większą część przepływu
kosztem krótszych palców. W konsekwencji krótsze palce zwalniają i rozszerzają się. Co
ciekawe, najdłuższy palec nie przyspiesza ani nie zmienia kształtu. Nałożenie migawek
najdłuższego palca w trakcie jego ewolucji ujawnia, że od początku kreślił on ten sam
kształt. Z czasem zachowująca stały kształt część palca po prostu przesuwa się w kierunku
przepływu. Wyłania się coraz dłuższy, niezmienniczy palec.

Aby dokładniej zbadać powstawanie niezmienniczego kształtu, przeprowadziliśmy eks-
perymenty z pojedynczym palcem w wąskiej komórce mikroprzepływowej. Palce mają re-
gularny kształt, ze stałym nachyleniem ścianek daleko od wierzchołka i parabolicznymi
końcami. Są bardziej wydłużone przy wyższych prędkościach przepływu. Wykorzystując
połączenie teorii transportu reaktywnego i technik odwzorowania konforemnego, można
uzyskać kształt idealnego palca, który odpowiada kształtom obserwowanym w ekspery-
mentach.

Analizę można rozszerzyć na trzy wymiary i wykorzystać do interpretacji form na-
turalnych, takich jak kanały rozpuszczania – pionowe struktury utworzone przez kwaśne
deszcze infiltrujące wapień. Krytycznym parametrem kontrolującym idealny kształt jest
liczba Pécleta, Pe = Q/Da, gdzie Q to natężenie przepływu w systemie, D to stała dyfu-
zji, a a to promień kanału. Mierząc średnicę rury i jej profil boczny, możemy odtworzyć
historyczne natężenie przepływu w powstającej rurze. Może to dostarczyć informacji o
warunkach środowiskowych, w których się rozwijała.

Nawet jeśli struktura nie osiągnie idealnego kształtu, jej geometria kryje w sobie bo-
gactwo informacji o prawach jej wzrostu i środowisku, w którym powstała. W Rozdziale 3
opisujemy ramy rekonstrukcji tych informacji z pojedynczego obrazu sieci morfodyna-
micznej. Rozważamy sieci rosnące wyłącznie na czubkach, których gałęzie wydłużają się i
bifurkują w odpowiedzi na pole zewnętrzne. Pole i sieć współewoluują w czasie, ponieważ
rosnąca sieć zmienia warunki brzegowe pola. Dynamikę sieci definiują prawa wzrostu –
zbiór reguł, które łączą procesy rozszerzania i bifurkacji z charakterystyką pola sterują-
cego, takiego jak jego gradient w pobliżu wierzchołka. Znając prawa wzrostu, możemy
przewidzieć kształt sieci zarówno w przyszłości, jak i w przeszłości.

Aby rozszyfrować prawa wzrostu, opracowaliśmy algorytm wstecznej ewolucji. Naj-
pierw parametryzuje się prawa wzrostu i wybiera początkowy zestaw parametrów. Wy-
korzystując te specyficzne reguły, sieć jest ewoluowana wstecz w czasie o mały krok dt,
a następnie ewoluowana w przód w tym samym kroku czasowym. Jeśli wybrane prawo



wzrostu jest niepoprawne, odwracalność problemu w czasie zostaje zerwana i nie powra-
camy do stanu początkowego. I odwrotnie, z poprawnym prawem wzrostu replikujemy
początkową geometrię po sekwencji kroku wstecz i w przód.

Następnie pomijamy krok naprzód, a procedura jest powtarzana, cofając ewolucję sieci
aż do jej stanu początkowego. Mierząc odchylenia od stanu pierwotnego i inne wskaźniki
po każdym kroku wstecz, takie jak symetria pola wokół każdego wierzchołka, możemy
oszacować dopasowanie wybranej reguły wzrostu. Powtarzamy tę samą procedurę dla
różnych zestawów parametrów i wybieramy optymalny.

Walidujemy to podejście, wykorzystując dane syntetyczne z symulacji sieci rozwijają-
cych się w polu dyfuzyjnym. Z powodzeniem określamy reguły wzrostu gałęzi oraz wa-
runki, w których następuje ich rozgałęzienie. Następnie stosujemy to podejście do ana-
lizy wzrostu rzeczywistej sieci rzecznej w Vermont w USA. Nasze wyniki pokazują, że
formujące się dopływy tej sieci silnie konkurowały o przepływ wód gruntowych. Argu-
mentujemy również, że rozgałęzienia były wywoływane zwiększeniem prędkości wzrostu
czubków rzek. To narzędzie otwiera nowe perspektywy dla analizy sieci przestrzennych
w przyrodzie. Kompleksowa analiza sieci rzecznych na Ziemi mogłaby skorelować prawa
wzrostu z lokalnymi warunkami klimatycznymi, takimi jak intensywność opadów. Mo-
głoby to posłużyć do rekonstrukcji dawnych warunków na innych planetach z reliktowymi
sieciami rzecznymi. Podobna analiza oparta wyłącznie na kątach bifurkacji przyniosła
obiecujące wyniki dotyczące niegdyś panującego klimatu na Marsie.

Następnie badamy pętle w sieciach fizycznych. Wykazano, że sieci pętlowe są bar-
dziej odporne na uszkodzenia i podlegają selekcji w ewolucji biologicznej. Jednak niewiele
wiadomo na temat ich rozwoju, szczególnie w procesie zwanym wzrostem wzrostem na
czubku, w którym sieci wydłużają się się na końcach gałęzi w odpowiedzi na gradient pola
zewnętrznego. Klasyczne modele tego procesu wyjaśniają konkurencję, ekranowanie i od-
pychanie między gałęziami i prowadzą do powstania sieci drzewiastych (bez pętli), takich
jak te przedstawione w Rozdziale 3. Pozostaje pytanie: w jaki sposób gałęzie przyciągają
się i łączą ponownie, tworząc pętle?

W Rozdziale 4 identyfikujemy nagłe formowanie się pętli w pobliżu zjawiska przebi-
cia (ang. breakthrough). Gdy najdłuższy palec dociera do granicy układu, krótsze palce
reaktywują się i są do niego przyciągane. Połączenia (rekoneksje) związane z przebiciem
pojawiają się w niezwykle zróżnicowanych procesach, w tym wyładowaniach elektrycz-
nych, kanałach w jaskiniach krasowych, rozpuszczaniu i lepkich palcach w komórce Hele-
Shawa, czy kanałach w układzie trawiennym meduzy Aurelia. Wzrost tych struktur jest
regulowany przez strumienie dyfuzyjne. Ważnym parametrem jest tutaj stosunek ruchli-
wości M – stosunek ruchliwości wewnątrz rosnących palców do ruchliwości na zewnątrz.



Poprzednie badania wykazały, że skończony stosunek ruchliwości osłabia ekranowanie i
efektywne odpychanie w układzie. Może to prowadzić do formowania się pętli w okre-
ślonych zakresach stosunków ruchliwości i długości palców. Jednak rekoneksje przebicia
nie ograniczają się do tych konkretnych scenariuszy. W pobliżu przebicia gałęzie łączą się
ponownie nawet przy wysokim stosunku ruchliwości, co wcześniej uważano za niemożliwe
ze względu na efekty ekranowania.

Aby przedstawić fizyczne wyjaśnienie rekoneksji związanych z przebiciem, najpierw
rozważamy jednowymiarowy model palcowania laplasowskiego. Zauważamy, że pole w
obrębie krótkiego palca, znajdującego się z dala od ujścia układu, jest niemal stałe. Suge-
ruje to, że traktowanie palców jako izolinii pola (izopotencjałów), jak w Rozdziale 3, jest w
tym przypadku uzasadnione. Jednakże pole maleje wzdłuż dłuższych palców bliżej ujścia.
Przejście od palców izopotencjalnych do palców wykazujących gradient pola występuje w
odległości od ujścia, która jest odwrotnie proporcjonalna do stosunku ruchliwości. Gdyby
umieścić krótki i długi palec obok siebie, między wierzchołkiem krótkiego palca a długim
palcem powstałaby różnica potencjałów. W konsekwencji, krótki palec byłby przyciągany
przez dłuższy.

W modelu jednowymiarowym każdy palec jest traktowany niezależnie. W rzeczywi-
stości jednak palce oddziałują na siebie; dłuższy palec osłania krótszy. Aby zbadać ten
efekt, przeprowadziliśmy symulacje numeryczne układu dwuwymiarowego. Przy niskim
stosunku ruchliwości krótszy palec jest słabo ekranowany i otrzymuje pewien strumień,
nawet gdy dłuższy palec znajduje się daleko od ujścia. Im wyższy stosunek ruchliwości,
tym silniejszy efekt ekranowania. W tym przypadku, gdy odstęp (odległość od najdłuż-
szego palca do ujścia) jest duży, całkowity strumień w krótszym palcu jest bliski zeru.
Wraz ze zmniejszaniem się odstępu, pole w najdłuższym palcu zaczyna spadać, a krótszy
palec otrzymuje większy strumień.

Krótszy palec nie tylko reaktywuje się i zaczyna ponownie rosnąć, ale jego kierunek
wzrostu również zmienia się w pobliżu punktu przebicia. Gdy odstęp jest duży, większy
strumień pochodzi z zewnątrz, a krótszy palec odchyla się od dłuższego. W przypadku
mniejszego odstępu, większy strumień pochodzi z dłuższego palca. Powoduje to skuteczne
przyciąganie w kierunku dłuższego palca.

Na koniec adaptujemy model z rozdziału 2, uwzględniając skończony stosunek ru-
chliwości. Zamiast cienkich palców traktowanych jako izolinie pola, rozważamy palce o
skończonej szerokości, wzdłuż których pole maleje. Przeprowadzamy symulacje ewolucji
palców w czasie, aby pokazać, jak reaktywacja i przyciąganie do najdłuższego palca pro-
wadzi do powstania dynamicznej pętli. Dla dwóch palców o nieznacznie różniących się
długościach początkowych obserwujemy wszystkie opisane wcześniej interakcje między



nimi: rywalizację i odpychanie, osłanianie, reaktywację i przyciąganie.

Następnie przeprowadzamy eksperymenty w komórce Hele-Shawa: rozpuszczanie pęk-
nięcia (jak opisano w Rozdziale 2) przy niskim stosunku ruchliwości i palcowanie lepkie
przy wysokim stosunku ruchliwości. Porównujemy symulacje z eksperymentami i stwier-
dzamy, że dynamika krótszego palca została wiernie odwzorowana. Zarówno w ekspery-
mentach, jak i symulacjach obserwujemy, że przy niskim stosunku ruchliwości krótszy
palec nie jest ekranowany i od początku jest przyciągany do dłuższego. I odwrotnie, przy
wysokim stosunku ruchliwości, krótszy palec jest początkowo ekranowany. Następnie re-
aktywuje się i nagle ponownie łączy się z dłuższym palcem. Nasze wyniki pokazują, że po-
nowne połączenie jest powszechnym zjawiskiem w systemach napędzanych strumieniami
dyfuzyjnymi. Występuje zarówno wtedy, gdy ruchomość wewnątrz rosnącej struktury jest
podobna do ruchomości na zewnątrz, jak i w pobliżu momentu przebicia.

W ostatniej części pracy skupiamy się na konkretnej biologicznej sieci pętli: systemie
kanałów gastro-waskularnych meduzy Aurelia. Meduza ta jest cennym modelem do bada-
nia rozwoju biologicznych sieci transportowych ze względu na swoje położenie na drzewie
filogenetycznym, prostą anatomię i łatwość obrazowania in vivo. Układ gastro-waskularny
ma cztery żołądki w centrum meduzy. Pod koniec stadium efyry szesnaście prostych kana-
łów rozciąga się od środka meduzy do kanału obręczowego. Osiem kanałów adradialnych
graniczy z ośmioma odcinkami, zwanymi oktantami, z prostym kanałem inter- lub per-
radialnym pośrodku każdego z nich. Zazwyczaj dwa krótsze kanały łączą się z kanałem
środkowym, tworząc rozwidlenie przypominające trójząb. W miarę wzrostu meduzy z ka-
nału obręczowego wyrastają nowe kanały, które rosną w kierunku środka. Niektóre kanały
łączą się ponownie z innymi kanałami, podczas gdy inne biegną bezpośrednio do żołądków.

W Rozdziale 5 opisujemy strukturę sieci kanałów i jej zmienność. Koncentrujemy się
na stadium od osobnika młodocianego do dorosłego meduzy. Idealną konstrukcję geome-
tryczną wzoru kanału można opisać następująco: w każdym oktancie struktura rozwidlona
dzieliłaby kanał brzeżny na cztery równe segmenty. Nowy kanał pojawiałby się w środku
każdego segmentu. Te młode kanały rosłyby i łączyły się z najmłodszym kanałem w są-
siedztwie (z poprzedniej generacji), a zatem z kanałami bocznymi struktury rozwidlonej.
Teraz kanał brzeżny miałby osiem segmentów, w których pojawiałaby się kolejna gene-
racja kanałów. Te wypustki ponownie rosłyby i łączyłyby się z lewej lub prawej strony
z najmłodszym kanałem w sąsiedztwie. Prowadziłoby to do charakterystycznego fraktal-
nego kształtu drzewa sieci kanałów.

Gdyby struktura kanału była z góry określona, konstrukcja geometryczna byłaby pre-
cyzyjnie zachowana, a kanały zawsze łączyłyby się z ostatnim, poprzednim pokoleniem.
Określamy ilościowo odstępstwo od tej reguły i zliczamy liczbę „fałszywych” połączeń u



meduz wyhodowanych w naszym laboratorium. Chociaż kanały preferencyjnie łączą się
z najmłodszym kanałem w okolicy, nie jest to ścisła reguła. Analiza wzorów kanałów
meduz hodowanych w różnych warunkach dodatkowo ilustruje dużą zmienność systemu.
Można to interpretować jako ślad niestabilności wynikający z zakłóceń stochastycznych,
sugerujący, że wzór pojawia się w sposób samoorganizujący się.

Odnosimy ten samoorganizujący się proces do mechaniki meduz. Skurcze meduzy pod-
czas pływania wywołują znaczne odkształcenia mechaniczne jej ciała. Wywiera to naprę-
żenia mechaniczne na jednokomórkową błonę endodermalną, na której rosną kanały, i
zwiększa ciśnienie w ich wnętrzu. Aby wykazać, że naprężenie koncentruje się na końcach
rosnących kanałów, rozwiązujemy numerycznie równania równowagi, aby określić rozkład
naprężeń w tkance meduzy. Rozważamy płaski stan naprężenia dla części oktantu w po-
bliżu kanału pierścieniowego. Zakładamy, że endoderma jest płaską, sztywną i prawie
nieściśliwą błoną sprężystą. Obszar normalnie zajmowany przez kanały (światło kanału)
jest aproksymowany jako ściśliwa błona sprężysta o module Younga niższym niż moduł
endodermy. Wybrany współczynnik Poissona równy 0,3 przekłada pionowe rozszerzenie
kanałów na ściskanie w płaszczyźnie.

Analizujemy kanał rosnącą między młodszym a starszym kanałem. Na podstawie ob-
serwacji eksperymentalnych przypisujemy większą sztywność młodszemu kanałowi. Ob-
serwujemy, że naprężenia kumulują się na końcu kanału. Starszy, bardziej miękki kanał
relaksuje naprężenia; dlatego w pobliżu rosnącego końca maksymalne naprężenia wystę-
pują po stronie młodszego, sztywniejszego kanału. Stawiamy hipotezę, że wysokie naprę-
żenia prowadzą kanały, wyjaśniając jej preferencyjne łączenie się z młodszymi kanałami.
Identyfikujemy również powstawanie pętli indukowanych przebiciem, szczegółowo opisane
w Rozdziale 4. Sugeruje to, że przepływy dyfuzyjne mogą również odgrywać rolę w mor-
fogenezie tego systemu.

W rozdziale 6 badamy dynamikę powstawania sieci kanałów meduzowych, aby zwery-
fikować dwie hipotezy. Problem ten analizujemy najpierw eksperymentalnie. Gromadzimy
obrazy meduz przez okres kilkudziesięciu dni, w miarę jak rosną one od 5 mm do 5 cm.
Promień meduzy rośnie liniowo w tempie od 0,6 do 2 milimetrów dziennie, w zależności od
warunków wzrostu, takich jak dieta, natężenie przepływu i rozmiar akwarium. Analizu-
jemy obrazy, aby wykryć kanały w sieci i nanosimy na wykres ich uśrednioną azymutalnie
gęstość i profile odstępów jako funkcję względnego położenia radialnego. Profile te nie
zależą od tempa wzrostu, ale zmieniają się wraz z rozmiarem meduzy. W szczególności
wykazujemy, że typowy odstęp między kanałami na krawędzi zwiększa się wraz ze wzro-
stem meduzy. Co ciekawe, odstępy między kanałami, dostosowane do ich zmieniającej się
szerokości, pozostają niemal stałe w czasie. Może to być związane z charakterystyczną



długością reakcji-dyfuzji w systemie – efektywnym zasięgiem dostarczania składników od-
żywczych z kanału.

Na koniec dostosowujemy model numeryczny z Rozdziałów 3 i 4, aby symulować ro-
snącą sieć kanałów meduz. Rozpoczynamy symulacje od typowej geometrii – jednej ósmej
pierścienia między kanałem brzeżnym a żołądkami. Wymuszamy liniowy wzrost promie-
nia meduzy ze średnią szybkością wzrostu mierzoną w eksperymentach. Nowe kanały są
umieszczane na krawędzi z prawdopodobieństwem zależnym od odległości między sąsied-
nimi kanałami, odtwarzając typowe odstępy obserwowane w eksperymentach. W każ-
dym kroku czasowym symulacji rozwiązujemy problem sprężysty lub dyfuzyjny. Kanałyę
rosną z prędkością proporcjonalną do wartości naprężenia zredukowanego (von Misesa)
lub gradientu ciśnienia na czubku i w kierunku maksymalnego naprężenia lub gradientu.
Przeprowadzamy symulacje dla różnych stosunków właściwości mechanicznych (moduł
Younga lub lepkość) endodermy do kanałów. Przy niskim stosunku kanały nie oddziałują
na siebie i rosną prosto. Przy wyższym współczynniku kanały silnie się przyciągają, co
prowadzi do ponownego połączenia niemal natychmiast po wyjściu z krawędzi. Umiarko-
wany współczynnik odtwarza wzorce obserwowane w eksperymentach i zmierzone profile
gęstości przestrzennej kanałów. Omawiamy ograniczenia modelu i nakreślamy przyszłe
kierunki badań.



Résumé substantiel en français

Les formes naturelles sont souvent considérées comme le résultat d’un processus d’optimi-
sation ou comme étant prédéterminées, par exemple par un programme génétique. Cela
néglige toutefois la question de savoir comment ces formes apparaissent initialement. Pour
comprendre cela, nous devons examiner la dynamique de croissance sous-jacente. Nous
étudions la relation entre les formes finales et les processus de croissance afin de traiter
le problème inverse : étant donné une forme, comment déterminer les détails de son pro-
cessus de croissance ou, plus largement, identifier le mécanisme fondamental à l’origine
de son émergence ? La réponse à cette question est utile dans de nombreux contextes,
par exemple pour reconstruire des informations environnementales à partir de formes
géologiques ou pour comprendre comment arrêter des processus pathologiques dans les
systèmes biologiques. Nous nous concentrons sur des formes qui débutent par une insta-
bilité sur un front en mouvement. Les petites protubérances se développent ensuite en
formes digitées qui interagissent entre elles et peuvent former une structure en réseau. Les
exemples vont des conduits de dissolution aux réseaux fluviaux, en passant par le réseau
de canaux des méduses Aurelia.

Dans un premier temps, nous analysons des systèmes dont le mécanisme de croissance
a déjà été identifié ou peut être dérivé théoriquement. Nous démontrons comment extraire
des détails sur les lois de croissance ou les conditions régissant l’émergence d’une structure
simplement en examinant sa géométrie finale. Ceci est particulièrement important pour les
formes géologiques qui évoluent sur des échelles de temps dépassant les capacités de mesure
humaines. Nous montrons qu’un simple cliché de la géométrie suffit pour reconstruire les
débits historiques dans un conduit de dissolution en formation ou pour identifier les lois
de croissance d’un réseau fluvial. À la limite des temps longs, certaines formes naturelles
atteignent une forme idéale, indépendante des conditions initiales et caractérisée par un
petit nombre de paramètres. Cela offre un aperçu unique des conditions physiques dans
lesquelles la structure a émergé.

Dans le Chapitre 2, nous étudions les formes idéales de doigts de dissolution. Ces
structures résultent de l’instabilité d’infiltration réactive — une rétroaction positive entre

141



l’écoulement du fluide et le transport de réactifs qui se produit lors de la dissolution de
milieux fracturés ou poreux. Nous examinons la formation de ces canaux digitiformes en
utilisant une cellule de Hele-Shaw microfluidique à fond soluble. Nous observons une forte
compétition entre les doigts dans ce système. Le doigt le plus long, qui offre le chemin de
moindre résistance, capture une quantité croissante du flux au détriment des doigts plus
courts. Par conséquent, les doigts plus courts ralentissent et s’élargissent. Il est intéressant
de noter que le doigt le plus long n’accélère pas et ne change pas de forme. La superposition
des clichés du doigt le plus long tout au long de son évolution révèle qu’il trace la même
forme depuis le début. Au fil du temps, la partie invariante du doigt se décale simplement
dans la direction de l’écoulement, faisant émerger un doigt invariant de plus en plus long.

Pour étudier plus en détail l’émergence de la forme invariante, nous avons réalisé des
expériences sur un doigt unique dans une cellule microfluidique étroite. Les doigts pré-
sentent une forme régulière, avec une pente constante au niveau des parois loin de la
pointe et des pointes paraboliques. Ils sont plus allongés à des débits plus élevés. En com-
binant la théorie du transport réactif et des techniques de transformation conforme, il est
possible de dériver la forme du doigt idéal correspondant aux formes observées expérimen-
talement. L’analyse peut être étendue à trois dimensions et utilisée pour interpréter des
formes naturelles, telles que les conduits de dissolution — des canaux verticaux formés
par l’infiltration d’eau de pluie acide dans le calcaire. Le paramètre critique contrôlant
la forme idéale est le nombre de Péclet, Pe = Q/Da, où Q est le débit dans le système,
D est la constante de diffusion et a est le rayon du canal. En mesurant le diamètre du
conduit et sa pente sur les côtés, nous pouvons reconstruire le débit historique dans un
conduit de dissolution en formation. Cela peut fournir des informations sur les conditions
environnementales dans lesquelles ils se sont développés.

Même si une structure n’atteint pas une forme idéale, sa géométrie recèle une multitude
d’informations sur ses lois de croissance et l’environnement dans lequel elle s’est formée.
Dans le Chapitre 3, nous décrivons un cadre permettant de reconstruire ces informations à
partir d’un unique cliché d’un réseau morphodynamique. Nous considérons des réseaux à
croissance apicale (« tip-growing ») dont les branches s’étendent et bifurquent en réponse
à un champ externe. Le champ et le réseau co-évoluent dans le temps, car le réseau en
croissance modifie les conditions aux limites du champ. La dynamique du réseau est définie
par des lois de croissance — un ensemble de règles liant les processus d’extension et de
bifurcation aux caractéristiques du champ moteur, telles que son gradient au voisinage de
la pointe. Une fois les lois de croissance connues, nous pouvons prédire la forme du réseau
dans le futur, mais aussi dans le passé.

Pour décrypter les lois de croissance, nous avons développé l’Algorithme d’Évolution



Rétrograde (Backward Evolution Algorithm). Tout d’abord, les lois de croissance sont
paramétrées et un ensemble initial de paramètres est sélectionné. En utilisant ces règles
de croissance spécifiques, le réseau évolue en arrière dans le temps sur un petit intervalle,
dt, puis évolue vers l’avant sur le même pas de temps. Si la loi de croissance sélection-
née est incorrecte, la réversibilité temporelle du problème est brisée et nous ne revenons
pas à l’état d’origine. Inversement, avec une loi de croissance correcte, nous reprodui-
sons la géométrie initiale après l’étape arrière-avant. L’étape avant est ensuite négligée
et la procédure est répétée, remontant l’évolution du réseau jusqu’à ses germes. En me-
surant les écarts par rapport à l’état d’origine et d’autres métriques après chaque étape
arrière, comme la symétrie du champ autour de chaque pointe, nous pouvons estimer la
pertinence de la règle de croissance sélectionnée. Nous répétons la même procédure pour
différents ensembles de paramètres et sélectionnons le plus optimal. Nous validons cette
approche à l’aide de données synthétiques issues de simulations de réseaux cultivés dans
un champ diffusif. Les règles de croissance des branches et les conditions d’apparition des
ramifications sont déterminées avec succès.

Nous appliquons ensuite cette approche pour analyser la croissance d’un véritable ré-
seau fluvial dans le Vermont, aux États-Unis. Nos résultats montrent que les affluents
en formation de ce réseau ont été en forte compétition pour le flux d’eau souterraine.
Nous soutenons également que les événements de bifurcation ont été déclenchés par une
augmentation de la vitesse de croissance des pointes. Cet outil ouvre de nouvelles pers-
pectives pour l’analyse des réseaux spatiaux dans la nature. Une analyse complète des
réseaux fluviaux sur Terre pourrait corréler les lois de croissance avec les conditions cli-
matiques locales, telles que l’intensité des précipitations. Cela pourrait être utilisé pour
reconstruire les conditions passées sur d’autres planètes dotées d’anciens réseaux fluviaux.
Une analyse similaire basée uniquement sur les angles de bifurcation a donné des résultats
prometteurs concernant le climat autrefois prédominant sur Mars.

Ensuite, nous étudions les boucles dans les réseaux physiques. Il a été démontré que
les réseaux bouclés sont plus résilients aux dommages et sont sélectionnés par l’évolution
biologique. Cependant, on sait peu de choses sur leur développement, en particulier dans
un processus de croissance apicale, où les réseaux s’étendent à l’extrémité des branches en
réponse au gradient d’un champ externe. Les modèles classiques de ce processus expliquent
la compétition, l’écrantage et la répulsion entre les branches et produisent des réseaux
purement ramifiés, tels que ceux présentés au Chapitre 3. La question demeure : comment
les branches s’attirent-elles et se reconnectent-elles pour former des boucles ?

Dans le Chapitre 4, nous identifions la formation soudaine de boucles près de l’évé-
nement de perçage (« breakthrough »). Lorsque le doigt le plus long atteint la limite



du système, les doigts plus courts reprennent leur croissance et sont attirés vers lui. Les
reconnexions lors du perçage apparaissent dans des processus remarquablement divers,
incluant les décharges électriques, les conduits dans les grottes karstiques, la dissolution
et les doigts visqueux dans une cellule de Hele-Shaw, ainsi que les canaux du système
gastrovasculaire de la méduse Aurelia. La croissance de ces structures est régie par des
flux diffusifs. Un paramètre important ici est le rapport de mobilité, M — le rapport
entre la mobilité à l’intérieur des doigts en croissance et la mobilité à l’extérieur. Des
études antérieures ont montré qu’un rapport de mobilité fini réduit l’écrantage et la ré-
pulsion effective dans le système. Cela peut conduire à la formation de boucles dans des
plages spécifiques de rapports de mobilité et de longueurs de doigts. Cependant, les recon-
nexions lors du perçage ne se limitent pas à ces scénarios spécifiques. Près du perçage, les
branches se reconnectent même pour un rapport de mobilité élevé, ce qui était auparavant
jugé impossible en raison des effets d’écrantage.

Pour fournir une explication physique aux reconnexions lors du perçage, nous considé-
rons d’abord un modèle unidimensionnel de doigts laplaciens. Nous notons que le champ
à l’intérieur d’un doigt court loin de la sortie du système est presque constant. Cela sug-
gère que traiter les doigts comme des isolignes du champ, comme dans le Chapitre 4, est
justifié dans ce cas. Cependant, le champ diminue le long des doigts plus longs proches de
la sortie. La transition de doigts isolignes à des doigts présentant un gradient de champ
se produit à une distance de la sortie inversement proportionnelle au rapport de mobilité.
Si un doigt court et un doigt long étaient placés l’un à côté de l’autre, il y aurait une
différence de potentiel entre la pointe du doigt court et le doigt long. Par conséquent, le
doigt court serait attiré par le plus long. Dans le modèle unidimensionnel, chaque doigt
est traité indépendamment. En réalité, cependant, les doigts interagissent ; le doigt le plus
long écrante le plus court. Pour étudier cet effet, nous menons des simulations numériques
d’un système bidimensionnel. Pour un faible rapport de mobilité, le doigt le plus court
est faiblement écranté et reçoit un certain flux, même lorsque le doigt le plus long est loin
de la sortie. Plus le rapport de mobilité est élevé, plus l’effet d’écrantage est fort. Dans
ce cas, lorsque l’écart — la distance entre le doigt le plus long et la sortie — est grand, le
flux total dans le doigt le plus court est proche de zéro. À mesure que l’écart diminue, le
champ dans le doigt le plus long commence à chuter et le doigt le plus court reçoit plus
de flux. Le doigt le plus court non seulement reprend sa croissance, mais sa direction de
croissance change également près de l’événement de perçage. Lorsque l’écart est grand,
plus de flux provient de l’extérieur et le doigt le plus court s’éloigne du plus long. Pour un
écart plus petit, plus de flux provient du doigt le plus long. Cela résulte en une attraction
effective vers le doigt le plus long.

Enfin, nous adaptons le modèle du Chapitre 3 pour inclure un rapport de mobilité fini.



Au lieu de doigts fins traités comme des isolignes du champ, nous considérons des doigts de
largeur finie avec un champ décroissant le long de ceux-ci. Nous effectuons des simulations
de l’évolution temporelle des doigts pour démontrer comment la reprise de croissance et
l’attraction vers le doigt le plus long conduisent à la formation dynamique de boucles. Pour
deux doigts ayant des longueurs initiales légèrement différentes, nous observons toutes les
interactions précédemment décrites entre eux : compétition et répulsion, écrantage, reprise
de croissance et attraction. Nous menons ensuite des expériences dans une cellule de
Hele-Shaw : dissolution de fractures (comme décrit au Chapitre 2) avec un faible rapport
de mobilité et digitation visqueuse avec un rapport de mobilité élevé. Nous comparons
les simulations aux expériences et constatons que la dynamique du doigt le plus court
est reproduite avec précision. Tant dans les expériences que dans les simulations, nous
observons que, pour un faible rapport de mobilité, le doigt le plus court n’est pas écranté
et est attiré vers le plus long dès le début. À l’inverse, pour un rapport de mobilité élevé, le
doigt le plus court est initialement écranté. Il reprend ensuite sa croissance et se reconnecte
soudainement au doigt le plus long. Nos résultats démontrent que la reconnexion est un
phénomène prévalent dans les systèmes régis par des flux diffusifs. Elle se produit aussi
bien lorsque la mobilité à l’intérieur de la structure en croissance est similaire à la mobilité
extérieure qu’à l’approche du perçage.

Dans la dernière partie de la thèse, nous nous concentrons sur un réseau biologique
bouclé spécifique : le système de canaux gastrovasculaires de la méduse Aurelia. La mé-
duse est un modèle précieux pour étudier le développement des réseaux de distribution
biologiques en raison de sa position dans l’arbre phylogénétique, de son anatomie simple
et de la facilité d’imagerie in vivo. Le système gastrovasculaire comporte quatre poches
stomacales au centre de la méduse. À la fin du stade ephyra, seize canaux droits s’étendent
du centre de la méduse vers le canal annulaire marginal. Huit canaux adradiaux bordent
huit sections, appelées octants, avec un canal droit inter- ou perradial au milieu de cha-
cune. Typiquement, deux canaux plus courts sont connectés au canal central, formant
une fourche en trident. À mesure que les méduses grandissent, de nouveaux canaux bour-
geonnent depuis le canal annulaire marginal et croissent vers le centre. Certains bourgeons
se reconnectent à d’autres canaux, tandis que d’autres vont directement aux estomacs.

Dans le Chapitre 5, nous décrivons la structure du réseau de canaux et sa variabilité.
Nous nous concentrons sur le stade allant de la méduse juvénile à l’adulte. La construction
géométrique idéale du motif des canaux peut être décrite comme suit : dans chaque
octant, la structure en fourche diviserait le canal marginal en quatre segments égaux. Un
nouveau bourgeon apparaîtrait au milieu de chaque segment. Ces bourgeons croîtraient et
se connecteraient au canal le plus jeune dans le voisinage (issu de la dernière génération
précédente), donc aux canaux latéraux de la structure en fourche. Désormais, le canal



marginal aurait huit segments où la prochaine génération de bourgeons apparaîtrait. Ces
bourgeons croîtraient à nouveau et se connecteraient à gauche ou à droite, au canal le plus
jeune dans le voisinage. Cela conduirait à la forme d’arbre fractal distinctive du réseau de
canaux. Si la structure des canaux était prédéterminée, la construction géométrique serait
suivie précisément et les bourgeons se connecteraient toujours à la dernière génération
précédente. Nous quantifions l’écart par rapport à cette règle et comptons le nombre
de « fausses » connexions chez les méduses élevées dans notre laboratoire. Bien que les
bourgeons se connectent préférentiellement au canal le plus jeune dans le voisinage, ce
n’est pas une règle stricte. L’analyse des motifs de canaux de méduses élevées dans des
conditions différentes illustre davantage la grande variabilité du système. Cela peut être
interprété comme une trace d’instabilité résultant du bruit, suggérant que le motif émerge
d’une manière auto-organisée.

Nous relions ce processus auto-organisé à la mécanique des méduses. Les contractions
natatoires de la méduse induisent des déformations mécaniques considérables sur son
corps. Cela exerce une contrainte mécanique sur le feuillet endodermique unicellulaire sur
lequel les canaux croissent et augmente la pression à l’intérieur de ceux-ci. Pour démontrer
que la contrainte se concentre aux pointes des bourgeons en croissance, nous résolvons
numériquement l’équation de quantité de mouvement de Cauchy afin de déterminer la
distribution des contraintes dans les tissus de la méduse. Nous considérons un problème
de contrainte plane pour une portion d’octant proche du canal annulaire. Nous supposons
que l’endoderme est un feuillet élastique plat, rigide et presque incompressible. La zone
normalement occupée par les canaux avec lumens est approximée comme une membrane
élastique compressible d’un module de Young inférieur à celui de l’endoderme. Le coef-
ficient de Poisson choisi de 0.3 traduit l’expansion verticale des canaux en compression
dans le plan. Nous analysons un petit bourgeon croissant entre des canaux plus jeunes
et plus âgés. Sur la base d’observations expérimentales, nous attribuons une rigidité plus
élevée au canal plus jeune. Nous observons que la contrainte s’accumule à la pointe du
bourgeon. Le canal plus âgé et plus mou relâche la tension ; par conséquent, près de la
pointe en croissance, la contrainte maximale se trouve du côté du canal plus jeune et
plus rigide. Nous émettons l’hypothèse que la forte contrainte guide le bourgeon, expli-
quant son attachement préférentiel aux canaux plus jeunes. Nous identifions également
la formation de boucles induite par le perçage, décrite en détail au Chapitre 4, dans le
développement du réseau de canaux. Cela suggère que les flux diffusifs peuvent également
jouer un rôle dans la morphogenèse de ce système.

Dans le Chapitre 6, nous étudions la dynamique de la formation du réseau de canaux
de la méduse afin de valider les deux hypothèses. Nous abordons d’abord le problème
expérimentalement. Nous collectons des images de méduses sur une période de plusieurs



douzaines de jours, alors qu’elles passent de ~5 mm à ~5 cm. Le rayon de la méduse croît
linéairement à un taux de 0,6 à 2 millimètres par jour, selon les conditions de croissance,
telles que le régime alimentaire, le débit et la taille de l’aquarium. Nous analysons les
images pour détecter les canaux dans le réseau et tracer leurs profils de densité et d’es-
pacement moyennés azimutalement en fonction de la position radiale relative. Ces profils
ne dépendent pas du taux de croissance, mais changent avec la taille de la méduse. En
particulier, nous démontrons que l’espacement typique des canaux au niveau du bord
augmente lorsque la méduse grandit. Il est intéressant de noter que l’espacement entre
les canaux, ajusté en fonction de leur largeur changeante, reste presque constant dans
le temps. Cela peut être lié à la longueur caractéristique de réaction-diffusion dans le
système — la portée effective de l’apport en nutriments depuis un canal.

Enfin, nous adaptons le modèle numérique des Chapitres 3 et 4 pour simuler la crois-
sance du réseau de canaux de la méduse. Nous initions les simulations avec la géométrie
stéréotypée d’un octant — un huitième d’anneau entre le canal marginal et les estomacs.
Nous imposons une croissance linéaire sur le rayon de la méduse au taux de croissance
moyen mesuré dans les expériences. De nouveaux bourgeons sont insérés au bord avec
une probabilité qui dépend de la séparation entre les canaux voisins, reproduisant l’es-
pacement typique observé dans les expériences. À chaque pas de temps de la simulation,
nous résolvons le problème élastique ou diffusif. Les bourgeons croissent avec une vitesse
proportionnelle à la contrainte de von Mises ou à la valeur du gradient de pression à la
pointe et dans la direction de la contrainte ou du gradient maximal. Nous exécutons les
simulations pour différents rapports de propriétés mécaniques (module de Young ou vis-
cosité) de l’endoderme par rapport à celles des canaux. Pour un rapport faible, les canaux
n’interagissent pas et poussent droit. Pour un rapport plus élevé, les canaux s’attirent for-
tement, conduisant à des reconnexions presque instantanément après le bourgeonnement
depuis le bord. Un rapport modéré reproduit les motifs observés dans les expériences et
les profils de fréquence spatiale des canaux mesurés. Nous discutons des limites du modèle
et esquissons les futures directions de recherche.
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