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Past

1. MR-DFT is mandatory for:
a) collective excitations
b) symmetry restoration

2. MR-DFT technology well developed over the
years

3. Density dependence is incompatible with
MR-DFT

4. Simple regularization scheme is possible

5. A crisis has been born - should we continue
“saving the furniture”?
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The density dependence causes havoc

Particle-number Strong self interaction
projection impossible present
243 :_.i }AA LD\ EE? ’ \I/AP AAAA_: é 08- 1f5f2 2ph’2 2d5:’2 351}’2 1h11f2 |
) | T e bepoes | e 2 0.6 ]
< -246 - E"\ AAAAA — LAaA“AAAAAA/'Af \an“.' S 0.41 1f712 Ps 195, 19,, 2 d,, Zf 21
o} Sa AA"“AA np " — .
= st s S 0.2- |
= 2491 oo e - ® Y4
= 2 oo i ||||
Y o g 0.0
-252_‘ -.. e . g _0_2_- ‘” “ | |II
-255:- i .."-..... T '*E -0.4-: -
04 02 00 02 04 S “0-61_ 51 contribution 100g
deformation p 5 -0.8-mm RPA (SIF) contribution .

FIG. 11. (Color online) Deformation energy E(f) as a functio ) o
quadrupole deformation f calculated for Mg with the SIII force FIG. 6: (Color online) The SIF and SI contributions to the
volume pairing interaction. Results of the PAV HFB+LN calculati pOl"'LfiZ"'Ltion ‘?Orre‘fti‘fljs of Eq. (46), calculated in **°Sn for
(squares and triangles) are compared with the VAP PNP results (dc ,t'he Skyrme EDF SLy®.
The standard HFB result is shown by open triangles.

[].D. et al., Phys. Rev. C 76, 054315 (2007)} [D. Tarpanov. et al., Phys. Rev. C 89, 014307 (2014)}
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Simple regularization scheme for multireference

density functional theories
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Present

1. SR-DEFT and MR-DFT based on the EDF
generators

2. Pseudopotentials as suitable EDF generators

3. Zero-range, regularized zero-range, finite
range (pseudo)potentials

4. Gaussian, Yukawa, ... , formfactors/regulators

5. Expansion in derivatives
6. Three-body, four-body, ...,
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Regularized finite-range pseudopotentials,
the general case

V (Fiia; 7I7) = S BOi(k', k)d(7, — 7)) 0(7s — 74)ga(F1L — 72),
1=1
A (L By — E: (ni) (M) (1 T
Og(k’,k) — T!’J.TJ OJ (kf’k)

Differential operators é}n)(k’ , k) are scalar polynomial functions of two
vectors, so owing to the Generalized Cayley-Hamilton theorem, they must
be polynomials of three elementary scalars: k%, k’?, and k’ - k, or

Tl _ %(k!*? + "1;.,:2)_)h Tz — k'* . k, T?) — %(khﬂ o k2),

with the condition that only even powers of T5 can appear. In terms of T},
T>, and T3, we now can define the following differential operators:

-~

| F. Raimondi ef L, J. Phys. G. 41, 055112 (2014) |

LO: Ol)(k’ k) = 1,
NLO: O (K, k) = Ty, OP (K, k)= T,
N2L0 )(k’ k) = le _|_ nga (4}(kf ) = ZTITZB
<%%wo=ﬁ—ﬁ,‘umm=@-
Jacek Dobaczewski 5 R, //(
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Future

1. More work on the present-day ideas
2. Ab initio derivations of the MR-DFT kernels

3. Ab initio derivations of model EDFs
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ADb initio derivations of model EDFs

The goal is to provide an ab initio derivation within a certain class of model
EDFs FE [p]:

m

E[p) = Y C'V;[p],

=1
where C* are coupling constants and V; [p] are the EDF generators.
Instead of probing the system with all possible one-body potentials it is

enough to probe it within the finite set of the EDF generators —Vj, that E
is, to solve the constrained variational equation, %
=)
R 1M L o
OE' = 6(V|H — > NV;|¥) =0, @
Jj=1 S
for a suitable set of values of a finite number of Lagrange multipliers X, E
which is perfectly manageable a task. —
Solution of this equation gives us the exact ground-state energies F (A7)
and one-body non-local densities pyi(7r1,72), both as functions (not func-
tionals!) of the Lagrange multipliers A’. Then we adjust the EDF coupling
constants C* so as to have,
E(N) =3 C'Vi[px].
i=1
Jacek Dobaczewski VR,
S b~ //(( 8/10
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ADb initio derivations of model EDFs
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ADb initio derivations of model EDFs

t=20 t=1

CP  (MeVfm3) —605.41(16) 509(3)

S1Sd CA?  (MeVim®) —74.82(12)  41(2)

Cr  (MeVim®)  79.73(16) —98(2)

Table 1: Gogny-force D1S ground-state energies Eg (b) compared to

energies E (c) calculated using the Skyrme EDF S1Sd. g
Ec E SE J0E/[E] 0E/AE |%
() (b) (c) (d) (e) (f) 0
160) —129.626 —128.83(6) 0.79  0.61% 13 o
0Ca  —344.663 —344.34(6)  0.32  0.09% 5 5
8Ca  —416.829 —419.36(7) —2.53 —0.61% —37 1=
56Ni  —483.820 —485.83(7) —2.01 —0.42% —29
Ni  —640.598 —642.99(13) —2.39 —0.37% —18
100G, —830.896 —832.60(10) —1.70 —0.20% —18
1826n  —1103.246  —1107.17(15) —3.93 —0.36% —26
208ph  —1638.330  —1641.26(16) —2.93 —0.18% —18
rms n.a. n.a. 2.34 0.40% 22
Jacek Dobaczewski & s <. £, //(( L0/10
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Thank you
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Skyrme’s three-body interaction

Nuclear Physics 9 (1959) 6156—634; (€) North-Holland Publishing Co., Amsterdam
Not to be reproduced by photoprint or microfilm without written permission from the publisher

THE EFFECTIVE NUCLEAR POTENTIAL

T. H. R. SKYRME
Alomic Energy Reseavrch Establishment, Harwell, Didcot, Berks.

Received 18 October 1958
The effective interaction potential will #o¢ be the same as that defined in

the self-consistent many-body theory (to which the variational principle is
not applicable). The potential used in our analysis must contain three-body,
and generally many-body, terms which describe the way in which interaction
between two particles is influenced by the presence of others; the two-body
Sormms alone Should be related closely o the scattering Between free nucleons

These considerations have led to the following ansatz for the form of the

effective potential:
T=33t,+2223tn (2)

t<J I<ji<k

in which the many-body effects have been simulated by three-body terms
alone, for the sake of simplicity of calculation.
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The density dependence is born

NUMBER 3

MARCH 1972

PHYSICAL REVIEW C VOLUME 5,

Hartree-Fock Calculations with Skyrme’s Interaction. I. Spherical Nuclei®

D. Vautherin and D. M. Brink
For the three-body force Skyrme also assumed
a zero-range force T +7 ) .

: ®)

Uy = wis(1 +P,)B(F, - '1"2)p(
(3)

oD, =t 8(F, —F,)5(F, —F,).

(7)
Such a term Brovides a simgle Ehenomenological

In the following we will show that for Hartree-
Fock calculations of even-even nuclei, this force
is equivalent to a two-body density -dependent in-

reEresentation of manz-bodz effects, and de-
scribes the way in which the interaction between
two nucleons is influenced by the presence of

teraction: others.
PHYSICS LETTERS

SPIN SATURATION AND THE SKYRME INTERACTION *

Volume 56B, number 3 28 April 1975

B.D. CHANG*

Received 18 March 1975

Of existing variants of the Skyrme interaction, those with strong three-body terms — in particular the variant SII
that is in best accord with experiment — overbind odd-mass and odd-odd nuclei and produce unstable spin-saturated
Hartree-Fock ground states in nuclear matter and in even-even light nuclei. This difficulty can be removed either by
imposition of an additional stability condition or by

abandoning the three-body term in favor of the two-body densi-
ty-dependent interaction equivalent to it in sp'm-saturatea AT states.
|
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The density dependence is exploited

Nuclear Physics A238 (1975) 29-69; @ North-Holland Publishing Co., Amsterdam

Not to be reproduced by photoprint or microfilm without written permission from the publisher
NUCLEAR GROUND-STATE PROPERTIES AND SELF-CONSISTENT
CALCULATIONS WITH THE SKYRME INTERACTION

1.E.2

(). Spherical description

M. BEINER, H. FLOCARD and NGUYEN VAN GIAl

TABLE 5

Binding energy per particle E/A4, Fermi momentum kg, incompressibility coefficient X, effective
mass ratio m*/m and symmetry coefficients €, and &, [see eq. (17)] in nuclear matter calculated
with the interactions SII to SVI

t3 EiA kg K m*/m &y &2
(MeV fm6) (MeV) (fm~1) {MeV) (MeV) (MeV)
SVI 17000 —15.77 1.29 364 0.95 26.89 0.67
SIII 14000 —15.87 1.29 356 0.76 28.16 0.83
SII 9331 —16.00 1.30 342 0.58 34.2 1.10
SIV 5000 —15.98 1.31 325 0.47 31.22 1.37
SV 0 —16.06 1.32 306 0.38 32.72 1.70

The interactions have been ordered according to the decreasing values of the parameter ¢5.
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Simple regularization scheme for multireference
density functional theories

The matrix element between the unprojected and AMP state reads:

2I +1

Viik = (¥|Vap Py |¥) = = [ d2 Dy () (%|Vap | D).

82 -
The proposed regularization scheme amounts to replacing the calculation
of matrix elements V33, by the calculation of an auxiliary quantity defined

as:
2B.,n 21 +1
IMK —
82

Requesting that the ralation between the auxiliary quantity and matrix
element is the same as for regular mteractions gives rise to a set of linear
equations for regularized matrix elements V2%, ..

[ dQ DL (Q) (W] Vag | 8) (W] ).

2B,1 IMK <r2B
Vink = 2. API\J*K*VFM*KH
I'M'K’
where
IMK IM IK
AI'M’Kf = ) Cl)}{’ﬂef”ff”cf”hf”l”hf’CI”K”I'K“
II!ﬂ_fﬁKﬂ!

The problem of finding the regularized matrix elements is thus reduced to
calculating auxiliary quantities and then solving a set of linear equations.

[W. Satula and J.D, Phys. Rev. C90, 054303 (2014) }
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Simple regularization scheme for multireference
density functional theories

Test for the antialigned configuration in 2°Al

S
(O]

=, _206.250
()

W -206.251 |

residuals [MeV]
o
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[W. Satula and J.D, Phys. Rev. C90, 054303 (2014) }
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Polarization corrections & self-interaction

E* = Ti(tp") + 3T Tra (o 5[0 0", (38a)

EA:I:] A:I:l) 4 %TI']TI'Q(/OAilﬁ[pAil]pAil). (38b)

= Tr(tp

antisymmetric, the SI term (44b),

El = 1i" (45) - [Self-interaction}

1s nonzero, and explicitly appears in Eq. (43). This leads to
corrections to s.p. energies now having the form,

Se, = +8E = + (SEly + EL) CONE T 3 dhii

)
Pi'ks

where, based on the analogy with Eq. (37), the first term can k'k = ph
be called self-interaction-free (SIF) polarization correction,

) w 7 w 2 . _
A ’ th h’pf{;X ph T h’ph th - ] RPA SElf
S == ) hio - 3D interaction free

w=>0

[ D. Tarpanov et al., Phys. Rev. C89, 014307 (2014) J
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Particle-vibration-coupling (PVC) corrections

1 V||, nJ)|
e, = — Z [(@l[V]p. nJ)] _
27; +1 njpei—ep—hwnJer
il [V [k, nJ)|?
e GlIVITR, n )" |
¢ — €+ hwny —in

——
o O,
Rl RARA AAR B

-
oo,
Raniaay et

—_—

Number of states

—
o O, O O, (&)
LA AR LAY LS LALAN MUY RAALE LA RLLLY LA M

54321012034 5432101234
Residual (MeV)

[ D. Tarpanov et al, Phys. Rev. Lett. 113, 252501 (2014) ]
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Zero-range pseudopotentials

In the central-like form, the pseudopotential is a sum of terms,

S ' L’ 7! L
V - B Z CﬁL,'{th Vﬁ.L,?_hQS'
ﬁ"L;ﬁL,Ulzs

Each term in the sum is accompanied by the corresponding strength pa-

rameter C?LL »,s0 and explicitly reads,
I}HIE:HS ; 712 (HK”L’K ]S gmzshy + (_1)t}12+8 HK;LEKTE’E’]S S‘UIZS}{])

X (1 — PMP”PT) 312(1‘"1?‘"2; r172).

K. ; are the spherical tensor derivatives of order n and rank L are built of

k = (V1 — V3)/2i, The two-body spin operators S,, g are defined as,

gva — ( o %691&’2) ([J(l)gvz ] +[ (1) 1(1?)] )

Vo

where v = v; + v2 and c:r,gﬂ are the spherical-tensor components of the
rank-v Pauli matrices. The Dirac delta function,

012(F| T, T172) = O(F)—71)8(Fh—72) 8 (7 —T),

ensures the locality and zero-range character of the pseudopotential.

| F. Raimondi et al,, Phys. Rev. C 83, 054311 (2011) |

Qo @ 5 £
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Regularized finite-range pseudopotentials

Zero range:

VRl o= i (HK;L,L,K_]EE]S Suias), + (1)t ||
X (1 — PMPoPT) §(7

Finite range:

viELE 1“"”(HK’ K;ilg Sonsly + (=15 [[K]; Kpp| g Svs]

nklL,v128 2 7’ L’

X (fﬂ)' (1 — PMPoPT) §(7) —71) (7 —T2)ga(T1—T2).

Numbers of terms of the finite-
range pseudopotential at different
orders up to N°LO. In the sec-
ond, third, and fourth column,
numbers of central (S = 0), SO
(S = 1), and tensor (S = 2)
terms, respectively, are displayed.

7 —T1)0(F

’

K:LLK’&'E’]S g'”l?s}n)

r )5(?"1—?"2).

o — T2

)

y

Order S = S=1 S=2 Total
0 4 0 0 4

2 8 2 4 14

4 16 4 10 30

6 24 8 20 02
N3LO 52 14 34 100

| F. Raimondi ef L, J. Phys. G. 41, 055112 (2014) |
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Nonlocal energy density functionals

We performed derivations of average energies separately for all terms of the
regularized finite-range pseudopotential. The final result of this derivation
is given by linear combinations of terms of the EDF appearing on the rhs
of the following expression,

nL" nLt a’, o' t,.L aatﬁ
<GnL 125 n,L y13,5> 2. C, o, Q aﬂfaQ .

In this expression, C;‘ra“,:r;c and T“ “ £ denote, respectively, the coupling

constants and terms of the EDF accordmg to the compact notation, where
the Greek indices a = {n,S,v,J,} and Roman indices a = {m,I,} com-
bine all the quantum numbers of the local densities p,(r) and derivative
operators D, in the spherical-tensor formalism, that is,

. 0
Ti&?ét’L — / dridrs ga("“) “Da’pfy(?il)](g [Dapir(rﬂ]ﬂ?} ]

0

R Sk =‘/d'r1d*r2 ga(7)

a,

[Durpty (1,72 [Daph (72 m)la)] |

They have been obtained using the integration by parts to transfer all
derivatives onto the density matrices, and then employing the locality
deltas to perform integrations over two out of four space coordinates.

| F. Raimondi ef L, J. Phys. G. 41, 055112 (2014) |
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Regularized finite-range pseudopotentials

We regularize the zero-range delta interaction using the Gaussian function,

DM| ‘ﬂh

o(r) = lim g,(7) = lim ———
() u—s-[]g() (L—}U(a\/_)

Then, the resulting central two-body regularized pseudopotential reads,
4 ~ —
V(71793 7175) = Z 5,0;(k’, k)8 (7 — 71)8(7 — 74)ga(71 — 72),

where k = %(61 — V,) and k' = %(6'1 — ‘5"'2) are the standard relative-
momentum operators, and the Wigner, Bartlett, Heisenberg, and Majo-
rana terms are gwen by the standard spm and isospin exchange operators,
P=1,P=P, P,=—-P,, P,=—P,P,.

To give a specific example, up to the second-order, that is, up to the
next-to-leading-order (NLO) expansion, operators Oi(E ’ E) read

)

— g 1 —+*2 — .L—i* —
O;(k’, k) = T + Tl)(k:" +k2)+T2”k" K,

where T( ) are the channel-dependent coupling constants.

[ 1.D, K. Bennaceur, E. Raimondi, J. Phys. G. 39, 125103 (2012) |
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Regularized finite-range pseudopotentials

equivalent to local potentials

Let us first assume that the differential operators Oz—(l_c" . E) depend only
on the sum of relative momenta, that is,

O;(k’, k) = (k — k’) = O; (E - E"*) , which requires that Tg(i’) = T,

Such particular differential operators commute with the locality deltas
d(r, — 71)d(7, — 72), and thus can be applied directly onto the regular-
ized delta g,(7, — 7). In such a case, the pseudopotential reduces to a
simple local potential

. 4

V() = > BVi(F),= > POi(R)ga (),

1=1 1=1

Moreover, since (l(ﬁ_c*) are scalar differential operators, the potentials must
have forms of power series of Laplacians A in 7, that is,

Nmax

Vi(F) = Y Vol A"ga(7),

n=0

where V( ") are the coupling constants at order 2n.

[ 1.D, K. Bennaceur, E. Raimondi, J. Phys. G. 39, 125103 (2012) |
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Local regularized pseudopotentials vs. Gogny

Below we determine coupling constants Vzi) by requiring that the lowest
moments of the regularized and Gogny potentials are equal, that is,

M;Ei,l = / Tzﬂ""Gi(’r)dgr — / rz'"‘T/E(T)dST,

for m = 0,1,...,Nmez- This conditions gives the coupling constants of the
regularized potential in simple analytical forms,

v = Y (e
n m=0 4 (n—m)!(2m+1)!

1 E (%) (2 2\

where Gg) and aj are the parameters of the Gogny interaction.

[ J.D, K. Bennaceur, F. Raimondj, J. Phys. G. 39, 125103 (2012) }
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Regularized pseudopotentials vs. Gogny
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Coupling constants of the regularized

pseudopotentials B
A =700 MeV/hc = 3.8 fm! 2
+ 1000 g
£ £
<> 100 3
[ —@— Wigner S
= 10 | | - Bartlett S
—= —LJ— Heisenberg =
B
N 1 o
=
5
0 2 4 6 <
Order of expansion 2n —
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Coupling constants of the regularized
pseudopotentials in natural units

v,,=f2 A>» V,_ for =35 MeV/(kc)¥?

— T T T T §
- —&— Wigner —{J—Heisenberg T §
- | 4—Bartlett T E

e L W ! A L L a —— —

O =
9
1
1
1
1
1
1

o | S

V,, (natural units)

 (c) n=2 } (d) n=3
0.9 1.0 1.1 0.9 1.0 1.1
Regularization scale a (fm)

[ J.D, K. Bennaceur, F. Raimondj, J. Phys. G. 39, 125103 (2012) }
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Pseudopotentials, a primer
Pseudopotentials in the one-body LOCAL Schrodinger equation:

. h* . I
H = _%ajuvﬁ(ﬂjtvlm-v—v-wﬂ + Va(7) A + AV,(7)

can be EQUIVALENT or NON-EQUIVALENT to potentials, for example:
Vi) - ¥ = V-V = (V- ) @)
Pseudopotentials in the one-body NONLOCAL Schrodinger equation, e.g.,
(Vo)) = &7V 7 A () = ﬁgﬁf(&’vm 7)) ()

are ALWAYS EQUIVALENT to potentials. This freedom can be used to represent
in terms of derivatives the nonlocality of the potential, namely,

V(7,7 z VH(R (_ ) ﬁ:‘g exp(*iE 1) = Znﬂb(ﬁ) g

Jacek Dobaczewski NERy,
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Density-independent finite-range interactions

Saturation properties with SV:

Psat E/A Kocn m*/m J L Ksym
0.1551 fm™ | —16.05 MeV | 305.7 MeV @ 0.38 | 32.82 MeV |96.09 MeV | 24.17 MeV
Saturation properties with REG2a.130531
(a = 0.8 fm, T = —1 )), manual fit:
| Psat E/A Koo m*/m J L Ksym
10.160 fm—* | —16.00 MeV | 230.0 MeV | 0.41 |32.00 MeV |100.2 MeV | 83.26 MeV
Saturation properties with REG2b.130531
(a = 0.8 fm, Tg(” + —TI(%)), manual fit:

Psat EXA Koo m*/m J L Ksyl'n
0.160 fm > | —16.00 MeV | 230.0 MeV | 0.41 |32.00 MeV 58 MeV | —175 MeV
Saturation properties with REG2a.130716

(a = 0.8 fm, T\” = —TY), pounders fit:
Psat E/A s m*/m J L Ko
0.157 fm 2| —16.58 MeV | 276.4 MeV | 0.39 |40.92 MeV 167 MeV | 253 MeV

Saturation properties with REG2¢.131113
(a = 1.4 fm, Tg(t] — —Tlm), 3-body zero-range, manual fit:

Psat EXA K{JD m*xm J L Ksym
0.160 fm° | —15.90 MeV | 231.0 MeV | 0.77 |30.50 MeV | 48 MeV | —288 MeV

[ K. Bennaceur, J.D., F. Raimondi, arXiv:1305.7210 and to be publised }
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Naming conventions

1=1
O;(k', k) = T oM™ (k' k)
z ? ﬂj 7 7 9
REG2a.date =—> 2nd order (NLO), 4> = —1{*
REG2b.date = 2nd order (NLO), T3 % —T{*”
REG2c.date =— 2nd order (NLO), Tf) (3} , 3-body zero-range
REG4a.date — 4th order (N2LO), T\* = —17*) 7{*) — o, T{*) = 0
Jacek Dobaczewski R
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5160 40Ca 48Ca 56Ni 1008n 1328[’] 152Dy 208Pb55 160

. (REG2a.130531]

s | (REG2a.130716)

1 0.10

Q/50 1 0.05

— - [ : 0.00
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0.10
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0cy 48y 56pi 152py  208pp, ;'0'05

0.10

Q/50 1 0.05

1-0.05

0.10

Q/50 1 0.05

— — | -_ 0.00
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Equations of state

S (o)}
o o
| |

N
o
L

E/A (MeV)

i |

|'|'|-|dzer0range7'l-l'l_
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(stya )

Csv it 7?

[ density-dependent

60

E/A (MeV)
S B

o

N
o
I n

density-independent ]

[K. Bennaceur, ]J.D., F. Raimondi, EP] WoC 66, 02031 (2014) }
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Two-body a=1.4, Three-body zero range
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