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Nonlinear Optics

Why do nonlinear-optical effects occur?
Maxwell's equations in a medium
Nonlinear-optical media

Second-harmonic generation

Sum- 'i‘e"h'-r”equency generation' M v e iR
Higher-order nonlinear optics
The Slowly Varying Envelope Approximation

Phase-matching and Conservation laws for photons



Nonlinear optics isn’t something you see
everyday.
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Electrons in a transparent dielectric
(e.g. glass In the visible range)
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Linear vs. nonlinear optics
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Nonlinear optics — the first ,,wave mixing” experiment
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FIG. 1. A direct reproduction of the first plate in which there was an indication of second harmonic. The
wavelength scale is in units of 100 A. The arrow at 3472 A indicates the small but dense image produced by the
second harmonic. The image of the primary beam at 6943 A is very large due to halation,
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of the requisite analysis and a description of ex- x (E =0) p 24p 20
periments in which we have observed the second .x ‘.V2 zz -
harmonic (at~3472 A) produced upon projection y (E_=0) p+p ‘=0°E
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Nonlinear optics and anharmonic oscillators

Not parabolic at all
for large perturbations

l

Approximately parabolic
for small perturbations

Intemuclear separation




Generating new frequencies
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Pulse Measurement — only possible
with nonlinear effects of some kind




From Maxwell Equations to NLS

NonLinear
Maxwell Schrodinger

+Nonlinear
polarization - y3) E3

Slowly

Varying

Envelope

Wave
Equation

With ,,nonlinear
sources” - PNL



The induced polarization, P , contains the effect of the medium:
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These equations reduce to the (scalar) wave equation:
0% 1 OE y 0P “Inhomogeneous
2 2 2 0 2 Wave Equation”
oz c, ot ot G

Sine waves of all frequencies are solutions to the wave equation;
it's the polarization that tells which frequencies will occur.

The polarization is the driving term for the solution to this equation.



For low irradiances, the polarization is proportional to the incident field:

P =&k
In this simple (and most common) case, the wave equation becomes:
82E 1 52E 1 (92E Using the fact that:
72 2 ot = 2 4 P Eotly =1/C;
Simplifying: 0% 1ty 0% 0
or* ¢ ot

This equation has the solution: E  (z,t) oc E(0) cos(wt —kz)
where w=ck and c=c,/n and n=(1+y)"?

The induced polarization only changes the refractive index. Dull.
If only the polarization contained other frequencies...



Maxwell's Equations in a Nonlinear Medium

Nonlinear optics is what happens when the polarization is the result
of higher-order (nonlinear!) terms in the field:

p =go[;((l)E + 7%k 24 40k 3+...]

What are the effects of such nonlinear terms? Consider the
second-order term:

Sincee (t) oc Eexp(iot) + E™ exp(—iat),
E (t)? oc E? exp(iat) +2|E[" + E™ exp(-2iat)

—

20 = 2nd harmonic!

Harmonic generation is one of many exotic effects that can arise!















More accurate propagation equation
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Higher nonlinear effects —
an example
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Self steepening
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More on solving the wave equation In
nonlinear optics at the end of the
lecture notes



Sum- and difference-frequency generation

Suppose there are two different-color beams present:

E(t) oc +E, exp(ia,t) + E, exp(—iat)
So:
E(t)° oc E” exp(iwt) + E,* exp(-2iw;t) 2nd-harmonic gen
_|_

+2EE exp[i(a)l+a)2)t]+2E*E*exp[—i(a)l+a)2)t] Sum-freq gen
+2E,E, expi(w, —,)t|+ 2EE, exp|-i(w, - »,)t]

+2|E1| +2|E2| dc rectification

Note also that, when a is negative inside the exp, the E in front has a *.



Complicated nonlinear-optical effects can occur.







A (2) processes (three wave mixing)

, =0, — Q@
) 3 1 2
1

\ 4

SUM FREQUENCY GENERATION  DIFFERENCE FREQUENCY
(PARAMETRIC AMPLIFICATION)

—

2 INPUT WAVES

A (3) processes (four wave mixing)
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Pulse
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Model - assumptions

1. The pulse is longer than one optical cycle (>3fs at A,=800nm)
2. The focus is wider than A,/2n (about 300nm)

3. The medium is isotropic

4. Polarization consists of linear and Kerr (< E®) parts

6. The pulse remains linearly polarized



The basic nonlinear optics experiment
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Does it fit ? (1)

" fused silica,
o 7,5mm
0.2 1_00pm beam
diameter

moderate pulse
energy

0,1

0,08

760 780 800 820 840
wavelength [nm]




Does it fit ? (2)

1,5 fused silica, |

7,5mm

100um beam
diameter

high pulse energ§

760 780 800 820 840
wavelength [nm]







rings

80 fs
<2ud
1 kHz

CCD camera



What do you see...




... With a naked eye...




... and in the infrared (800nm)

fused silica,
/,5mm

20um




Off-axis spectra

80 fs
<2ud
1 kHz




Off-axis spectra —
experiment vs. theory
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At high enough intensity, any medium
has a nonlinear optical response.

,IT you try hard, you can generate
second harmonic in dirt”

(prof. W. Gadomski)

But for practical application (i.e. for
reasonable convertion efficiency), one
more condition must be met...
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Small Ak

Notice how the intensity is created as the beam passes through the
crystal, but, if Ak isn’'t zero, newly created light is out of phase with
previously created light, causing cancellation.



But the signal E-field and polarization k-
vectors aren’t necessarily equal.




Phase-matching

That k,, may not be the same as kg, is the all-important effect of phase-
matching. It must be considered in all nonlinear-optical problems.

If the £'s don’t match, the induced polarization and the generated
electric field will drift in and out of phase.

E 4 (Z1) = Eg(zt) expli(ayt—kg2)] P g (2,1) = Py (2,1) expli(oyt -k, 2)]

sig

/UO a);g ﬂ

OEg;, :
P, exp(l Ak z)

0Z

The SVEA becomes:

= —]
sig
where:

Ak = Koy kg

Integrating the SVEA in this case over the length of the medium (L) yields:

2 ] L
E(Lt) = -1 Mo @, P exp_(l Ak z)
: 2k, 9 Ak

sig 0



3 wave mixing in the...
wave picture

Ki, @4

Ks, W3 =M+ O,
Ky, =kq + Ky,

i A

'v“‘.é‘t' m‘un--- '

Efficiency
Ky, @, ~[sin(Ak L/2)/AK]?

L J Ak = kSZ'klz'kZZ




Phase matching — first notions
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EFFECTS OF DISPERSION AND FOCUSING ON THE PRODUCTION OF OPTICAL HARMONICS
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MIXING OF LIGHT BEAMS IN CRYSTALS

Recentl J. A. Giordmaine

eration of Bell Telephone Laboratories, Murray Hill, New Jersey
earity in (Received November 29, 1961)
tric cryst
think:chit This Letter reports the mixing of plane light When Eq. (1)? is satisfied, the entire irradiated
arrangem waves having different directions of propagation crystal volume can radiate coherently, electro-
light. Fo and the attainment of coherence volumes of about magnetic momentum is conserved, and optimum
erysal ol 0.2 cm® in the production of second harmonic ra-  radiation efficiency is achieved. Consider the par-
light radi diation. In these experiments a sizable intensity ticular case in a negative uniaxial crystal of an O

S=2mc of second harmonic radiation is observed in po- wave E at angle §, with the optic axis Z mixing

tassium dihydrogen phosphate (KDP) without the with a second O wave k to form the harmonic

where Er use of focussed beams. This is one of a new class E wave k emitted at an angle 6 to k Equation
and blue | of optical experiments and techniques suggested (1) is satisfied if cos@ =v, /v,(6). Thxs transcen-
tude of th by the work of Franken et Q.‘ and made possible dental equation has particularly simple solutions
term aris by maser sources of highly intense monochromat- when ¥, =¥,=AY is small, i.e., when the direction
diation (b ic light. of k is close to the direction for which y =u,. Then
tu disper: A plane light wave described by the form Eq. (l) can be approximated by 6%=2(v, -v,) /v,
its the efi exp[i(w,? -k,-T)] launches in a suitable' nonlinear =K(Ay -8 cosa), where K denotes the constant
sive effec medium a travelling wave of polarization of the 2[(2,9)2 - (,2)2]1/2[(1,9)2 - (1,9)2 ]1/2(»,0)~2 and
A ruby la form exp[i(Zwlt_- ZEI-;)]. This polarization can @ is the angle between Kk, and Zk, planes. The
cally plar radiate a wave k, at frequency w,=2w, with max- solutlon of this quadratic equation in 6 for a par-

imum efnclency if the two remain in phase, that
is, if k2 2k This condition implies that in the
direction of E the phase velocity v, =v, or n, =n,.

txcular k represents a circular cone of wave vec-
tors k of half-angle 3K (1 +4A¢/K)’” centered
about the direction in the klz plane making an an-

Since almost all materials have normal dispersion gle ¢, + 2K with the optic axis. No completely in-

J. A. Armstrong, N. Bloembergen, J. Ducuing, P. S. Pershan, Interactions between
Light Waves in a Nonlinear Dielectric, Phys. Rev. 127, 1918-1939 (1962)



Ak small




Small Ak

Notice how the intensity is created as the beam passes through the
crystal, but, if Ak isn’'t zero, newly created light is out of phase with
previously created light, causing cancellation.



Recall that:

(Lt) . ,Uo 5|g

S|g

P, exp(i Ak L/2) [Sin(Ak LIZ)}

sig
Multiplying and dividing by L/2:
- luoa)ﬂg
=—1 exp(iAk L/2) L
2k S|g p( ) |:

sig

sin(Ak L/2)
AKL/2

= —Ec% g Pig €XP(1AK L/ 2) L sinc(Ak L/2)

(L,t) o P, Lsinc(AkL/2)

S|g

‘ iy (L, T) o " 12 sinc? (Ak L/2) ‘

S|g

Phase Mismatch almost always yields a sinc?(4k L / 2) dependence.



Wave mixing for CW and pulsed fields
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Recall the inhomogeneous wave equation:

Take into account the
aZE _ 1 @ZE = U aZP linear polarization by
oz° % ot O ot? replacing ¢, with c.

Because it's second-order in both space and time, and P is a
nonlinear function of E, we can'’t easily solve this equation. Indeed,

nonlinear differential equations are really hard.

WEe'll have to make approximations...






WEe'll also assume that the nonlinear-optical effect is weak, so we
can assume that the fields at the input frequencies won’t change
much. This assumption is called

As a result, we need only consider the wave equation for the field
and polarization oscillating at the new frequency, ay,.

0E g4 10 0P

sig = U sig
— o
oz° ¢ ot ot?
where Eg, and P, are the E-field and polarization at frequency .



The Slowly Varying Envelope Approximation

WEe'll write the pulse E-field as a product of an envelope and complex
exponential:

S|g (Z t) E3|g(z t) exp[l(a)sag I(sig Z)]

We'll assume that the new pulse envelope won't change too rapidly.
This is the Slowly Varying Envelope Approximation (SVEA).

If d is the length scale for variation of the envelope, SVEA says:

ok, E. E.
‘ SIg | Sig << 272_ Sig g
0z sig
0° = 8ES,g | 0z Okg, /0z| Ok,
> <<|27 = [Kgq
0z d Asig 0z
Comparing Eg;, and azEsig el aEsig e
its derivatives: 0z° SI9 57 sig —sig




We'll do the same in time:

If zis the time scale for variation of the envelope, SVEA says:
where T, Is one optical period, 2n/ay,.

sig
o, = E. :
‘ D~ | << |2 =2 = O =
ot T sig
82Esig OEg, / ot OEg, / ot OEg,
|~ <<|27 = | @y,
ot T Tgi, ot
Comparing Eg, and its time derivatives:
azEsig aEsig 2
| << |®4q <<|wg, Eg,




And we’ll do the same for the polarization:
P sig (Z1t) = I:)sif (Z’t) exp[i(a)sig t— ksig Z)]

If zis the time scale for variation of the envelope, SVEA says:

where T, Is one optical period, 2n/ay,.
OP. P. :
sig | __ | sig << 272_ sig | _ Cf)sig Psig
ot T sig
0°P. oP. [ ot oP. [ ot OP.
;lg _ sig << 272_ sig _ e sig
ot T TSig ot
Comparing P, and its time derivatives:
O°P, oP,
Gt;g <@gy —2| << |w5, Py,




S|g (Z t) E5|g(z t) exp[l( 5|g ksig Z)]

- - . aE Si 8E3|
Computing the derivatives: = — % — ik, Egy |eXPli(@g,t — K, 2)]

0z 0z 10 Se
82E sig s|g k2 t— k
622 - a sig S|g eXp[I (w3|g sig Z)]
SN 62E sig sig si
Similarly, ek + 2wy, S,g E, |expli(ag,t —kg,2)]
0P 4 P,
81:2 = + 2"’ S|g S|g eXp[I (a)3|gt kslg Z)]

Neglect all 2" derivatives of envelopes with respect to z and t.
Also, neglect the 1t derivative of the polarization envelope (it's small
compared to the Py, term). We must keep Eg;,'s first derivatives, as

we’ll see in the next slide...



The Slowly Varying Envelope Approximation

Substituting the remaining derivatives

into the inhomogeneous wave O sig 1 O 9 _ O sig

equation for the signal field at . oz ¢ ot °at?

. OE, 2wy, OEy, VAN V. o .
~2ik, azo 2 : at —kiX; + 5 Euy [EXOI —KggZ)] = — o3, Py expliler = - 7)]

Now, because k, = o,/ c, the last two bracketed terms cancel.
And we can cancel the complex exponentials, leaving:

. OB, 2w, OE,
Dik, —0 4S9 S8 2 P

sig 67 CZ ot sig ® sig
Dividing by 2ik,:
OE,, L OE,, i Ho®s » | Slowly varying

07 E ot - 2k, sig | Envelope Approximation




We can include dispersion by Fourier-transforming, expanding k()
to first order in , and transforming back. This replaces c with v,

aEs.ig 4 1 aEs.ig izuoa)sig :
oz v, ot 2k "

g sig

We can include GVD also expanding to 2nd order, yielding:

OE;,, 1 0Eg id°k

sig 4 sig sig —i

o v. ot 2de? o2 2k,

g sig sig

O°E JING%

We can understand most nonlinear-optical effects best by
neglecting GVD, so we will, but this extra term can become important
for very very short (i.e., very broadband) pulses.



Define a moving co-ordinate system:

Transforming the derivatives:
oE Oy, 0z, OEg, o,
= o+

sig

0z o0z, 0oz ot, oz

Y

aEsig aEsig aZV aESig atv
e +
o oz, ot ot ot

Y

OBy, _ OBy , OBy, {_ 1} i _,, O
0z 0z, ot, | Vv, ot ot,
The SVEA becomes:
OEg, . OEg, !_ 1 }L 1 :_stig} _ i ,an);g | The time deriva-
oz, ot, Bz V, | 3, 2ksig 19 tives cancel!
Canceling terms, the SVEA becomes:
2 We'll drop the sub-

Feg _ | ipt (v) to simplify
= — script (v) to simpli
oz, 2Ksq our equations.




Usually, P;, = P, (zt), and even this simple equation can be difficult
to solve (integrate). For now, we'll just assume that P, is a

constant, and the integration becomes trivial:

P., Z| when P, is constant

2
-luoa)sig
E. (z,1) = —1

(2 2k,

sig

And the field amplitude grows linearly with distance.

The irradiance (intensity) then grows quadratically with distance.



